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1 Introduction

In this paper we explore the informational content of a special regressor in binary choice
models. A special regressor is one that is additively separable from all other components
in the latent payo§ and that satisÖes an exclusion restriction (i.e., it is independent from
the error term conditional on all other regressors). In this paper, our deÖnition of a special
regressor per se does not require it to satisfy any ìlarge support" requirement. We examine
how a special regressor contributes to the identiÖcation and the Fisher information of
coe¢cients in semiparametric binary response models with heteroskedastic errors. We
focus on the role of special regressors in two models where errors are median-independent
or conditionally symmetric, respectively.

Special regressors arise in various social-economic contexts. (Lewbel 2000) used a
special regressor to recover coe¢cients in semiparametric binary response models where
heteroskedastic errors are mean-independent from regressors. He showed coe¢cients for
all regressors and the error distribution are identiÖed up to scale, provided that the
support of special regressor is large enough. (Lewbel 2000) then proposed a two-step
inverse-density-weighted estimator. Since then, arguments based on special regressors
have been used to identify structural micro-econometric models in a variety of contexts.
These include multinomial-choice demand models with heterogeneous consumers (Berry
and Haile 2010); static games of incomplete information with player-speciÖc regressors
excluded from interaction e§ects (Lewbel and Tang 2015); and matching games with
unobserved heterogeneity (Fox and Yang 2012).

Using a special regressor to identify coe¢cients in binary response models with het-
eroskedastic errors typically requires additional conditions on the support of the special
regressor. For instance, in the case with mean-independent errors, identiÖcation of lin-
ear coe¢cients requires the support of special regressors to be at least as large as that
of errors. (Khan and Tamer 2010) argued that point identiÖcation of coe¢cients under
mean-independent errors is lost whenever the support of special regressor is bounded.3

They also showed that when the support of a special regressor is unbounded, the Fisher
information for coe¢cients is zero when the second moment of regressors is Önite.

The econometrics literature on semiparametric binary response models has largely
been silent about how to use special regressors in combination with alternative stochastic
restrictions on errors that require less stringent conditions on the support of special re-
gressors. (Magnac and Maurin 2007) introduced a new restriction on the tail behavior of
the latent utility distribution outside the support of special regressors. They established
the identiÖcation of coe¢cients under such restrictions. The tail condition they used is
not directly linked to more conventional stochastic restrictions on heteroskedastic errors,
such as median independence or conditional symmetry. (We show in Appendix B that

3They showed in a stylized model that there is no informative partial identiÖcation result for the
intercept in this case.
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the tail condition in (Magnac and Maurin 2007) and the conditional symmetry considered
in our paper are non-nested.) We show the information for coe¢cients is positive in our
model under conditional symmetry with a special regressor.

We contribute to the literature on binary choice models with several Öndings. First, we
quantify the change in the identifying power of the model due to the presence of special
regressors under median-independent or conditionally symmetric errors. This is done
following the approach used in (Manski 1988), which involves comparing the set of states
where the conditional choice probabilities can be used for distinguishing true coe¢cients
from other elements in the parameter space. For the model with median-independent
errors, we Önd that further restricting one of the regressors to be special does not improve
the identifying power for coe¢cients. For the model with conditionally symmetric errors,
we Önd that using a special regressor does add to the identifying power for coe¢cients in
the sense that it leads to an additional set of (paired states) that can be used for recovering
the true coe¢cients. This is a surprising insight, because (Manski 1988) showed that, in
the absence of a special regressor, the stronger restriction of conditional symmetry adds
no identifying power relative to the weaker restriction of median independence.

Second, we show how the presence of a special regressor contributes to the information
for coe¢cients in these two semiparametric binary response models with heteroskedastic
errors. For models with median-independent errors, we Önd the Fisher information for
coe¢cients is zero even when one of the regressors is special. In comparison, for models
with conditionally symmetric errors, we Önd the presence of a special regressor does yield
positive information for coe¢cients. We also propose two consistent estimators for linear
coe¢cients when errors are conditionally symmetric. These two results seem to suggest
that there exists a link between the two distinct ways of quantifying informational content
in such a semiparametric model: the set of states that help identify the true coe¢cients
in (Manski 1988), and the Fisher information for coe¢cients in semiparametric binary
response models in (Chamberlain 1986).

Our third set of results (Section 3.3) provide a more positive perspective on the role of
special regressors in structural analyses. We argue that, even though a special regressor
does not add to the identifying power or information for coe¢cients when heteroskedastic
errors are median-independent, it is instrumental for recovering the average structural
function, as long as the support of the special regressor is large enough.

This paper contributes to a broad econometrics literature on the identiÖcation, esti-
mation and information of semiparametric limited response models with heteroskedastic
errors. A partial list of other papers that discussed related topics include (Chamberlain
1986), (Chen and Khan 2003), (Cosslett 1987), (Horowitz 1992), (Khan 2013), (Magnac
and Maurin 2007), (Manski 1988) and (Zheng 1995) (which studied semiparametric bi-
nary response models with various speciÖcations of heteroskedastic errors); as well as
(Andrews 1994), (Newey andMcFadden 1994), (Powell 1994) and (Ichimura and Lee 2010)
(which discussed asymptotic properties of semiparametric M-estimators).
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2 Preliminaries

Consider a binary response model:

Y = 1fX# " V # %g (1)

where X 2 Rk; V 2 R and % 2 R, and the Örst coordinate in X is a constant. We use
upper-case letters for random variables and lower-case letters for their realized values. Let
FR, fR and #R denote the distribution, the density and the support of a random vector R
respectively; let FR1jR2, fR1jR2 and #R1jR2 denote the conditional distribution, density and
support in the data-generating process (DGP); let FR1jr2 be shorthand for FR1jR2=r2 and
likewise for fR1jr2 and #R1jr2. Assume the marginal e§ect of V is known to be negative,
and set it to "1 as a scale normalization. We maintain the following condition throughout
the paper.

Assumption 2.1 (Special Regressor) V is independent from % given any x 2 #X .

For the rest of the paper, we sometimes refer to this condition as an ìexclusion restric-
tion", and use the terms ìspecial regressors" and ìexcluded regressors" interchangeably.
Let $ be the parameter space for F%jX (i.e. $ is a collection of all conditional distributions
of errors that satisfy the model restrictions imposed on F%jX). Let Z & (X;V ) denote
the vector of regressors reported in the data. The distribution FV jX and the conditional
choice probabilities Pr(Y = 1 j Z) are both directly identiÖable from the data and con-
sidered known in the discussion about identiÖcation. Let p(z) denote Pr (Y = 1 j Z = z).
Let (Z;Z 0) be a pair of independent draws from the same marginal distribution FZ . As-
sume the distribution of Z has positive density with respect to a .-Önite measure, which
consists of the counting measure for discrete coordinates and the Lebesgue measure for
continuous coordinates.

To quantify the informational content, we Örst follow the approach in (Manski 1988).
For a generic pair of coe¢cients and a nuisance distribution (b;G%jX) 2 Rk ( $, deÖne
1
!
b;G%jX

"
& fz : p(z) 6=

R
1 (% * xb" v) dG%jxg and ~1

!
b;G%jX

"
&

$
(z; z0) : (p(z); p(z0)) 6=

%Z
1 (% * xb" v) dG%jx;

Z
1 (% * x0b" v0) dG%jx0

'(
. (2)

In words, the set 1(b;G%jX) consists of states for which the conditional choice probabil-
ities implied by (b;G%jX) di§er from those in the actual data-generating process (DGP)
(#; F%jX). In comparison, the set ~1 in (2) consists of paired states where implied con-
ditional choice probabilities di§er from those in the actual DGP. We say # is identiÖed
relative to b 6= # if

either
Z
1fz 2 1(b;G%jX)gdFZ > 0 or

Z
1f(z; z0) 2 ~1(b;G%jX)gdF(Z;Z0) > 0
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for all G%jX 2 $.

As is clear from this deÖnition, the identiÖcation of # depends on the restrictions that
deÖne $. In Sections 3 and 4, we discuss identiÖcation of # when Assumption 2.1 is
combined with one of the two stochastic restrictions on errors below:

Assumption 2.2 (Median Independence) For all x, % is continuously distributed with
positive density in a neighborhood around 0, and Med(%jx) = 0.

Assumption 2.3 (Conditional Symmetry) For all x, % is continuously distributed with
positive density over the support #%jx and F%jx(t) = 1" F%jx("t) for all t 2 #%jx.

We discuss the Fisher information for # under these assumptions together with As-
sumption 2.1 in Section 3.2 and 4.2. This amounts to Önding smooth parametric sub-
models which are nested in the semiparametric models and which have the least Fisher
information for #. Following (Chamberlain 1986), we deÖne the semiparametric e¢ciency
bound as follows. Let 8 denote a measure on f0; 1g ( #Z such that 8 (f0g ( #0) =
8 (f1g ( #0) = FZ(#0), where #0 is a Borel subset of #Z . A path that goes through F%jX
is a function 9("; x; ;) such that 9("; x; ;0) = F%jx(") for some ;0 2 R, and 9(:; :; ;) 2 $
for all ; in an open neighborhood around ;0. Let f*(y j z; b; ;) denote the probability
mass function of Y conditional on z and given coe¢cients b and a nuisance parameter
9(:; :; ;). A smooth parametric submodel is characterized by a path 9 such that there
exists f( k)k#K ;  *g such that

f
1=2
* (y j z; b; ;)" f

1=2
* (y j z; #; ;0) =

P
k  k(y; z) (b" #) +  * (y; z) (; " ;0) + r (y; z; b; ;)

with

(kb" #k+ k; " ;0k)
$2
Z
r2(y; z; b; ;)d8! 0 as b! # and ; ! ;0.

The path-wise partial information for the k-th coordinate in # is

I*;k & inf
f(-j)j 6=k;-#g

4

Z *
 k "

P
j 6=k Bj j " B* *

+2
d8. (3)

The information for #k is the inÖmum of I*;k over all smooth parametric submodels 9.

3 Exclusion Restriction and Median Independence

This section discusses the identiÖcation of and the information for # in heteroskedastic
binary response models under Assumption 2.1 and 2.2. The model di§ers from that
in (Manski 1988), (Horowitz 1992) and (Khan 2013) in that one of the regressors V is
independent from the error term conditional on the other regressors X. It also di§ers
from that considered in (Lewbel 2000) and (Khan and Tamer 2010), for the error term is
median-independent rather than mean-independent from X.
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3.1 IdentiÖcation

Our Örst Önding is that the exclusion restriction on a special regressor (Assumption 2.1)
does not help with identifying # under median-independent errors (Assumption 2.2). We
show the set of z & (x; v) that helps to identify # relative to any b 6= # remains the same
with or without a special regressor.

Proposition 1 Suppose Assumption 2.1 and 2.2 hold in (1). Then # is identiÖed relative
to b if and only if Pr (Z 2 Qb) > 0, where Qb & fz : x# * v < xb or xb * v < x#g.

For a model with median independent errors but no special regressor (F%jZ(0) = 1=2
where the distribution of % depends on V and X), (Manski 1988) showed that Qb is the
set of states that help to identify # relative to b 6= #. Therefore, a main conclusion from
Proposition 1 is that under median-independent errors, the presence of a special regressor
does not help with identifying # in the sense that the set of states that help to identify #
relative to any b 6= # remains the same.

Proposition 1 is based on two facts. First, if the states in Qb help to identify # relative
to b under median independent errors without a special regressor as in (Manski 1988),
then they must also do so when a special regressor is added. Second, if Pr(Z 2 Qb) = 0,
then there exists some G%jX 6= F%jX that satisÖes Assumption 2.1 and Assumption 2.2
and, when combined with b 6= #, generates the same conditional choice probabilities for
all states as the actual DGP. Unlike the result in (Manski 1988), the proof of Proposition
1 requires the construction of a nuisance parameter G%jX that also satisÖes Assumption
2.1.

By the same argument as in (Manski 1988), the following support conditions are
su¢cient for point-identifying # under Assumption 2.1 and 2.2.

Assumption 3.1 (Su¢cient Variation) For all x, V is continuously distributed with
positive density in a neighborhood around x#.

Assumption 3.2 (Full Rank) Pr(XF 6= 0) > 0 for all non-zero vectors F 2 Rk.

We discuss these conditions and how they help to point identify # under Assumption
2.1 and 2.2 in Appendix B.

3.2 Zero Fisher Information

We now show the information for # under Assumption 2.1 and 2.2 is zero when Z has
Önite second moments. In addition to Section 3.1, our Önding in this subsection provides
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an alternative way to compare the information for # under median-independent errors
with or without the exclusion restriction in Assumption 2.1.

Assumption 3.3 (Regularity) For each
!
b;G%jX

"
in the interior of the parameter space,

there exists a measurable function q : f0; 1g ( #Z ! R such that
,,,,

-
@

@B
f 1=2

!
y; z;B;G%jX

".

B=~b

,,,, * q(y; z)

for all ~b in an neighborhood around b; and
R
q2(y; z)d8 <1.

Assumption 3.3 is needed to establish mean-square di§erentiability of the square-root
likelihood of (y; x) with respect to the linear coe¢cient for eachG%jX . The parameter space
$ for the distribution of % given X satisÖes Assumption 2.1, 2.2 and 3.3. We show that a
set of paths similar to those used in Theorem 5 of (Chamberlain 1986) (which considered
binary response models with median-independent errors but no special regressor) leads to
zero information for # under Assumption 2.1 and 2.2. SpeciÖcally, deÖne a set of paths
with the following form:

9("; x; ;) & F%jx(") [1 + (; " ;0)h("; x)] , (4)

where F%jX is the actual conditional distribution in the DGP; and h : RK+1 ! R is
continuously di§erentiable, is zero outside some compact set and satisÖes h(0; x) = 0 for
all x 2 RK .

Due to an argument similar to (Chamberlain 1986), 9(:; :; ;) in (4) is in $ for ; close
enough to ;0. Besides, f

1=2
* (:; b; ;) is mean-square di§erentiable at (b; ;) = (#; ;0) with:

 k(y; z) &
1

2

n
yF%jx(w)

$1=2 " (1" y)
0
1" F%jx(w)

1$1=2o
f%jx(w)xk; and

 *(y; z) &
1

2

n
yF%jx(w)

$1=2 " (1" y)
0
1" F%jx(w)

1$1=2o
F%jx(w)h(w; x)

where w is shorthand for x# " v. Note the excluded regressor v is dropped from F%jx and
f%jx due to Assumption 2.1.

Proposition 2 Suppose Assumptions 2.1, 2.2, 3.1, 3.2 and 3.3 hold in (1), Z has Önite
second moments and Pr (X# = V ) = 0. Then the information for #k is zero for all
k = 1; 2; :::; K.

The existence of a special regressor V restricts admissible parametric paths in the
model, but such restrictions are not su¢cient for raising the minimum path-wise infor-
mation above zero. We omit the formal proof of Proposition 2 because of its similarity to
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that of Theorem 5 in (Chamberlain 1986). Instead, we provide a heuristic argument to
illustrate the intuition and main di§erence.

In (Chamberlain 1986), the information for #k, when F%jZ is median-independent but
depends on V as well as X, takes the form of:

inf
*2)

4

Z
M(z)

h
f%jz(w)

*
xk "

P
j 6=k B

)
jxj

+
" B)*92(w; x; ;0)

i2
dFZ

where M(z) &
0
F%jz(w)(1" F%jz(w))

1$1 # 0 with w & x# " v; f(B)j)j 6=k; B)*g solve the
minimization problem (3) that deÖnes the path-wise information for 9; and 5 is a set
of admissible smooth parametric paths. To show zero information for #k, (Chamberlain

1986) considered a set of paths 9("; z; ;) = F%jz(")
h
1 + (; " ;0)~h("; z)

i
, where ~h : RK+2 !

R is continuously di§erentiable, equals zero outside some compact set and ~h(0; z) = 0 for
all z. First o§, (Chamberlain 1986) noted that by construction the pathwise information
in such a 9 is bounded above by

4

Z
M(z)F%jz(w)

2
h
b(w; z)" ~h(w; z)

i2
dFZ (5)

where b(w; z) & f%jz(w)xk=F%jz(w). Then (Chamberlain 1986) showed: (i) there exists a
continuously di§erentiable function a(z) arbitrarily close to b(w; z) (recall w is a function
of z itself); and (ii) one can construct ~h(w; z) such that it is arbitrarily close to a(z) (e.g.
~h(w; z) = c(w)a(z) with c(w) being 1 except in a small neighbor around 0). Together
these two arguments imply that one can pick a path indexed by ~h that pushes the upper
bound of this path-wise information (5) to be arbitrarily close to zero.

In comparison, after we impose the additional Assumption 2.1 condition, F%jz must be
independent from v and b(w; z) is restricted to take the form b(w; x) & f%jx(w)xk=F%jx(w).
However, the arguments in (i) and (ii) above remain valid despite this specialization.
First, b(w; x) can still be arbitrarily approximated by some continuously di§erentiable
a(z) because w is a function of z. Next, for a Öxed #, we can write a(z) as a)(w; x)
because there is a one-to-one mapping between w and v once conditional on x. Therefore
we can use the same c(:) function as in (Chamberlain 1986) to construct a continuously
di§erentiable function h(w; x) & c(w)a)(w; x) so that it is zero outside some compact set,
and h(0; x) = 0 for all x. This implies we can always construct a path in the form of (4)
that pushes the upper bound on the path-wise information in (5) to be arbitrarily close
to zero.

We conclude this subsection with several remarks. First, the zero information for #k
under Assumption 2.1 and Assumption 2.2 is closely related to two facts: there is zero
information for #k under Assumption 2.2 alone; and there is no incremental identifying
power for # when Assumption 2.1 and 2.2 both hold. Second, root-n estimator for #
is possible when the second moments for regressors are inÖnite. In such a case, (Khan
and Tamer 2010) showed that the parametric rate can be achieved in the estimation of #
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under Assumption 2.1 and mean-independent errors. We expect a similar result to hold
in the model under Assumption 2.1 and median-independent errors. Third, if there are
multiple excluded regressors (i.e., V in Assumption 2.1 is a vector ), then after a scale
normalization the information for the coe¢cients of the other components in V is positive,
and root-n estimation of these coe¢cients is possible (say, using the average-derivative
approach).

3.3 Counterfactual Prediction and Average Structural Function

The previous subsections show that a special regressor does not improve the identiÖ-
cation of or the information for coe¢cients for the non-special regressors under median-
independent errors. We now provide a positive perspective on the role of special regressors
by explaining how they help with predicting counterfactual choice probabilities and esti-
mating average structural functions.4

(Lewbel 2000) pointed out the special regressor is useful for identifying the het-
eroskedastic error distribution under mean-independent errors. The same result holds
under Assumption 2.1 and 2.2: With # identiÖed, F%jx(t) can be recovered for all t over
the support of X# " V given X = x as E(Y jX = x; V = x# " t). This can then be used
to predict counterfactual choice probabilities. To see how, letís consider a stylized model
of retirement decisions. Let Y = 1 if an individual decides to retire and Y = 0 otherwise.
An individualís decision is determined by:

Y = 1fX1#1 +X2#2 " V # %g

where X & (X1; X2) are log age and health status respectively, and V denotes the total
market value of the individualís assets. Suppose asset values are uncorrelated with idio-
syncratic elements (unobserved family factors such as money or other resources spent on
o§spring) conditional on age and health. Suppose we want to predict retirement patterns
among another population of senior workers not observed in data, who share the same #1
and F%jX but di§er in the coe¢cient for health status ~#2 (where ~#2 > #2). Then knowledge
of F%jX helps to at least bound the counterfactual retirement probabilities conditional on
(X1; X2; V ). If the magnitude of the di§erence between ~#2 and #2 is also known, then
such a counterfactual conditional retirement probability is point-identiÖed for z, provided
that the support #V jx is large enough. (That is, the index x1#1 + x2~#2 " v is within the
support of X1#1 +X2#2 " V given X = x.)

Second, the special regressor helps to identify the average structural function deÖned
in (Blundell and Powell 2003) under the large support condition of V . To see this, recall

4We are grateful to Arthur Lewbel for pointing out that the variation in the special regressor helps
to recover the average structural function in binary regressions.
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that the average structural function is deÖned as G(x; v) &
R
1f" * x# " vgdF%(") =

Pr(% * x# " v). If #V jx = R for all x 2 #X , then

G(x; v) =

Z
'(s; x; v)dFX(s)

where
'(s; x; v) & E[Y jX = s; V = v + (s" x)#] = F%jX=s(x# " v):

With # identiÖed, '(s; x; v) can be constructed as long as the support of V spans the
real line for all x. If this large support condition fails, then the point identiÖcation of
G(x; v) is lost at any (x; v) such that there exists s 2 #X where v + (s " x)# falls
outside of the support #V jX=s. This large support condition is not necessary for point
identiÖcation of coe¢cients, because the conditions (Assumption 3.1 and 3.2) in Section
3.1, which are su¢cient for point identifying #, hold even when regressors have bounded
support. Nevertheless, for identifying the average structural function when errors are
median-independent, we need the large support condition on the special regressor as
deÖned in (Lewbel 2000).

We propose the following estimator for the average structural function:

Ĝ(x; v) &
Pn

i=1 '̂(xi; x; v);

where

'̂(xi; x; v) &

P
j 6=i yjH6

*
xj " xi; vj " (v + (xi " x)~#)

+

P
j 6=iH6

*
xj " xi; vj " (v + (xi " x)~#)

+

with H6(:) & .$(k+1)H(:=.k+1) where H is a product kernel, and ~# being a Örst-stage
preliminary estimator such as the one deÖned in Appendix B1, or the maximum score
estimator proposed in (Manski 1985).

4 Exclusion Restriction and Conditional Symmetry

This section discusses the identiÖcation of and the information for # under Assumption
2.1 and 2.3. That is, we now replace the location restriction of median-independent
errors with a stronger location and shape restriction of conditionally symmetric errors in
addition to the special regressor. To motivate a model satisfying Assumption 2.1 and 2.3,
consider a binary response model where the individualís latent choice-speciÖc payo§ is
y)j = h)j(x) + ajv + ej for j 2 f0; 1g, with a1 6= a0 and the joint distribution of (e1; e0)
being exchangeable and independent from v conditional on x. Then a rational individual
chooses y = 1 if and only if h(x) + v# + e1 " e0 # 0, where h & h)1 " h)0, # & a1 " a0 and
the error term e1"e0 is symmetric around zero. This Öts in the model we consider in this
section, with the marginal e§ect of v on the di§erential payo§ a1 " a0 normalized to "1
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when a1 < a0. The sign of a1 " a0, if unknown a priori, can be identiÖed from the sign of
the partial derivative of the propensity score with respect to the special regressor.5

For example, an investment decision model studied in (Lewbel 2007) would Öt in this
framework under mild conditions. In this case, ej are unobserved idiosyncratic factors in
a Örmís proÖts with or without investment (j = 1 or 0); and v is the Örmís plant size
reported in the data. The plant size is measured as the log of employment in the previous
year, and has a di§erent impact on proÖts depending on the investment decision. Suppose
the idiosyncratic noises in payo§s are independently drawn from some distribution that
depends on the other observed proÖt factors in x but not the Örm size v. If in addition
the latent payo§ is additively separable in the Örm size (which is implied by any linear
index speciÖcation), then the model considered in this section is empirically relevant in
such a context.

4.1 IdentiÖcation

First, we show that further requiring the median-independent errors to be conditionally
symmetric when there is a special regressor does help with the identiÖcation of #. For
models with no special regressors, (Manski 1988) showed that strengthening median in-
dependence into conditional symmetry does not add to the identifying power for #. He
showed that the sets of states that help to distinguish # from b 6= # under both cases are
the same. In comparison, our result in the next proposition shows that such an equiva-
lence does not hold in the presence of a special regressor: Replacing Assumption 2.2 with
Assumption 2.3 leads to an additional set of paired states that help to identify # relative
to any b 6= #. In this sense, having a special regressor does add to the informational
content of the model with conditionally symmetric errors.

Let X & (Xc; Xd), with Xc and Xd denoting continuous and discrete coordinates
respectively. Let $CS denote the parameter space for the distribution of % given X under
Assumption 2.1 and 2.3. We need restrictions on $CS due to continuous coordinates in
Xc.

Assumption 4.1 (Equicontinuity) For any S > 0 and (x; "), there exists ;;(x; ") > 0
such that for all G%jX 2 $CS,

jG%j~x(~")"G%jx(")j * S whenever k~x" xk2 + k~"" "k2 * ;;(x; ").

5In this model, the deterministic parts of latent payo§s h!j (z) di§er across j 2 f0; 1g, while the
marginal distributions of the error term ej given x are the same. This kind of speciÖcation is general
enough to subsume popular parametric models (such as multinomial logit or probit). Nonetheless, we
acknowledge that such a treatment of the deterministic and unobserved parts in latent payo§s could be
less plausible in certain contexts than others.
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This condition requires pointwise continuity in (x; ") to hold with equal variation all
over the parameter space $CS , in the sense that the same ;;(x; ") is used to satisfy the ì;-
S-neighborhood" deÖnition of pointwise continuity at (x; ") for all elements in $CS.6 Such
an equicontinuity condition is a technicality introduced only because of the need to modify
the deÖnition of identiÖcation in (Manski 1988) when X contains continuous coordinates.
A su¢cient condition for Assumption 4.1 is that all G%jX in $CS are Lipschitz-continuous
in (x; ") with their modulus uniformly bounded by a Önite constant.

To quantify the incremental identifying power due to Assumption 2.3, deÖne:

Rb(x) & f(vi; vj) : x# < (vi + vj) =2 < xb or x# > (vi + vj) =2 > xbg

for any x. Let FVi;Vj jX denote the joint distribution of Vi and Vj drawn independently
from the same marginal distribution FV jX . In addition, we also need the joint distribution
of V and Xc given Xd to be continuous.

Assumption 4.2 (Continuity) (V;Xc) is continuously distributed conditional on Xd.

Under Assumption 4.2, if Pr (Vi 2 Aj(xc; xd)) > 0 for any set A, then Pr (Vi 2 Aj(~xc; xd))
> 0 for ~xc close enough to xc. This does not impose any large support restriction on
FVi;Xcjxd .

Proposition 3 Under 2.1, 2.3, 4.1 and 4.2, # is identiÖed relative to b if and only if
either (i) Pr (Z 2 Qb) > 0 or (ii) Pr(X 2 #X;b) > 0, where #X;b & fx :

R
1f(vi; vj) 2

Rb(x)gdFVi;Vj jx > 0g.

By Proposition 3, an additional set of states that help to identify # relative to any
b 6= # under Assumption 2.1 and 2.3 is {z : 9z0 s.t. x = x0 and either ì(x+x0)# * v+v0 <
(x + x0)bî or ì(x + x0)b * v + v0 < (x + x0)#î}. As b ! #, this set converges to {z : 9z0

s.t. x = x0 and (x + x0)# = v + v0}, which has a positive measure under the marginal
distribution of Z and some mild support conditions implied by Assumption 3.1. This is in
contrast with the case under Assumption 2.1 and 2.2, where PrfZ 2 Qbg ! 0 as b! #.

It is probably more transparent to illustrate this incremental identifying power by
conditioning on non-special regressors. Consider a Öxed vector x and b 6= # such that
x# < xb. Under Assumption 2.1 and 2.2, the set of v that help us to identify # relative
to b 6= # is fv : x# * v < xbg, which is reduced to a singleton as b ! #. In comparison,
the set of v that contributes to the identiÖcation of # relative to b 6= # under Assumption
2.1 and 2.3 is fv : 9v0 s.t. x# * (v + v0)=2 < xbg, which does not collapse to a singleton

6An alternative way to formulate Assumption 4.1 is that for any ' > 0 and (x; "), the inÖmum of
*"(x; ";G#jX) (i.e. the radius of neighborhood around x in the deÖnition of pointwise continuity) over
G#jX 2 &CS is bounded below by a positive constant.
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as b ! #. In other words, with conditionally symmetric errors and a special regressor,
the subset of states with v < x# also contribute to the identiÖcation of #, provided there
exist v0 # xb with (v + v0)=2 is between x# and xb.

To see the intuition for Proposition 3, consider a simple model where all components
in X are discrete. For a Öxed b 6= #, consider a pair (zi; zj) 2 ~Qb;S where

~Qb;S & f(zi; zj) : xi = xj and (vi; vj) 2 Rb(xi)g.

Then for any (zi; zj) 2 ~Qb;S, either

either ìxi# " vi < "(xj# " vj) and xib" vi > "(xjb" vj)î

or ìxi# " vi > "(xj# " vj) and xib" vi < "(xjb" vj)î. (6)

In the Örst case, the actual conditional choice probabilities from the DGP satisfy p(zi) +
p(zj) < 1 while those implied by b 6= # and any G%jX 2 $CS at zi and zj must add up
to a number that is greater than 1. This suggests that any pair (zi; zj) from ~Qb;S should
help us to identify # from b 6= #, because the sign of p(zi) + p(zj) " 1 di§ers from that
of (xib " vi) + (xjb " vj). Thus, if condition (ii) in Proposition 3 holds for b and if all
coordinates in X are discrete, then Pr((Zi; Zj) 2 ~1(b;G%jX)) > 0 for all G%jX 2 $CS.
On the other hand, if both (i) and (ii) fail, then # is not identiÖed to b because some
G%jX 6= F%jX can be constructed so that (b;G%jX) is observationally equivalent to the true
parameters (#; F%jX). That is, (b;G%jX) imply conditional choice probabilities identical to
the true conditional choice probabilities in the DGP almost everywhere.

Assumption 4.1 and 4.2 are technical conditions on the parameter space for F%jX ,
which are introduced in order to extend the intuition above to the case with continuous
components in X. With continuous X, Pr((Z;Z 0) 2 ~Qb;S) = 0 for all b 6= #. However,
under Assumption 4.1 and 4.2, (6) holds for paired states in some small ì;-expansion" of
~Qb;S deÖned as:

~Q2b;S & f(z; ~z) : xd = ~xd and k~xc " xck * ; and (v; ~v) 2 Rb(x)g,

provided ; > 0 is small enough. To identify # relative from b, it then su¢ces to require ~Q2b;S
to have positive probability for such small ;, which is possible with continuous coordinates
in X.

The point identify # under Assumption 2.1 and 2.3, it is su¢cient to use Assumption
3.2 and a weaker version of the support condition in Assumption 3.1.

Assumption 4.3 (Symmetric Positive Density) For any given x, V is continuously dis-
tributed with positive density in a neighborhood around x#"c0(x) and a neighborhood
around x# + c0(x) for some constant c0(x).
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Assumption 3.1 is a special case of Assumption 4.3 with c0(x) = 0 for all x. Under
Assumption 3.2, for all b 6= #, there exists a set #0X;b 1 #X with a positive measure
such that x# 6= xb for all x 2 #0X;b. Without loss of generality, suppose x# < xb and let
"̂ < x(b " #)=2. Assumption 4.3 implies that the density of V given X = x is positive
over two open subintervals of (x#" c0(x); x#" c0(x)+ "̂

2
) and (x#+ c0(x); x#+ c0(x)+ "̂

2
)

respectively. It then follows that
R
1fx# < (vi + vj)=2 < xbgdFVi;Vj jx > 0. Symmetric

arguments show that, for all x 2 #0X;b with x# > xb, Assumption 4.3 implies
R
1fxb <

(vi + vj)=2 < x#gdFVi;Vj jx > 0. Thus point-identiÖcation of # follows from Proposition 3.

4.2 Positive Fisher Information

Whether a model contains positive Fisher information for a parameter has an impact
on its inference procedure. For example, (Andrews and Schafgans 1998) and (Khan and
Tamer 2010) proposed rate-adaptive, ìstudentizedî inference procedures in models where
there is zero Fisher information for parameters of interests. (Khan and Tamer 2010)
showed (in their Theorem 3.1) that in a binary response model with zero Fisher informa-
tion for coe¢cients, regular root-n estimation of coe¢cients requires regressors to have
inÖnite second moments (such as in Cauchy distribution). Their result suggests that a
rate-adaptive inference procedure should be used if in the data-generating process the
regressors are in fact drawn from a distribution with Önite second moments.

We now show that the information for coe¢cients is positive in a binary response
model with a special regressor and conditional symmetric errors. (Zheng 1995) showed
that without any special regressor, the information for # is zero in a binary response model
with a conditionally symmetric error distribution. In contrast, we show in this subsection
that with a special regressor, the conditional symmetry of the error distribution implies
positive information for # under mild regularity conditions. In Section 4.3 and 4.4 we
build on this result to propose two new estimators for #.

Assumption 4.4 (Additional Regularity) (i) There exists a constant cf > 0 such that for
any x, the conditional density f%jx is bounded below by cf over two open neighbor-
hoods around "c0(x) and c0(x) respectively (where c0(:) is deÖned in Assumption
4.3). (ii) For any #0 such that Pr(X 2 #0) > 0 there exists no non-zero B 2 RK

such that Pr(XB = 0jX 2 #0) = 1.

Let 5 consist of paths 9 : #%;X(R! [0; 1] such that: (a) for some ;0 2 R, 9("; x; ;0) =
F%jx(") for all "; x; (b) for ; in an neighborhood around ;0, 9("; x; ;) is a conditional
distribution of % given X that satisÖes:

9("; x; ;) = 1" 9(""; x; ;) for all "; x 2 #%;X ; (7)
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and (c) the square-root density f 1=2* (y; z; b; ;) is mean-square di§erentiable at (b; ;) =
(#; ;0), with the pathwise derivative with respect to ; being:

 *(y; z) &
1

2

n
yF%jx(w)

$1=2 " (1" y)
0
1" F%jx(w)

1$1=2o
92(w; x; ;0)

where w & x# " v and 92("; x; ;0) & @9("; x; ;)=@; j2=20.

Proposition 4 Under Assumption 2.1, 2.3, 3.2, 3.3, 4.1-4.4, the information for #k is
positive for all k.

We now sketch the intuition behind this result. By the properties of 8 (the mea-
sure on f0; 1g ( #Z deÖned in Section 2), we can show the Fisher information for #k
takes the form of inf*2) 4

R
M(z)

h
f%jx(w)

*
xk "

P
j 6=k B

)
jxj

+
" B)*92(w; x; ;0)

i2
dFZ where

M(z) &
0
F%jx(w)(1" F%jx(w))

1$1 # 0; and (B)j)j 6=k and B
)
* constitute a solution to the

minimization problem in (3) that deÖnes path-wise information I*;k. To begin with, note
that if I*;k were to be zero for any 9 2 5, it must be the case that B)* 6= 0. (If B)* = 0,
the pathwise information I*;k under 9 would equal that of a parametric model where the
actual F%jX in the DGP is known, and would therefore be positive. This would contradict
the claim that I*;k = 0.) Since each path 9 in 5 needs to satisfy conditional symmetry
for ; close to ;0, 92(w; x; ;0) (and consequently its product with the non-zero B)*) must
be odd functions in w once x is Öxed. At the same time, f%jx(w) is by construction an
even function of w (symmetric in w around 0) given x. Then the pathwise information
for #k under 9 amounts to a weighted integral of squared distance between an odd and
an even function. Provided the true index W = X# " V spans both sides of zero with
positive probability, the information for #k must be positive because an even function can
not approximate an odd function well enough to reduce I*;k arbitrarily close to zero.

Showing positive information for a parameter under a given set of semiparametric
assumptions is interesting in its own right. For example, (Cosslett 1987), (Chamberlain
1986) and (Magnac and Maurin 2007) addressed such a question for binary response
models under di§erent assumptions. To the best of our knowledge, Section 4.2 marks the
Örst e§ort to study the information of linear coe¢cients in binary response models with a
special regressor and conditionally symmetric errors. Proposition 4 provides a foundation
for existence of regular root-n estimators under these conditions.

(Magnac and Maurin 2007) considered binary response models under Assumption 2.1,
mean-independent errors and some tail conditions that restrict the truncated expectation
of F%jX outside the support of V given X.7 They showed that the information for #k

7See equation (5) in Proposition 5 of (Magnac and Maurin 2007) for the tail restriction. This restric-
tion is su¢cient for extending the proof of ideniÖcation of , in (Lewbel 2000), a model with a special
regressor and mean-independent errors, when the support of the excluded regressor V is bounded between
vL > "1 and vH <1.
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is positive in such a model. The tail condition in (Magnac and Maurin 2007) is a joint
restriction on the location of the support of V and the tail behavior of F%jX outside the
support of V . In comparison, the conditional symmetry condition in Assumption 2.3
is a transparent restriction on the shape of F%jX over its full support. The conditional
symmetry we consider here and the tail conditions in (Magnac and Maurin 2007) are
non-nested. (See Appendix B for details.)

4.3 Weighted Least Absolute Deviation (WLAD) Estimator

This section proposes a consistent weighted least absolute deviation (WLAD) estimator
when the error satisÖes Assumption 2.1 and 2.3. The least absolute deviation approach
is useful for estimating binary response models with median-independent errors. For
example, the maximum-score estimator in (Manski 1985) can be expressed in the form
of a least absolute deviation estimator that is numerically equivalent. For simplicity in
exposition, we assume all components in X 2 Rk are continuous. Extension to cases with
mixed covariates is straightforward and omitted for brevity.

Let [:]$ & "minf:; 0g and [:]+ & maxf:; 0g. The WLAD estimator is

#̂ & argmin
b2B

Ĥn(b);

where B is a compact parameter space for coe¢cients and

Ĥn(b) & 1
n(n$1)

P
j 6=i

Kh (xi " xj)
5
V (ŵi;j " 1) ['i;j(b)]$ + V(1" ŵi;j)['i;j(b)]+

6
, (8)

'i;j(b) &
xi+xj
2
b" vi+vj

2
, ŵi;j & p̂i + p̂j and

p̂l & p̂(zl) &
P

s 6=l ysK)(zs$zl)P
s 6=lK)(zs$zl)

for l = i; j,

where Kh(:) & h$kn K(:=hn) and K6(:) & .
$(k+1)
n K(:=.n) with K;K being kernel functions

and hn; .n bandwidths. (If X contains a discrete component Xd, then simply modify (8)
by replacing the matching kernel for this component with an indicator function 1fxi;d =
xj;dg.)

Assumption 5.1 (Weight Function) V : R ! [0; 1] with V(t) = 0 for all t * 0 and
V(t) > 0 for all t > 0. In addition, V is increasing and bounded over [0;+1), and
is twice continuously di§erentiable with bounded derivatives in an open neighborhood
around 0.

The weight function, when evaluated at ŵi;j " 1, serves as a smooth replacement for
the indicator function 1fŵi;j # 1g. To establish consistency of #̂, we show that Ĥn

p"! H0
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uniformly over the parameter space, where

H0(b) = E
5
f(X)E

0
V(Wi;j " 1)['i;j(b)]$ + V(1"Wi;j)['i;j(b)]+jXj = Xi = X

16
; (9)

with f being the density of X in the DGP, and wi;j the sum of actual conditional choice
probability p(zi) and p(zj). The second expectation in (9) is with respect to Vi; Vj given
Xj = Xi = X while the Örst with respect to X. The next proposition shows # is the
unique minimizer of H0 in B.

Proposition 5 Under Assumption 2.1, 2.3, 3.1, 3.2 and 5.1, H0(b) > 0 for all b 6= #
and H0(#) = 0.

To see why H0(#) = 0, note V(pi + pj " 1)['i;j(#)]$ = 0 whenever zi; zj are such
that xi = xj. This is because under Assumption 5.1 V(wi;j " 1) > 0 if and only if
1fp(zi) + p(zj) > 1g, which under Assumption 2.1 and 2.3 is equivalent to 2xi# > vi + vj
given xi = xj. However, ['i;j(#)]$ > 0 if and only if (xi + xj)# = 2xi# < vi + vj when
xi = xj. By a symmetric argument, V(1 " pi " pj)['i;j(#)]+ = 0 if xi = xj. Hence
H0(#) = 0. On the other hand, for any b 6= #, Assumption 3.2 implies Pr(X# 6= Xb) > 0.
Without loss of generality, suppose Pr(X# > Xb) > 0. Assumption 3.1 ensures for all x
with x# > xb there exists a set of pairs (vi; vj) which satisÖes xb " vi + xb " vj < 0 and
x#"vi+x#"vj > 0 and has positive measure under FVi;Vj jX . Therefore under conditions
of the proposition, the expectation of the product V(Wi;j " 1)['i;j(b)]$ conditional on
ìVi + Vj * 2Xi# and Xj = Xi = xî is positive. It then follows that H0(b) > 0 for all
b 6= #. To show the consistency of #̂, we need the following conditions.

Assumption 5.2 (Parameter Space) # is in the interior of a compact parameter space
B.

Assumption 5.3 (Smoothness) (i) The density of Z is continuous and bounded away
from zero uniformly over its full support.(ii) The propensity score p(Z) and the den-
sity of Z are twice continuously di§erentiable with Lipschitz continuous derivatives.
(iii) Ef[Y " p(z)]2 jzg is continuous in z. (iv) H0(b) is continuous in b in an open
neighborhood around #. (v) For all xi, E

0
~'i;j(b)

,,Xi = xi; Xj = xj
1
f(xj) is twice

continuously di§erentiable in xj around xj = xi, where

~'i;j(b) & V (wi;j " 1) ['i;j(b)]$ + V(1" wi;j)['i;j(b)]+.

Assumption 5.4 (Kernel for Estimating Propensity Scores) (i) K is the product of k+1
univariate kernel functions ~K, each of which is symmetric around zero, bounded
and has compact support, integrates to 1. (ii) ktklK(t) is Lipschitz continuous for
0 * l * 3.

Assumption 5.5 (Bandwidth for Estimating Propensity Scores) .n ! 0 and n.k+1n !
1 as n!1.
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Assumption 5.6 (Finite Moments) E
-*
Ci;j "

Vi+Vj
2

+2.
and E

-*
Di;j "

Vi+Vj
2

+2.
are Ö-

nite, where Ci;j & infb2B(Xi +Xj)b=2 and Di;j & supb2B(Xi +Xj)b=2.

Assumption 5.7 (Kernel for Matching) K(:) is the product of k univariate kernel func-
tions ~K(:), where ~K(:) is bounded over a compact support, symmetric around 0 and
integrates to one, and the order of ~K is two.

Assumption 5.8 (Bandwidth for Matching) hn / n$C, where Z 2 (0; 2=k).

Proposition 6 Under Assumption 2.1, 2.3, 3.1, 3.2 and 5.1-5.8, #̂
p! #.

The objective function Ĥn in 8 can also be used to construct a contour set estimator
for the identiÖed set of coe¢cients (denoted BI), when Assumption 2.1 and 2.3 hold but
some of the conditions for point identiÖcation (e.g., Assumption 3.1 or 3.2) fail. This is
because Ĥn

p! H0 uniformly over the parameter space under appropriate conditions, and
H0 satisÖes H0(b) = 0 for all b 2 BI and H0(b) > 0 for all b 62 BI under the conditions in
Proposition 3. SpeciÖcally, if Condition C.1 in (Chernozhukov, Hong, and Tamer 2007)
holds, one can deÖne a contour set estimator for BI bycBI & fb 2 B : anĤn(b) * ĉg, where
an !1 is such that infb2BI Ĥn(b) = Op(1=an) and ĉ is proportional to lnn. By Theorem
3.1 in (Chernozhukov, Hong, and Tamer 2007), such a set estimator cBI is consistent for
BI in the Hausdor§ metric. On the other hand, if in addition a degeneracy condition
(Condition C.3 (a) in (Chernozhukov, Hong, and Tamer 2007)) holds, then consistency
for BI can be achieved by setting ĉ = Op(1) with ĉ # infb2B Ĥn(b) with probability one.

To deÖne a root-n asymptotically normal estimator for # based on the idea in Sec-
tion 4.3, we may replace the weight function in (8) with a data-dependent version that
assigns increasing weights to a shrinking neighborhood around zero as n ! 1 (e.g., by
dividing the argument of V with a sequence of bandwidths). This requires introducing
an additional smoothing parameter such as that in (Horowitz 1992). Such an estimator
essentially minimizes kernel-weighted least absolute deviation (KWLAD), and is therefore
a least absolute deviation analog of the kernel-weighted least squares (KWLS) estimator
introduced in Section 4.4 below. The KWLAD estimator is computationally more ex-
pensive than the KWLS estimator, for KWLAD involves three bandwidths and the same
matching kernels as KWLS but does not have a closed form.

4.4 Kernel Weighted Least Squares (KWLS) Estimator

This section introduces a kernel-weighted least squares (KWLS) estimator that has a
closed form and converges at the parametric rate under Assumption 2.1 and 2.3. Let \(:)
be a bounded, non-negative trimming function that is continuous and attains positive
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values over a bounded subset of the support of Z = (X;V ) where the propensity score
is bounded away from 0 and 1. Similar trimming functions are used in (Ahn and Powell
1993) and (Chen and Khan 2003). DeÖne \ i & \(zi).

To see how the KWLS estimator works, suppose we have a pair of observations where
the xís are the same but the vís di§er. Denote such a pair by (x; vi); (x; vj). If for such a
pair the propensity scores add up to one, then vi + vj = (xi + xj)# = x# by Assumption
2.1 and 2.3. The KWLS estimator is

#̂KWLS &
hP

i6=j \ i\ jK1

*
xi$xj
h1;n

+
K2

*
p̂i+p̂j$1
h2;n

+
(xi + xj) (xi + xj)

0
i$1

7
hP

i6=j \ i\ jK1

*
xi$xj
h1;n

+
K2

*
p̂i+p̂j$1
h2;n

+
(xi + xj) (vi + vj)

i
; (10)

where K1 is a product kernel; K2 is a univariate kernel; h1;n; h2;n are sequences of band-
widths that converge to 0 as n ! 1; and p̂i; p̂j are kernel estimates of the propensity
scores at zi; zj. That is, p̂i & p̂(zi) & ĥ(zi)=f̂(zi), where

ĥ(zi) &
1

n

Pn
l=1K6 (zl " zi) yl and f̂(zi) &

1

n

Pn
l=1K6 (zl " zi)

with K6 deÖned as in Section 4.3.The estimator in (10) implements the intuition above.
It uses kernel smoothing to collect the matched pairs of zi; zj, and then estimates the
coe¢cient through the best linear Öt of vi + vj on xi + xj.

Let G(p; x) & infft : Pr(%i * t j Xi = x) # pg. By the conditional symmetry of the
distribution of %i,

xi# " vi = G(pi; xi) and vi " xi# = G(1" pi; xi).

For s = 1; 2; :::; k + 1, let Gs(p; x) denote the partial derivative with respect to the s-th
argument. Let ~8G;i be shorthand for 8G (xi; 1" pi), where

8G (xi; 1"pi) & E[\(Zj) j Xj = xi; Pj = 1"pi] = \(xi; xi#"G(1"pi; xi)) = \(xi; 2xi#"vi).

DeÖne @ & 4E[\ i~8G;iXiX
0
ifX;P (Xi; 1" Pi)].

Assumption 6.1 (Non-singularity) The matrix @ is non-singular.

Assumption 6.2 (Kernels for matching) (i) K1 and K2 have compact supports, are sym-
metric around 0, integrate to 1, are twice continuously di§erentiable and are eighth-
order. (ii) supt2R h

$1
1 jK1 (t=h1) j, supt2R h

$1
2 jK 0

2 (t=h2)j, supt2R h
$1
2 jK 00

2 (t=h2)j are
O(1) as h1; h2 ! 0.

Assumption 6.3 (Bandwidths for matching) h1;n / n$21 ; h2;n / n$22, where ;2 2 ( 112 ;
1
9
)

and k;1 < (23 " ;2).
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Assumption 6.4 (Smoothness) The functions \ ;G and the joint density of (X;P ) are
all M = 6 times continuously di§erentiable with bounded derivatives.

Assumption 6.5 (Kernel for estimating propensity scores) (i) K has compact support,
is symmetric around zero, integrates to one, and is twice continuously di§erentiable.
(ii) K has an m-th order with m > 4(1 + k) where k & dim(X).

Assumption 6.6 (Smoothness of population moments) The propensity score p(z) and the
density of Z are continuously di§erentiable of order m with bounded derivatives,
where m > 4(1 + k).

Assumption 6.7 (Bandwidth for estimating propensity scores) .n / n$J=(1+k), where

1+k
m

!
1
3
+ ;2

"
< F < 1

3
" 2;2.

Assumption 6.8 (Finite moments) DeÖne v)(zi) & 2\ ixi~8G;iG1(1 " pi; xi)fX;P (xi; 1 "
pi)[1;"pi]. The function v) is continuous almost surely;

R
kv)(z)k dz < 1; and

9c > 0 s.t. E[supk;k#c kv)(Z + S)k4] <1.

Proposition 7 Under Assumptions 2.1, 2.3 and 6.1-6.8,
p
n
*
#̂KWLS " #

+
d! N

*
0;@$1E[`i`

0
i]
!
@$1

"0+

where
`i & 4\ ixi~8G;iG1(1" pi; xi)fX;P (xi; 1" pi)(yi " pi).

For inference, we propose the use of plug-in estimators for the components in the
variance of the limiting distribution @ and E(`i`0i). It is known that plug-in estimators
for these variance components are typically consistent under mild conditions. See, for
example, Theorem 8.13 in (Newey and McFadden 1994) and Theorem 4 in (Chen and
Khan 2003).

The KWLS estimator does not require minimizing any non-linear objective function,
but it uses three bandwidths: two for the matching kernelsK1; K2 and one for the kernel K
used in estimating p̂i; p̂j. In comparison, the WLAD estimator requires two bandwidths in
K andK. A comparison between the KWLS and theWLAD estimators under Assumption
2.1 and 2.3 is reminiscent of that between Ichimuraís two-step local quantile regression
estimator in (Ichimura 1993) and the maximum score estimator in (Manski 1985). Both of
those estimators are for # in binary response models with median-independent errors but
no special regressors. Ichimuraís estimator has a closed form and involves an additional
choice of bandwidth in the estimation of conditional choice probabilities, while Manskiís
maximum score estimator has no closed form but does not require any choice of bandwidth.

A third estimator that is valid under Assumption 2.1 and 2.3 is the inverse-density-
weighted estimator (IDW) proposed by (Lewbel 2000) for binary response models with a
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special regressor and a mean-independent error. This estimator has an advantage of being
consistent under a weaker stochastic restriction on the error term (mean independence
implied by conditional symmetry around zero). It has a closed form, and only requires
the choice of a single smoothing parameter (i.e., bandwidth in kernel estimates for the
density of special regressor). The estimator converges at the parametric rate to a normal
distribution when the special regressor has a thick tail with inÖnite second moments.
More generally the rate of convergence of this estimator depends on the tail behavior in
the distribution of special regressors relative to that of the errors.

In comparison, the KWLS estimator also has a closed form using three bandwidths.
It takes a pair-wise form, and is root-n asymptotically normal regardless of relative thick-
ness of the tail in the distribution of regressors. Our simulation results below suggest it
yields the smallest mean squared errors in various designs with heteroskedastic as well as
homoskedastic errors.

The WLAD estimator does not have a closed form. It requires minimizing an objective
function estimated with the choices of two bandwidths. Nonetheless, based on the idea
from (Chernozhukov, Hong, and Tamer 2007), the WLAD estimator may be used for
consistent estimation of the identiÖed set of coe¢cients under Assumption 2.1 and 2.3
when the conditions for point identiÖcation fail. This advantage of the WLAD estimator
over the KWLS and IDW estimators is again reminiscent of the contrast between the
maximum score estimator in (Manski 1985) and the local quantile regression estimator
in (Ichimura 1993): The latter does not provide a consistent estimator for the identiÖed
set for coe¢cients when the support conditions necessary for point-identiÖcation under
median-independent errors fail.

5 Simulation

This section presents simulation evidence for the performance of the WLAD estimator,
the KWLS estimator and the IDW estimator in (Lewbel 2000). The IDW estimator was
introduced in (Lewbel 2000) under Assumption 2.1 and mean independence, which is
implied by Assumption 2.1 and Assumption 2.3.

We report performance of these estimators under various designs of data-generating
processes. In all designs, Y = 1fB+X#+V +% # 0g where X;V; % are all scalar variables.
We let V be drawn from the standard normal or the standard Laplace distribution; and let
(X; %) be both drawn from the standard normal or the standard Laplace. We also include
designs where the errors are heteroskedastic. (For example, we call % heter. normal if
% = (1+ jXj)U where U and X are both drawn from a standard normal.) For designs 1-8
we set (B; #) = (0:2; 0:5) and summarize the speciÖcations as follows:
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V ~ normal V ~ Laplace
Design # X % Design # X %

1 normal normal 5 normal normal
2 Laplace Laplace 6 Laplace Laplace
3 normal heter. normal 7 normal heter. normal
4 Laplace heter. Laplace 8 Laplace heter. Laplace

Designs 9-16 use the same speciÖcations as designs 1-8 respectively but with (B; #) =
(0; 1). Except for designs with heteroskedastic errors, X;V and % are mutually indepen-
dent. In the designs with heteroskedastic errors, the variance of % varies with X. It is
common in practice to adopt a normal speciÖcation for the error terms in simulation de-
signs when there is unknown heteroskedasticity (e.g., (Chen and Khan 2003)). It is known
from the literature (e.g., (Horowitz 1993)) that parametric/semiparametric estimators in
binary response models are usually less sensitive to the form of error distribution than to
the form of heteroskedasticity. As is customary in the literature, we use these simple sim-
ulation designs as benchmarks to study estimator performance. In particular, we choose
these designs to illustrate the estimator performance when the error term has di§erent
tail thickness (the tail of the standard normal distribution is thinner than that of the
standard Laplace).

For each choice of sample size n = 100; 200; 400; 800 and 1600, we simulate 3000
samples and report the bias, the standard deviation, the root mean-square error and
the median absolute deviation of WLAD, KWLS and IDW estimates out of these 3000
replications. For simplicity in implementation, we use second-order Gaussian kernels for
estimating the conditional choice probabilities in WLAD and KWLS and the conditional
density fV jX in IDW, and for matching the non-excluded regressors Xi; Xj in WLAD and
KWLS and the estimated conditional choice probabilities p̂i; p̂j in KWLS. Our simulation
results show that using higher-order kernels in these places does not change qualitatively
the performance of the estimators. Following the Silvermanís Rule of Thumb (SRT), we
use .̂Xn$1=6 and .̂V n$1=6 for estimating the conditional choice probabilities and the con-
ditional density fV jX , where .̂X ; .̂V are sample standard deviations for X;V respectively.
(That the constant in SRT equals one is due to the Gaussian kernels we use, and the
dimension of explanatory variables is 2.) As a simple benchmark in implementation, we
replace V (:) in WLAD with a simple indicator function 1f: # 0g, and simply let the
trimming function \ in KWLS be the identity function. In WLAD, we use

p
2.̂Xn

$1=5 for
matching the non-excluded regressors. This is because the use of the matching kernel here
is analogous to that used for estimating the univariate density of the di§erence Xi "Xj

around 0, thus we follow SRT with the sample standard deviation of Xi"Xj being
p
2.̂X .

To pick the smoothing parameters for the KWLS estimator, we let ;1 & 1=3, ;2 & 1=11
and F & 1=7, which jointly respects the inequalities restricting bandwidths in Assumption
6.3 and 6.7 with m > 8. We then adjust the Silvermanís Rule of Thumb for the matching
bandwidth in the form c0.̂pn

$22 and c0.̂Xn$21, where .̂p is the sample standard devia-
tion of p̂i. As is typically called for in multi-step estimators that use Örst-stage kernel
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estimates, we implement undersmoothing by setting c0 = 0:7.8 We use the fminsearch
function in Matlab to solve the minimization problem in the WLAD estimator, with initial
values set at (0:1; 0:1).

The speed at which the root mean square error (RMSE) of the estimators diminishes
varies across the designs. For example, with (B; #) = (0:2; 0:5) and (X; %) both being
standard normal, all three estimators are more or less converging at the parametric rate
as n increase to 1600 regardless of the distribution of the excluded regressor V (see designs
1 and 5). On the other hand, when (B; #) = (0:2; 0:5), X is drawn from Laplace and % has
a heteroskedastic Laplace speciÖcation, the rates of convergence for the slope estimators
appear to be slower than

p
n (see designs 4 and 8). This suggests that these designs may

require larger samples in order to manifest the asymptotic properties of KWLS and IDW
estimators.

None of these estimators seem to consistently outperform the others in terms of having
the smallest RMSE in large samples: The IDW estimator has the smallest RMSE when
n = 1600 in some of the designs with homogenous errors (see designs 1 and 5); on the
other hand, either the WLAD or the KWLS estimator has the smallest RMSE when the
errors are heteroskedastic (see designs 3, 4, 7, 8). In most of the designs considered, the
bias for slope coe¢cients diminishes at a somewhat slower pace in the IDW estimator than
in the other two estimators. The KWLS estimator outperforms the other two estimators
in terms of RMSE in some of the heteroskedastic designs (7 and 8) and homoskedastic
design (6). A notable advantage of the WLAD estimator is that it produces the smallest
RMSE for the slope parameter under various homogenous and heteroskedastic designs,
especially where the tail in the error distribution is thick relative to that of the excluded
regressor V (designs 2 and 4).

In general, WLAD and KWLS tend to converge faster than IDW as n increases from
100 to 1600, with the only exceptions being designs 1 and 5 where all estimators demon-
strate more or less the same rates of convergence. That the IDW estimator seems to
converge faster when X and % are normally distributed (as in designs 1 and 5) conforms
with the following observation in (Khan and Tamer 2010): The inverse-density-weighted
estimator tends to perform better when the tail of the distribution of the excluded regres-
sor is thick relative to that of the error distribution.

For each of the three estimators, the RMSE for the intercept parameter remains steady
regardless of the true values for (B; #). On the other hand, for all three estimators, the
RMSEs for the slope estimators are higher when (a; #) = (0; 1). This is more notable
when the error distribution is homogenous or heterogenous Laplace. Among the three

8In our simulations, we experimented with smaller choices of bandwidths for estimating the condi-
tional density in order to reduce the bias (such as 0̂V n#* for 2 2 ( 15 ;

1
4 ) or c0̂Xn

#1=6 and c0̂V n#1=6 for
:5 < c < :9). In addition, we also experimented with undersmoothing in the bandwidth for matching
propensity scores by varying c0 between 0:5 and 0:9. The results are insensitive and comparable to those
reported in the paper.
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alternatives, the WLAD estimator reports relatively smaller increase in RMSE for the
slope parameter in most of the cases. This pattern may be associated with the fact that
WLAD is based on a weighted least absolute deviation, and is therefore more robust
against outliers when the error distribution has a thick tail.

6 Concluding Remarks

In semiparametric binary response models with heteroskedastic errors, we study how a
special regressor, which is additively separable in the latent payo§ and independent from
errors given the other regressors, contributes to the identifying power and the Fisher
information for coe¢cients. We consider binary choice models with a special regressor
and either median-independent errors or conditionally symmetric errors.

We Önd that with median-independent errors, using a special regressor does not di-
rectly add to the identifying power or information for coe¢cients. Nonetheless it does help
with counterfactual prediction and the identiÖcation of the average structural function.
In contrast, with conditional symmetry in the error distribution, using a special regressor
improves the identifying power by the criterion in (Manski 1988), and the information
for coe¢cients becomes positive under mild conditions. In other words, the joint restric-
tions of conditional symmetry (Assumption 2.3) and exclusion restriction (Assumption
2.1) together add the informational content for coe¢cients, whereas neither of them does
so individually. Therefore, an interesting alternative interpretation of our results is about
the informational content of conditional symmetry with and without excluded regressors.
We propose two root-n estimators for binary response models with heteroskedastic but
conditionally symmetric errors, and report their decent performances in Önite samples.

In this paper we do not calculate the semiparametric e¢ciency bound on linear co-
e¢cients under Assumption 2.1 and 2.3. As discussed in (Newey 1990), the Örst step
for such calculation is to characterize a tangent set, or the mean-square closure of linear
combination of scores with respect to the nuisance parameters. The semiparametric e¢-
ciency bound is then the inverse of the variance of residuals from projecting the score with
respect to linear coe¢cients on such a tangent set. The Örst step requires some ad hoc
ìguess-and-verifyî approach that exploits the parametric component of the model; the
second step involves original argument based on the speciÖc nature of the semiparametric
restriction imposed. All in all, such calculation requires substantial additional work, and
is left as a topic for future investigation.

Other directions of future research could include similar exercises for other limited de-
pendent variable models such as censored or truncated regressions, and further exploration
of the link between the notion of informational content from the support-based approach
in (Manski 1988) and the semiparametric e¢ciency perspective in (Chamberlain 1986).
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Appendix A. Proofs

Proof of Proposition 1. (Su¢ciency) Under Assumption 2.1 and Assumption 2.2,
p(x; v) * 1=2 if and only if x# * v. Consider b 6= # with Pr(Z 2 Qb) > 0. Without loss of
generality, consider some (x; v) 2 Qb with x# * v < xb. Then for any G%jX 2 $ (where $
here in Section 3.1 is the set of conditional distributions that satisfy Assumption 2.1 and
Assumption 2.2), we have

R
1 (% * xb" v) dG%jx > 1=2, which implies (x; v) 2 1(b;G%jX).

Therefore, Pr(Z 2 1(b;G%jX)) > 0 for such a b and all G%jX 2 $. Since (Z; ~Z) is a
pair of states drawn independently from the same marginal, this also implies Pr((Z; ~Z) 2
~1(b;G%jX)) > 0 for such a b and all G%jX 2 $.Thus # is identiÖed relative to b.

(Necessity) Consider b 6= #. Suppose Pr(Z 2 Qb) = 0 so that sign(V "X#) = sign(V "
Xb) with probability one. Construct a ~G%jx so that ~G%jx(t; b) = E (Y jx; V = xb" t) for
all t on the support of Xb" V given X = x. For t outside the support of Xb" V given
X = x, deÖne ~G%jx(t; b) arbitrarily subject to the requirement that ~G%jx(t; b) is monotone
in t over the support #%jx. By construction, ~G%jx(xb " v; b) = E(Y jx; V = v) & p(z) for
all z & (x; v). If xb 2 #V jx, then ~G%jx(0; b) = 1=2 by construction. Otherwise (i.e. zero is
outside the support of V "xb given x), construct ~G%jx(:; b) outside the support of Xb"V
given X = x subject to the requirement that ~G%jx(0; b) = 1=2. This can be done, because
Pr(Z 2 Qb) = 0 implies that p(x; v) # 1=2 for all (x; v) if and only if v " xb # 0 for all
(x; v). Hence as long as Pr(Z 2 Qb) = 0, there exists ~G%jX 2 $ satisfying Assumption
2.1 and Assumption 2.2 such that Pr(Z 2 1(b; ~G%jX)) = 0. Furthermore, with any pair
of Z and ~Z that is drawn independently from the same marginal, that Pr(Z 2 Qb) = 0
implies ìsign(X# " V ) = sign(Xb " V ) and sign( ~X# " ~V ) = sign( ~Xb " ~V )" with
probability 1. Thus the distribution ~G%jX constructed as above is in $ and also satisÖes
Pr((Z; ~Z) 2 ~1(b; ~G%jX)) = 0. Thus # is not identiÖed relative to b. !

Proof of Proposition 3. (Su¢ciency) Proposition 1 shows that # is identiÖed relative
to b under Assumption 2.1 and 2.2 whenever (i) holds. It follows immediately that (i)
also implies identiÖcation of # relative to b under the stronger assumptions of Assumption
2.1 and 2.3. To see how (ii) is su¢cient for identiÖcation of # relative to b, deÖne ~Qb;S &
f(z; ~z) : ~x = x and (v; ~v) 2 Rb(x)g. By construction, for any (z; ~z) 2 ~Qb;S, either ìx#"v <
~v"x# and xb"v > ~v"xb" or ìx#"v > ~v"x# and xb"v < ~v"xb". Under Assumption
2.1 and 2.3, this implies that for any G%jX 2 $CS and any (z; ~z) 2 ~Qb;S, either

ìF%jx(x# " v) + F%j~x(~x# " ~v) < 1 and G%jx(xb" v) +G%j~x(~xb" ~v) > 1" (11)

or
ìF%jx(x# " v) + F%j~x(~x# " ~v) > 1 and G%jx(xb" v) +G%j~x(~xb" ~v) < 1".

Thus ~Qb;S 1 ~1(b;G%jX) for any G%jX 2 $CS. Next, for any ; > 0, deÖne a ì;-expansion"
of ~Qb;S as:

~Q2b;S & f(z; ~z) : ~xd = xd and (v; ~v) 2 Rb(x) and k~xc " xck * ;g .
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Without loss of generality, suppose all (z; ~z) 2 ~Qb;S satisfy (11) for all G%jX 2 $CS. Then
Assumption 4.1 implies that when ; > 0 is small enough, k~xc " xck

2 and k(~x" x) #k2

and k(~x" x) bk2 are also small enough so that (11) holds for all (z; ~z) in ~Q2b;S and all
G%jX 2 $CS. Thus with such a small ;, we have ~Q2b;S 1 ~1(b;G%jX) for all G%jX 2 $CS.
Finally, suppose condition (ii) in Proposition 3 holds for b 6= # and some set #X;b with
positive measure. Then Assumption 4.2 implies

Z
1f(vi; vj) 2 Rb(x)gdFVij~x(vj)dFVijx(vi) > 0 (12)

for all (x; ~x) with x & (xc; xd) 2 #X;b, ~xd = xd and k~xc " xck * ~;, where ~; > 0 is small

enough. Apply the law of total probability to integrate out
*
~X;X

+
on the left-hand side

of (12), which then implies that Pr((Z; ~Z) 2 ~Q
~2
b;S) > 0 for such a small ~;. Hence for such

a b 6= #, Pr((Zi; Zj) 2 ~1(b;G%jX)) > 0 for all G%jX 2 $Assumption2:3, and # is identiÖed
relative to b.

(Necessity) Consider some b 6= # such that (i) Pr(Z 2 Qb) = 0 and (ii) Pr(X 2 #X;b) = 0,
where #X;b is as deÖned in the proposition. We now show how to construct a nuisance
parameter G)%jX which satisÖes Assumption 2.1, Assumption 2.3 and Assumption 4.2,
and, together with b, are observationally equivalent to the true parameters # and F%jX .
SpeciÖcally, for each Öxed x, construct G)%jx through the steps (i)-(iii) below: (i) For any
t > 0, Önd v such that t = xb " v and deÖne G)%jx(t) & G)%jx(xb " v) & F%jx(x# " v).
If no such v exists on the support of V given x, then Önd v0 such that t = v0 " xb
and deÖne G)%jx(t) & G)%jx(v

0 " xb) & F%jx(v
0 " x#). (ii) For all t < 0, Önd v0 such that

t = v0 " xb and deÖne G)%jx(t) & G)%jx(v
0 " xb) & F%jx(v

0 " x#). If no such v0 exists, then
Önd v such that t = xb " v and deÖne G)%jx(t) & G)%jx(xb " v) & F%jx(x# " v). (Because
Pr(X 2 Qb) = 0 and Pr(X 2 #X;b) = 0, G)%jx constructed from (i) and (ii) is increasing
over its domain.9 This function G)%jx also satisÖes the conditional symmetry around zero.
To see this, consider t1 = "t2 > 0 where there exists xb " v1 = t1. This implies that
there exists v2 = v1 such that v2 " xb = t2. Then by construction, G)%jx(t1) + G)%jx(t2) =

F%jx(x# " v1) + F%jx(v1 " x#) = 1. On the other hand, if t1 = "t2 > 0 is such that there
exits no v1 with xb " v1 = t1 but there exists v1 with v1 " xb = t1. This implies there
exists no v2 such that v2 " xb = t2 but there exists v2 = v1 with xb " v2 = t2. Hence
G)%jx(t1) +G

)
%jx(t2) = F%jx(v1 " x#) + F%jx(x# " v1) = 1.) (iii) Finally, as for the range of t

such that there exists no v with xb" v = t or v0 with v0" xb = v, construct G)%jx over this
range by extrapolating from the sections constructed in (i) and (ii) while respecting the
increasingness and conditional symmetry around zero. It then follows that, for all (x; v),

9To see why the increasingness holds, Örst consider the case with t2 > t1 > 0 where there exists vs
with ts = xb " vs for s = 1; 2. This implies v1 > v2 and G!#jx(t2) & F#jx(x, " v2) > F#jx(x, " v1) &
G!#jx(t1). Next, consider the case with t2 # 0 > t1 where there exists v1; v2 such that xb " v2 = t2 and
v1 " xb = t1. It then follows from PrfZ 2 Qbg = 0 and PrfX 2 .X;bg = 0 that x, " v2 # 0 > v1 " x,.
Hence G!#jx(t2) #

1
2 > G

!
#j(t1). The ranking between G

!
#jx(ts) in the other cases with t2 > t1 follow from

the same set of arguments.
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either G)%jx(xb" v) = F%jx(x# " v), or G)%jx(v " xb) = F%jx(v " x#) (which implies the Örst
equality given the conditional symmetry of F%jX and G)%jX). This implies that # is not
identiÖed relative to b under the conditions of the proposition. !

Proof of Proposition 4. Under Assumption 2.1, 2.3, 4.1, 4.2, 4.3 and 3.2, # is identiÖed
relative to all b 6= #. With 8 consisting of a counting measure for y 2 f0; 1g and the
probability measure for Z, we can show that path-wise information for #k under a path
9 2 5 (denoted by I*;k) takes the form

4

Z *
 k " B)* * "

P
j 6=k B

)
j j

+2
d8 = 4

Z

0Z

h
f.jx(w)

"
xk$
P

j 6=k -
$
jxj

#
$-$#*0(w;x;20)

i2

F.jx(w)[1$F.jx(w)]
dFZ (13)

where (B)j)j 6=k and B
)
* are constants that solve the minimization problem in the deÖnition

of I*;k in (3).

We prove the proposition through contradiction. Suppose I*;k = 0 for some 9 2
5. First o§, note B)* must be nonzero for such a 9, because otherwise the path-wise
information I*;k would equal the Fisher information for # in a parametric model where the
true error distribution F%jX is known, which is positive. This would lead to a contradiction.

Suppose I*;k = 0 for some 9 2 5 with B)* 6= 0. For any given x, Assumption 4.3 states
the conditional density fV jx is positive around x#"c0(x) and x#+c0(x) for some constant
c0(x). Thus for ") > 0 small enough,W & X#"V is continuously distributed with positive
density over two open intervals (c0(x)""); c0(x)+")) and ("c0(x)"");"c0(x)+")) given
any x. Note these two intervals are symmetric around 0. To simplify exposition, suppose
c0(x) = 0 for all x for now, so that these two intervals collapse into one symmetric interval
around 0, i.e. (""); ")).

Note the integrand in (13) is non-negative by construction. Thus the right-hand side
of (13) is bounded below by

4

Z

0X

Z "$

$"$

h
f.jx(w)

"
xk$
P

j 6=k -
$
jxj

#
$-$#*0(w;x;20)

i2

F.jx(w)[1$F.jx(w)]
dFW;X .

Di§erentiating both sides of (7) with respect to ; at ;0 shows 92(""; x; ;0) = "92("; x; ;0)
for all x and ". This implies that B)*92(w; x; ;0) is an odd function in w given any x. On

the other hand, conditional symmetry of errors implies that f%jx(w)
*
xk "

P
j 6=k B

)
jxj

+

is even in w (i.e. symmetric in w around 0) given any x. Due to Assumption 4.4-
(i), F%jx(t)$1

0
1" F%jx(t)

1$1
is uniformly bounded between positive constants for all t 2

(""); ")) and x 2 #X . It follows that for any constant ' > 0,
Z

0X

Z "$

$"$

h
f%jx(w)

*
xk "

P
j 6=k B

)
jxj

+
" B)*92(w; x; ;0)

i2
dFW jx(w)dFX(x) < '
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for ") su¢ciently small. Then for any ' > 0, there must exist I < [0; ")) ( #X or
I < (""); 0]( #X with Pr((W;X) 2 I) > 0 and

,,,f%jx(t)
*
xk "

P
j 6=k B

)
jxj

+
" B)*92(t; x; ;0)

,,, < ' (14)

for all (t; x) 2 I. Without loss of generality, suppose I < [0; ")) ( #X , and deÖne
F! & fx : 9t with (t; x) 2 Ig.

Assumption 4.4-(ii) implies that Pr(Xk "
P

j 6=k B
)
jXj > 0 j X 2 F!g > 0. Consider

Fx 2 F! with a(Fx) & Fxk "
P

j 6=k B
)
j Fxj > 0. Thus f%j2x(t)

*
Fxk "

P
j 6=k B

)
j Fxj

+
is positive and

bounded below by a(Fx)c > 0 for all t such that (t; Fx) 2 I. Pick ' * a(2x)c
2
. Then (14)

implies B)*92(t; Fx; ;0) #
a(2x)c
2

> 0 for all t with (t; Fx) 2 I. By symmetry of f%jx and

oddness of 92(t; x; ;0) in t given any x,
,,,f%j2x("t)

*
Fxk "

P
j 6=k B

)
j Fxj

+
" B)*92("t; Fx; ;0)

,,, #
3
2
a(Fx)c > 0 for all t with (t; Fx) 2 I. A symmetric argument applies to show that such
a distance is also bounded below by positive constants for any Fx 2 F! with a(Fx) < 0
and any t such that (t; x) 2 I. Due to Assumption 4.3, Pr((W;X) 2 I$) > 0 where

I$ & f(t; x) : ("t; x) 2 Ig. Thus
,,,f%jx(t)

*
xk "

P
j 6=k B

)
jxj

+
" B)*92(t; x; ;0)

,,, is bounded
away from zero by some positive constant over I$. It then follows that

Z

I%

h
f%jx(w)

*
xk "

P
j 6=k B

)
jxj

+
" B)*92(w; x; ;0)

i2
dFW;X

is bounded away from zero by some positive constant. This contradicts the claim that
I*;k = 0 for 9 2 5 where B)* 6= 0.

The proof for the general case where c0(x) 6= 0 follows from similar arguments based
on the discrepancy between even and odd functions, only with the interval (""); ")) above
replaced by the union of (c0(x)" "); c0(x) + ")) and ("c0(x)" ");"c0(x) + ")) and with
the deÖnition of I; I$ adjusted accordingly. !
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Appendix B. Further Discussion

B1. IdentiÖcation under Assumption 2.1 and 2.2

Assumption 3.1 in the text holds when the support of V given each x is bounded, provided
that the parameter space for # is bounded. It di§ers from the large support condition
needed to point identify # when errors are mean-independent or median-independent
without exclusion restrictions. In the latter case, the support of V needs to include the
support of "X# + % conditional on X. Assumption 3.2 is a typical full-rank condition
analogous to that in (Manski 1988). With the Örst coordinate in X being a constant
intercept, Assumption 3.2 implies that there exists no ~F 6= 0 in Rk$1 and c 2 R with
Pr (X$1~F = c) = 1. It also means Pr (X(# " b) 6= 0) > 0 for any b 6= #.

To see why Assumption 3.1 and 3.2 in Section 3.1 imply the point identiÖcation of #
under Assumption 2.1 and 2.2, we use essentially the same argument as in (Manski 1988):
Suppose without loss of generality that Pr(X# < Xb) > 0. Under Assumption 3.1, for
any x with x# < xb, there exists an interval of v with x# * v < xb. This implies
that Pr(Z 2 Qb) > 0 and thus # is identiÖed relative to all b 6= #. For estimation, we
propose a new extremum estimator for # that di§ers qualitatively from the Maximum
Score estimator in (Manski 1985), based on the following corollary.

Corollary 1 (Proposition 1) Suppose Assumption 2.1, 2.2, 3.1 and 3.2 hold in (1), and
Pr (X# = V ) = 0. Then

# = argminb EZ [1fp(Z) # 1
2
g(Xb" V )$ + 1fp(Z) < 1

2
g(Xb" V )+] (15)

where (:)+ & maxf:; 0g and (:)$ & "minf:; 0g.

Proof of Corollary 1. The objective function in (15) is non-negative by construc-
tion. We show it is positive for all b 6= #, and 0 for b = #. Consider b 6= #. Then
Pr (Xb 6= X#) = Pr (Xb > X# or Xb < X#) > 0 under Assumption 3.2. W.L.O.G. sup-
pose Pr(Xb > X#) > 0. Assumption 3.1 implies for any x with xb > x#, there exists an
interval of v with xb > v # x#. Hence Pr(Xb" V > 0 # X# " V ) = Pr(p(Z) * 1=2 and
Xb " V > 0) > 0. With Pr(X# = V ) = 0 (and thus Pr(p(Z) = 1=2) = 0), this implies
1fp(Z) * 1=2g(Xb " V )+ > 0 with positive probability. Thus the objective function in
(15) is positive for b 6= #. On the other hand, Assumption 2.1 and 2.2 imply p(Z) # 1=2
if and only if X# " V # 0, and the objective function in (15) is 0 for b = #. !

Let n denote the sample size and let p̂i denote kernel estimator for E(Y j Z = zi). An
alternative estimator is

~# & argmin
P

i V
!
p̂i " 1

2

"
(xib" vi)_ + V

!
1
2
" p̂i

"
(xib" vi)+ (16)
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where the weight function V : R ! [0; 1] satisÖes: V(t) = 0 for all t * 0; V(t) > 0 for all
t > 0; and V is increasing over [0;+1).10

B2. Tail condition in (Magnac and Maurin 2007)

We now discuss how Assumption 2.3 is related to the tail condition in (Magnac and
Maurin 2007). We give an example of some F%jX that satisfy Assumption 2.3 but fail
to meet the tail condition in (Magnac and Maurin 2007). Suppose the distribution of a
continuous random variable R is such that limr!$1 rFR(r) = 0. Then for any c,

E [(R" c) 1(R < c)] =

Z c

$1
(r " c) dFR(r) = 0" 0"

Z c

$1
FR(r)dr

and

E [(R" c) 1(R > c)] = E(R" c)" E [(R" c) 1(R < c)]

= E(R)" c+

Z c

$1
FR(r)dr:

Let YH & "(X# + %+ vH) and YL & X# + %+ vL. Therefore, for any given x,

E [YH1(YH > 0)jx] =
Z $vH

$1
FXT+%jX=x(s)ds (17)

E [YL1(YL > 0)jx] = x# + vL +

Z $vL

$1
FXT+%jX=x(s)ds (18)

so that the di§erence of (18) minus (17) is given by

x# + vL +

Z $vL

$vH
FXT+%jX=x(s)ds. (19)

Suppose F%jX satisÖes Assumption 2.3, then FXT+%jx is symmetric around x# for all x. If
x# = $vL$vH

2
, then (19) equals

vL "
1

2
(vH + vL) +

1

2
(vH " vL) = 0.

If x# < $vL$vH
2

, then (19) is strictly less than 0 by the symmetry of FXT+%jx around x#
given x. Likewise if x# > $vL$vH

2
, then (19) is strictly greater than 0 by the symmetry of

FXT+%jx around x# given x. Now suppose x# <
$vL$vH

2
for all x on the support #X 1 RK++.

Then E[X 0YH1(YH > 0)] 6= E[X 0YL1(YL > 0)], and the tail condition in Proposition 5 of
(Magnac and Maurin 2007) does not hold.

10In implementation, one may choose < to be twice continuously di§erentiable with bounded derivatives
in an open neighborhood around 0 for technical convenience in deriving asymptotic properties of ~,.
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Appendix C. Consistency of WLAD Estimator

Proof of Proposition 5. Consider any b 6= #. Under Assumption 3.2, Pr(X# "Xb 6=
0) > 0. Without loss of generality, suppose that Pr(X# "Xb > 0) > 0 and let ! & fx :
x# > xbg. Then under Assumption 3.1,

Z
1f2x# > vi + vj > 2xbgdFVi;Vj jx(vi; vj) > 0

for all x 2 !. By construction, whenever xi = xj, p(xi; vi) + p(xj; vj) > 1 if and only if
vi + vj < 2xi# = 2xj#. Thus for all x 2 !, properties of V in Assumption 5.1 imply that:

E
n
V (Wi;j " 1)

0
'i;j(b)

1
$ + V(1"Wi;j)['i;j(b)]+

,,,Xj = Xi = x
o

#

 
E
n
V(Wi;j " 1)

0
'i;j(b)

1
$

,,,Vi + Vj * 2x#;Xj = Xi = x
o

7Pr(Vi + Vj * 2x#jXj = Xi = x)

!
> 0. (20)

By construction, the conditional expectation on the left-hand side can never be negative
for any x. Multiply both sides of (20) by f(x) and then integrate out x over its full
support (including !) with respect to the distribution of non-special regressors. Thus we
get H0(b) > 0 for all b 6= #. Likewise, if b 6= # and Pr(X# < Xb) > 0, then for any x
with x# < xb, Assumption 3.1 implies

E
n
V (Wi;j " 1)

0
'i;j(b)

1
$ + V(1"Wi;j)

0
'i;j(b)

1
+

,,,Xj = Xi = x
o

#

 
E
n
V(1"Wi;j)

0
'i;j(b)

1
+

,,,Vi + Vj > 2x#;Xj = Xi = x
o

7Pr(Vi + Vj > 2xi#jXj = Xi = x)

!
> 0.

Then H0(b) > 0 for all b 6= # by the same argument as above. Next, consider b = #. For
any x,

H0(#)

= E
n
f(X)E

h
V (Wi;j " 1)

0
'i;j(#)

1
$ + V(1"Wi;j)

0
'i;j(#)

1
+

,,,Xj = Xi = X
io

= E
n
f(X)E

h
V(Wi;j " 1)

0
'i;j(#)

1
$ 1fWi;j # 1g

,,,Xj = Xi = X
io

(21)

+ E
n
f(X)E

h
V(1"Wi;j)

0
'i;j(#)

1
+
1fWi;j < 1g

,,,Xi = Xi = X
io
.

The Örst conditional expectation on the right-hand side of (21) is 0, because when xi = xj,
wi;j # 1 if and only if vi + vj * 2xi#. Likewise the second conditional expectation is also
0. Thus H0(#) = 0. !

DeÖne an ìinfeasibleî version of the objective function as follows:

Hn(b) =
1

n(n$1)

P
j 6=iKh (xi " xj)

5
V (wi;j " 1) ['i;j(b)]$ + V(1" wi;j)['i;j(b)]+

6
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where wi;j is the sum of the true propensity scores (i.e. wi;j & pi + pj with pl & p(zl)).

Proof of Proposition 6. The Örst step of the proof is to establish that

supb2B jĤn(b)"Hn(b)j = op(1). (22)

Let '$i;j(b), '
+
i;j(b) be shorthand for ['i;j(b)]$, ['i;j(b)]+. Applying the Taylorís expansion

around wi;j and using the boundedness conditions in Assumption 5.6 and 5.7, we have:

supb2B

,,,,,
1

n(n$1)

P
j 6=i

%
Kh (xi " xj)'

$
i;j(b)7

[V(ŵi;j " 1)" V(wi;j " 1)" V0(wi;j " 1)(ŵi;j " wi;j)]

',,,,,

= supb2B

,,, 1
n(n$1)

P
j 6=iKh (xi " xj)'

$
i;j(b)V

00( ~wi;j " 1) kŵi;j " wi;jk
2
,,,

* a supz kp̂(z)" p(z)k2 supb2B
n

1
n(n$1)

P
j 6=i

,,Kh (xi " xj)'
$
i;j(b)V

00( ~wi;j " 1)
,,
o
(23)

where V0; V00 are Örst- and second-order derivatives of V; ~wi;j is a random variable between
ŵi;j and wi;j; and a > 0 is some Önite constant. Under Assumption 5.1, 5.6, 5.7, the
supreme of the term in the braces on the right-hand side of the inequality is Op(1).

Under Assumption 5.3 (i)-(iii), 5.4 and 5.5 supz jp̂(z)" p(z)j = op(1) almost surely by
Theorem 2.6 of (Li and Racine 2007). Hence the remainder term on the right-hand side
of the inequality (23) is op(1). Next, note:

supb2B

,,, 1
n(n$1)

P
j 6=iKh (xi " xj)V

0(wi;j " 1)(ŵi;j " wi;j)'
$
i;j(b)

,,,

* 2 supz kp̂(z)" p(z)k supb2B
n

1
n(n$1)

P
j 6=i

,,Kh (xi " xj)V
0(wi;j " 1)'$i;j(b)

,,
o
.

By similar arguments, the second term is Op(1), and the Örst term is op(1). Thus (22)
holds by a symmetric argument.

Next, decompose Hn(b) as

Hn(b) = E[gn(Zi; Zj; b)] + 2
n

P
i#n gn;1(zi; b) +

2
n(n$1)

P
j 6=i gn;2(zi; zj; b) (24)

where

gn(zi; zj; b) & Kh (xi " xj)
0
V (wi;j " 1)'$i;j(b) + V(1" wi;j)'

+
i;j (b)

1
;

gn;1(zi; b) & E[gn(Z;Z 0; b)jZ = zi] + E[gn(Z;Z 0; b)jZ 0 = zi]" 2E[gn(Z;Z 0; b)]
gn;2(zi; zj; b) & gn(zi; zj; b)" E[gn(Z;Z 0; b)jZ = zi]" E[gn(Z;Z 0; b)jZ 0 = zj]

+E[gn(Z;Z 0; b)].

By construction, E[gn;1(Zi; b)] = 0 and E[gn;2(Zi; Zj; b)jZi = zi] = E[gn;2(Zi; Zj; b)jZj =
zj] = 0 for all zi; zj.
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We now show that the second and the third term in (24) are op(1). Under Assumption
5.2 and 5.7, we get

sup
n;b2B

jhkngn(zi; zj; b)j

* F(zi; zj) & a0
n
V (wi;j " 1)

0
Ci;j "

vi+vj
2

1
$ + V(1" wi;j)

0
Di;j "

vi+vj
2

1
+

o

for all (zi; zj), where Ci;j and Di;j are deÖned in Assumption 5.6 and a0 > 0 is some Önite
constant. By arguments as in (Pakes and Pollard 1989), the class of functions:

fhkngn(zi; zj; b) : b 2 Bg

is Euclidean with a constant envelop F , which satisÖes E [F(Zi; Zj)2] <1 under Assump-
tion 5.6 and 5.7. Besides, E[supb2B h2kn gn (Zi; Zj; b)

2] = O(hkn) under Assumption 5.6 and
5.7 by an argument based on changing variables and dominated convergence theorem. It
then follows from Theorem 3 in (Sherman 1994) that the second and the third terms in
the decomposition in (24) are op(1) and Op(n$1h

$k=2
n ) uniformly over b 2 B respectively.

Under our choice of bandwidth in Assumption 5.8, nhk=2n !1 as n!1 and hence these
two terms are both op(1).

Next, we deal with the Örst term in the H-decomposition (24). Let

~'(zi; zj; b) & V (wi;j " 1)
0
'i;j(b)

1
$ + V(1" wi;j)

0
'i;j (b)

1
+
.

By deÖnition,

E[gn(Zi; Zj; b)]

=

Z
Kh (xi " xj) ~'(zi; zj; b)dF (zi; zj)

=

Z
Kh (xi " xj)E [ ~'(Zi; Zj; b)jxi; xj] dF (xi; xj)

=

Z Z
K(u)E [ ~'(Zi; Zj; b)jXi = xi; Xj = xi + hnu] f(xi + hnu)dudF (xi);

where the last equality follows from changing variables between xj and u & (xj " xi)=hn.
Under Assumption 5.3-(v), we can apply a Taylor expansion around xi and apply the
dominated convergence theorem to get E[gn(Zi; Zj; b)] = H0(b) + O(kh2n) = H0(b) + o(1)
for all b 2 B. Thus the sum of the three terms on the right-hand side of (24) is op(1)
uniformly over b 2 B.

Combine this result with (22), we get:

supb2B jĤn(b)"H0(b)j = op(1). (25)

The limiting function H0(b) is continuous under Assumption 5.3-(iv) in an open neighbor-
hood around #. Besides, Proposition 5 has established that H0(b) is uniquely minimized
at #. It then follows from Theorem 2.1 in (Newey and McFadden 1994) that #̂

p"! #. !
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Appendix D. Limit Distribution for the KWLS Esti-
mator

To simplify exposition of the limiting distribution of #̂KWLS, we let the non-special re-
gressor X be a scalar.11 DeÖne

!i;j & \ i\ j
1

h1;nh2;n
K1

%
xi " xj
h1;n

'
K2

%
pi + pj " 1

h2;n

'
. (26)

Let !̂i;j denote the sample analog of !i;j where the actual conditional choice probabilities
pi; pj in (26) are replaced by kernel estimates p̂i; p̂j. The closed-form estimator is:

#̂KWLS &
*P

i6=j !̂i;j(xi + xj) (xi + xj)
0
+$1 *P

i6=j !̂i;j(xi + xj) (vi + vj)
+
.

Thus we can write:

#̂KWLS " # =

%
1

n(n" 1)
P

i6=j !̂i;j(xi + xj)(xi + xj)
0
'$1

7
%

1

n(n" 1)
P

i6=j !̂i;j(xi + xj)[(vi + vj)" (xi + xj)#]

'
. (27)

Lemma D1. (Lemma 3.1 in (Powell, Stock and Stocker 1989)) For an i.i.d. sequence of
random variables f1i : i = 1; 2; :::; ng, deÖne a J-th order U-statistic of the form

Un =
1

n(n" 1)(n" J + 1)

X
'n(1i1 ; :::; 1iJ )

where the sum is over all permutations of m distinct elements fi1; :::; iJg from the set
f1; :::; ng. Let

Ûn & gn +
1

n

JX

j=1

nX

i=1

0
r(j)n (1i)" gn

1

with r(j)n (1i) & E['n(1i1 ; :::1ij%1 ; 1i; 1ij+1 ; :::; 1iJ )j1i], gn & E[r
(j)
n (1i)] = E['n(11; :::; 1J)]. If

E[k'n(11; :::; 1J)k
2] = O(n), then (i) Un = gn + op(1); and (ii) Un = Ûn + op(n

$1=2).

Lemma D2. Under Assumption 6.3, 6.5, 6.6 and 6.7,

supz2Z+5 jp̂(z)" p(z)j = Op(n
$1=3$22):

11When X is J-dimensional, the choice of bandwidth may be component-speciÖc (h1s;n; h
2
s;n; :::; h

J
s;n)

for s = 1; 2, and the kernels would be scaled by (0Jj=1h
j
s;n)

#1.



35

where Z+G & fz 2 #Z : \(z) > 0g.

Lemma D2 follows from the same argument as in (Newey 1994), (Ahn and Powell
1993) and (Chen and Khan 2003). It is therefore omitted here.

Lemma D3. Under Assumption 2.1, 2.3, 6.2, 6.3, 6.4, 6.5, 6.6 and 6.7,

1

n(n" 1)

X
i6=j

!̂i;j(xi + xj)(xi + xj)
0 p! @. (28)

Proof of Lemma D3. An application of the Mean Value Theorem (using the smoothness
of K2 in Assumption 6.2) implies that:

1

n(n" 1)

X
i6=j

!̂i;j(xi+ xj)(xi+ xj)
0 =

1

n(n" 1)

X
i6=j

!i;j(xi+ xj)(xi+ xj)
0+Rn (29)

where

Rn &
1

n(n" 1)

X
i6=j

!
(1)
i;j (~pi; ~pj)(xi + xj)(xi + xj)

0(p̂i + p̂j " pi " pj) and

!
(1)
i;j (pi; pj) & \ i\ j

1

h1;n
K1

%
xi " xj
h1;n

'
1

h22;n
K 0
2

%
pi + pj " 1

h2;n

'

for some ~pi between pi and p̂i and some ~pj between pj and p̂j. Assumption 6.2 implies
as n!1, the absolute value of Rn is eventually bounded above by the product of some
Önite positive constant and

h$12;n supz2Z+5 jp̂(z)" p(z)j (30)

where Z+G & fz : \(z) > 0g. It then follows from Lemma D2 that jRnj is Op(n$1=3).

Next, we derive the probability limit of the Örst term on the right-hand side of (29). Let
1i & (zi; pi) and deÖne fn(1i; 1j) & !i;j(xi+xj)(xi+xj)

0. (Note that pi & p(zi) is a function
of zi, so conditioning on 1i is equivalent to conditioning on zi.) Then by an argument
similar to Lemma 8 in (Chen and Khan 2003), E[

;;fn(1i; 1j)
;;2] = O(h$k1;nh

$1
2;n) = o(n),

where the second equality is due to the properties of h1;n; h2;n in Assumption 6.3. Thus
we can apply Lemma D1. Decompose fn into f1;n + f2;n + f3;n + f4;n where f1;n(1i; ij) &
!i;jxix

0
i; f2;n(1i; ij) & !i;jxix

0
j; f3;n(1i; ij) & !i;jxjx

0
i; f4;n(1i; ij) & !i;jxjx

0
j. By deÖnition,

E[f1;n(1i; 1j) j 1i]

= \ ixix
0
i

Z Z
\ j

1
h1;n

K1

*
xj$xi
h1;n

+
1
h2;n

K2

*
pi+pj$1
h2;n

+
fX;P (xj; pj)dxjdpj.
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Note by Assumption 2.1, \ j & \(xj; vj) = \(xj; xj# " G(pj; xj)). By changing variables
between (u; S) & ((xj " xi)=h1;n; [pj " (1 " pi)]=h2;n) and (xj; pj) while Öxing 1i, the
right-hand side in the display above is

\ ixix
0
i

Z Z
\ j

1
h1;n

K1

*
xj$xi
h1;n

+
K2(S)fX;P (xj; 1" pi + Sh2;n)dxjdS

= \ ixix
0
i

Z Z
\ i;nK1 (u)K2(S)fX;P (xi + uh1;n; 1" pi + Sh2;n)dudS,

where \ i;n is a shorthand for \(xi+uh1;n; (xi+uh1;n)#"G(1"pi+Sh2;n; xi+uh1;n)). Because
h1;n; h2;n ! 0, it follows from the continuity of \ , G that \ i;n converges to \(xi; xi# "
G(1 " pi; xi)) = \(xi; 2xi# " vi) & ~8G;i, where the equality follows from Assumption 2.3.
Furthermore, by the continuity of fX;P in Assumption 6.4 and the Dominated Convergence
Theorem, the right-hand side converges to

\ ixix
0
i

Z Z
\(xi; 2xi# " vi)K1 (u)K2(S)fX;P (xi; 1" pi)dudS

= \ i~8G;ixix
0
ifX;P (xi; 1" pi).

By another application of the Dominated Convergence Theorem, E[f1;n(1i; 1j)] converges
to

E[\ i~8G;iXiX
0
ifX;P (Xi; 1" Pi)]. (31)

Using a similar argument based on changing variables and the Dominated Convergence
Theorem, we can show that E[f2;n(1i; 1j) j 1i] also converges to (31). A symmetric
argument that swaps the indices of i; j above shows E[f3;n(1i; 1j)] and E[f4;n(1i; 1j)] also
converge to (31). Thus E[fn(1i; 1j)] = 4E[\ i~8G;iXiX

0
ifX;P (Xi; 1 " Pi)]. It then follows

from Lemma D1 that (28) holds. !

The next step is to derive a linear representation of the numerator (the second term)
on the right-hand side of (27). Henceforth we simply write !(1)i;j (pi; pj) as !

(1)
i;j when the

function !(1)i;j is evaluated at the true propensity scores. Also, let  i;j &  (zi; zj)f &
(xi + xj)[(vi + vj)" (xi + xj)

0#].

First o§, apply a second-order Taylor expansion (allowed by the smoothness condition
on K2) to write the numerator as

1

n(n" 1)
P

i6=j !i;j i;j +
1

n(n" 1)
P

i6=j !
(1)
i;j  i;j(p̂i + p̂j " pi " pj) +Rn (32)

where the remainder term is

Rn &
1

n(n" 1)
P

i6=j \ i\ j
1

h1;nh32;n
K1

%
xi " xj
h1;n

'
K 00
2

%
p0i + p0j " 1

h2;n

'
 i;j(p̂i + p̂j " pi " pj)

2

for some p0i; p
0
j between (pi; pj) and (p̂i; p̂j). Assumption 6.2 ensures the absolute value of

Rn is bounded above by the product of a Önite constant and h$22;n supz2Z+5 jp̂(z) " p(z)j2,
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which is Op(n$2=3) under the conditions in Lemma D2. This means Rn is asymptotically
negligible in the linear representation of the numerator on the right-hand side of (27).

Lemma D4. Under Assumption 2.1, 2.3, 6.2, 6.3 and 6.4,

1

n(n" 1)
P

i6=j !i;j i;j = op(n
$1=2).

Proof of Lemma D4. As before, let 1i & (zi; pi) where zi = (xi; vi) and pi & p(zi).
Let gn(1i; 1j) & !i;j i;j. By an argument similar to Lemma 8 in (Chen and Khan 2003),

E[
;;gn(1i; 1j)

;;2] = O(h$k1;nh
$1
2;n) = o(n), where the second equality is due to the properties

of h1;n; h2;n in Assumption 6.3. This allows us to apply results from Lemma D1. By
deÖnition, we can write E[gn(1i; 1j) j 1i] as:

\ i

Z Z  
Gj

h1;nh2;n
K1

*
xj$xi
h1;n

+
K2

*
pi+pj$1
h2;n

+
7 (xi + xj)

7fvi + [xj# " G(pj; xj)]" (xi + xj)#g

!
fXj ;Pj(xj; pj)dpjdxj

= \ i

Z Z %
\ i;n 7K1 (u)7K2 (S)7 (2xi + h1;nu)
7[vi + (xi + h1;nu)# " Gi;n " (2xi + h1;nu)

0#]

'
fXj ;Pj(xi + h1;nu; 1" pi + h2;nS)dSdu

where \ i;n is deÖned in the proof of Lemma D3 and Gi;n is a shorthand for G(1 "
pi + h2;nS; xi + h1;nu). The equality is due to the change of variables between (u; S) &
(
xj$xi
h1;n

;
pi+pj$1
h2;n

) and (xj; pj) while Öxing 1i. Under Assumption 6.4, an M -th order Taylor
expansion around (xi; 1" pi) in

\ i;n(2xi + h1;nu)(vi " xi# " Gi;n)fXj ;Pj(xi + h1;nu; 1" pi + h2;nS),

together with the properties of the kernels in Assumption 6.2 and the bandwidths in
Assumption 6.3, imply for any 1i, the conditional expectation E[gn(1i; 1j) j 1i] is:

2~8G;ixi[vi " xi# " G(1" pi; xi)]fXj ;Pj(xi; 1" pi) + o(n$1=2). (33)

Recall vi " xi# = G(1 " pi; xi) due to Assumption 2.1 and 2.3. Because the magnitude
of the remainder term is o(n$1=2) uniformly in 1i, this implies

1
n

Pn
i=1E[gn(1i; 1j)j1i] is

op(n
$1=2). By a symmetric argument, 1

n

Pn
i=1E[gn(1i; 1j) j 1j] is also op(n

$1=2). Lemma
D4 then follows from the second conclusion in Lemma D1. !

It remains to establish the linear representation of the second term in (32). For
convenience, let Q & [Y; 1]0 and ql & [yl; 1]

0. With a slight abuse of notation, we now

denote 1 & (z; p(z); y) henceforth. Let K6 (:) be a shorthand for .
$(1+k)
n K

*
:
6n

+
as before.
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Lemma D5. Under Assumption 6.2, 6.3, 6.5, 6.6 and 6.7,

1

n(n" 1)
P

i6=j !
(1)
i;j  i;j(p̂i " pi) =

1

n(n" 1)(n" 2)
P

i6=j 6=l 'n(1i; 1j; 1l) + op(n
$1=2) (34)

where 'n(1i; 1j; 1l) & !
(1)
i;j

!
 i;j=fi

"
K6 (zl " zi) (yl " pi).

Proof of Lemma D5. Let hi; ĥi; fi; f̂i denote h(zi); ĥ(zi); f(zi); f̂(zi) respectively so
that p̂i = ĥi=f̂i and pi = hi=fi; let Fi & [hi; fi] and F̂i & [ĥi; f̂i]. A second-order Taylor
expansion implies the left-hand side of (34) is

1

n(n" 1)
P

i6=j !
(1)
i;j  i;j

1

fi

h
ĥi " hi " (f̂i " fi)pi

i
+ ~Rn (35)

where

~Rn &
1

2n(n" 1)
P

i6=j !
(1)
i;j  i;j[ĥi " hi; f̂i " fi]

-
0; " ~f$2i

" ~f$2i ; 2~hi ~f
$3
i

.
[ĥi " hi; f̂i " fi]

0

for some ~hi between ĥi and hi, and ~fi between f̂i and fi. By condition (ii) in Assumption
6.2 and an argument analogous to (8.9) in Newey and McFadden (1994), j ~Rnj is bounded
above by the product of a Önite constant and h$12;n and supz2Z+5 jĥ(z)"h(z)j

2+jf̂(z)"f(z)j2,
which is op(n$1=2) under the conditions in Lemma D2. Furthermore, the lead term in (35)
is

1

n2(n" 1)
Pn

i=1

Pn
j=1;j 6=i

Pn
l=1 'n(1i; 1j; 1l):

By standard argument, the di§erence between this and the third-order U-statistic on the
right-hand side of (34) is op(n$1=2). !

Lemma D6. Under Assumptions 6.2-6.8,

1

n(n" 1)
P

i6=j !
(1)
i;j  i;j(p̂i " pi) =

1

n

Pn
l=1 M0(zl)(yl " pl) + op(n

$1=2)

where M0(zl) & 2\ lxl~8G;lG1(1" pl; xl)fX;P (xl; 1" pl).

Proof of Lemma D6. By an argument using change of variables, E[
;;'n(1i; 1j; 1l)

;;2] =
O(h$k1;nh

$3
2;n.

$1$k
n ), which is o(n) under Assumption 6.2Ñ 6.3 and 6.7. Hence Lemma D1

implies the third-order U-statistic on the right-hand side of (34) can be written as:

gn +
1

n

Pn
i=1

P3
s=1

0
r(s)n (zi; yi)" gn

1
+ op(n

$1=2). (36)
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where r(s)n (1) & E['n(11; 12; 13)j1s = 1] for s = 1; 2; 3; and gn & E['n(1i; 1j; 1l)]. By
construction,

r(1)n (1i) = E
n
E
h
!
(1)
i;j

!
 i;j=fi

"
K6 (zl " zi) (yl " pi)

,,, 1i; zl
i,,, 1i

o

= E
h
!
(1)
i;j

!
 i;j=fi

",,, 1i
i
E [K6 (zl " zi) (pl " pi)j 1i]

where for any 1i

E
h
!
(1)
i;j

!
 i;j=fi

",,, 1i
i
=

Z Z
!
(1)
i;j ( i;j=fi)fX;P (xj; pj)dpjdxj

=
\ i
fi

Z
h$11;nK1

%
xi " xj
h1;n

'-Z
\ j ~ i(xj; pj)fX;P (xj; pj)h

$2
2;nK

0
2

%
pi + pj " 1

h2;n

'
dpj

.
dxj(37)

with ~ i(xj; pj) & (xi + xj)fvi + [xj# " G(pj; xj)]" (xi + xj)#g. Now let:

~9i(xj; pj) & \(xj; xj# " G(pj; xj))~ i(xj; pj)fX;P (xj; pj)

and ~9i;1 denote the partial derivative of ~9i w.r.t. the second argument pj. For any (1i; xj),
we can use integration by parts and conditions Assumption 6.2 to write the term in the
square brackets in the integrand on the right-hand side of (37) as:

Z
~9i(xj; pj)d

-
h$12;nK2

%
pi + pj " 1

h2;n

'.
=

Z
h$12;nK2

%
pi + pj " 1

h2;n

'
~9i;1(xj; pj)dpj.

Substitute this into the right-hand side of (37) and change variables between (u; S) &
(
xj$xi
h1;n

;
pj$(1$pi)
h2;n

) and (xj; pj). This leads to:

\ i
fi

Z
h$11;nK1

%
xj " xi
h1;n

'-Z
h$12;nK2

%
pj " (1" pi)

h2;n

'
~9i;1(xj; pj)dpj

.
dxj

=
\ i
fi

Z
K1(u)

%Z
K2 (S) ~9i;1(xi + h1;nu; 1" pi + h2;nS)dS

'
du.

An M -th order Taylor expansion around (xi; 1 " pi), together with the higher order of
K1; K2, imply:

supVi

;;;E
h
!
(1)
i;j  i;j=fi

,,, 1i
i
" \ i~9i;1(xi; 1" pi)=fi

;;; = O(hM1;n + hM2;n) = o(n$1=2).

(Note that we could have relaxed the condition and only require O(hM1
1;n) = o(n$1=2) and

O(hM2
2;n) = o(n$1=2) where maxfM1;M2g =M here.) Furthermore, under Assumption 6.5

and by an argument using change of variables,

supVi E [K6 (zl " zi) (pl " pi)j 1i] = O(.mn ).

which is o(1) as long as .n ! 0. It then follows that E[r(1)n (1i)] = gn = o(n$1=2). Further-
more, an application of the Dominated Convergence Theorem shows the unconditional
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variance of r(1)n (1i) is o(1) under condition D. It then follows from an application of the

Chebyshevís Inequality that n$1=2
Pn

i=1

h
r
(1)
n (zi; yi)" gn

i
= op(1). Likewise:

r(2)n (1j) = E
h
!
(1)
i;j

!
 i;j=fi

",,, 1j
i
E [K6 (zl " zi) (pl " pi)] ,

where the equality follows from the mutual independence between 1i; 1j; 1l. Hence by

similar argument, n$1=2
Pn

i=1

h
r
(2)
n (zi; yi)" gn

i
is op(1).

Next, for any given zl, deÖne:

Mn(zl) & E
h*
!
(1)
i;j  i;j=fi

+
K6(zl " zi)

,,, zl
i
.

Then
1

n

Pn
l=1 r

(3)
n (1l) =

1

n

Pn
l=1 M0(zl)(yl " pl) + ~Z1;n + ~Z2;n (38)

where ~Zn = ~Z1;n + ~Z2;n with

~Z1;n &
1

n

Pn
l=1E

n*
!
(1)
i;j  i;j=fi

+
K6(zl " zi)(pl " pi)

,,, 1l
o
;

~Z2;n &
1

n

Pn
l=1[Mn(zl)" M0(zl)](yl " pl).

By an argument based on the Chebyshevís Inequality and several applications of Domi-
nated Convergence Theorem (similar to that in the previous paragraph), ~Zn = op(n

$1=2)
under the smoothness conditions in Assumption 6.4 and the Önite-moment conditions in
Assumption 6.8. Lemma D6 then follows from (36) and the two results shown above:

ì 1
n

Pn
i=1

h
r
(s)
n (zi; yi)" gn

i
is op(n$1=2) for s = 1; 2; and gn = o(n$1=2)î. !

The limit distribution in Proposition 7 then follows from Lemma D1-D6 and the non-
singularity of @ in Assumption 6.1.



Design 1: X ! Normal, V ! Normal, ) ! Normal; (*; ,) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0401 0.0377 0.0299 0.0193 0.0160
, -0.0579 -0.0302 -0.0121 -0.0186 -0.0061

KWLS * -0.0336 -0.0059 -0.0022 0.0003 0.0033
, -0.1519 -0.0899 -0.0679 -0.0524 -0.0400

IDW * -0.0244 -0.0138 -0.0135 -0.0084 -0.0061
, -0.0954 -0.0716 -0.0568 -0.0527 -0.0392

STD WLAD * 0.2989 0.2028 0.1428 0.0982 0.0706
, 0.3319 0.2361 0.1761 0.1252 0.0913

KWLS * 0.1607 0.1124 0.0785 0.0557 0.0406
, 0.1613 0.1171 0.0908 0.0658 0.0480

IDW * 0.1694 0.1145 0.0768 0.0534 0.0392
, 0.1627 0.1155 0.0838 0.0629 0.0465

RMSE WLAD * 0.3015 0.2063 0.1458 0.1001 0.0723
, 0.3368 0.2380 0.1765 0.1265 0.0915

KWLS * 0.1641 0.1126 0.0785 0.0557 0.0407
, 0.2216 0.1476 0.1134 0.0841 0.0625

IDW * 0.1711 0.1153 0.0779 0.0541 0.0397
, 0.1886 0.1359 0.1012 0.0820 0.0608

MAD WLAD * 0.2110 0.1365 0.0978 0.0659 0.0490
, 0.2246 0.1625 0.1202 0.0782 0.0612

KWLS * 0.1137 0.0778 0.0546 0.0376 0.0278
, 0.1632 0.1074 0.0766 0.0599 0.0428

IDW * 0.1257 0.0757 0.0506 0.0356 0.0276
, 0.1274 0.0947 0.0768 0.0607 0.0451

Design 2: X ! Laplace, V ! Normal, ) ! Laplace; (*; ,) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0393 0.0262 0.0212 0.0201 0.0167
, -0.0829 -0.0765 -0.0752 -0.0690 -0.0614

KWLS * -0.0486 -0.0183 -0.0101 0.0024 0.0004
, -0.2372 -0.1790 -0.1446 -0.1133 -0.0978

IDW * -0.0545 -0.0495 -0.0430 -0.0405 -0.0423
, -0.2392 -0.2253 -0.2088 -0.1943 -0.1771

STD WLAD * 0.3991 0.2712 0.1860 0.1288 0.0879
, 0.3158 0.1889 0.1296 0.0980 0.0652

KWLS * 0.2359 0.1754 0.1207 0.0891 0.0621
, 0.1383 0.1123 0.0828 0.0600 0.0422

IDW * 0.2206 0.1682 0.1407 0.1073 0.0886
, 0.0842 0.0665 0.0543 0.0417 0.0335

RMSE WLAD * 0.4010 0.2724 0.1872 0.1304 0.0894
, 0.3265 0.2038 0.1498 0.1198 0.0896

KWLS * 0.2408 0.1763 0.1211 0.0891 0.0621
, 0.2745 0.2113 0.1666 0.1282 0.1065

IDW * 0.2272 0.1753 0.1471 0.1147 0.0981
, 0.2536 0.2349 0.2157 0.1987 0.1803

MAD WLAD * 0.2536 0.1925 0.1165 0.0934 0.0572
, 0.2038 0.1587 0.1071 0.0900 0.0585

KWLS * 0.1551 0.1021 0.0798 0.0609 0.0428
, 0.2556 0.1834 0.1571 0.1158 0.0966

IDW * 0.1589 0.1154 0.1015 0.0779 0.0719
, 0.2491 0.2284 0.2112 0.1946 0.1776

Design 3: X ! Normal, V ! Normal, ) ! Het:Normal; (*; ,) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0289 0.0275 0.0200 0.0149 0.0111
, -0.1655 -0.1102 -0.0713 -0.0706 -0.0455

KWLS * -0.0606 -0.0204 -0.0097 -0.0058 -0.0005
, -0.2975 -0.2131 -0.1535 -0.1174 -0.0818

IDW * -0.0435 -0.0417 -0.0346 -0.0305 -0.0273
, -0.2445 -0.2180 -0.1825 -0.1672 -0.1343

STD WLAD * 0.3398 0.2277 0.1656 0.1159 0.0834
, 0.3567 0.2700 0.2046 0.1482 0.1075

KWLS * 0.1824 0.1364 0.1023 0.0775 0.0544
, 0.2049 0.1623 0.1307 0.1014 0.0732

IDW * 0.2092 0.1460 0.1153 0.0899 0.0753
, 0.2219 0.1694 0.1305 0.1064 0.0822

RMSE WLAD * 0.3410 0.2294 0.1668 0.1169 0.0841
, 0.3931 0.2916 0.2167 0.1642 0.1168

KWLS * 0.1922 0.1379 0.1028 0.0777 0.0544
, 0.3612 0.2679 0.2016 0.1551 0.1097

IDW * 0.2137 0.1518 0.1204 0.0949 0.0801
, 0.3301 0.2761 0.2244 0.1982 0.1575

MAD WLAD * 0.2345 0.1526 0.1181 0.0748 0.0541
, 0.2528 0.2003 0.1554 0.1157 0.0764

KWLS * 0.1196 0.0931 0.0655 0.0541 0.0318
, 0.2956 0.2100 0.1605 0.1162 0.0850

IDW * 0.1488 0.0993 0.0837 0.0698 0.0584
, 0.2630 0.2165 0.2082 0.1990 0.1719

Design 4: X ! Laplace, V ! Normal, ) ! Het:Laplace; (*; ,) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0269 0.0216 0.0161 0.0134 0.0055
, -0.2495 -0.2228 -0.1990 -0.1724 -0.1474

KWLS * -0.0753 -0.0383 -0.0191 -0.0009 -0.0034
, -0.3874 -0.3518 -0.3043 -0.2593 -0.2154

IDW * -0.0928 -0.0901 -0.0846 -0.0812 -0.0768
, -0.3975 -0.3598 -0.3344 -0.3046 -0.2727

STD WLAD * 0.4774 0.3324 0.2194 0.1533 0.1035
, 0.2801 0.2139 0.1523 0.1187 0.0806

KWLS * 0.2435 0.1986 0.1487 0.1107 0.0796
, 0.1357 0.1271 0.0866 0.0780 0.0585

IDW * 0.2741 0.2158 0.1905 0.1469 0.1181
, 0.1038 0.0813 0.0708 0.0554 0.0488

RMSE WLAD * 0.4782 0.3331 0.2200 0.1539 0.1036
, 0.3751 0.3089 0.2505 0.2093 0.1680

KWLS * 0.2549 0.2022 0.1499 0.1107 0.0797
, 0.4104 0.3740 0.3163 0.2707 0.2232

IDW * 0.2894 0.2339 0.2084 0.1678 0.1409
, 0.4108 0.3689 0.3418 0.3096 0.2770

MAD WLAD * 0.3030 0.2383 0.1567 0.1036 0.0603
, 0.3017 0.2501 0.2045 0.1801 0.1482

KWLS * 0.1603 0.1251 0.1003 0.0769 0.0514
, 0.3930 0.3453 0.3066 0.2642 0.2153

IDW * 0.1882 0.1437 0.1288 0.1100 0.1077
, 0.3841 0.3398 0.3077 0.2873 0.2516



Design 5: X ! Normal, V ! Laplace, - ! Normal; (.; 0) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.1330 0.1032 0.0772 0.0604 0.0498
0 0.0601 0.0267 0.0416 0.0452 0.0484

KWLS . 0.0216 0.0249 0.0303 0.0316 0.0264
0 -0.0207 -0.0023 0.0058 0.0176 0.0220

IDW . 0.0027 -0.0006 0.0005 0.0010 0.0046
0 -0.0118 -0.0201 -0.0164 -0.0086 -0.0055

STD WLAD . 0.5351 0.3349 0.2354 0.1634 0.1069
0 0.5669 0.3578 0.2684 0.1886 0.1411

KWLS . 0.2380 0.1677 0.1150 0.0795 0.0541
0 0.2444 0.1752 0.1240 0.0904 0.0626

IDW . 0.2232 0.1474 0.0992 0.0669 0.0474
0 0.1984 0.1366 0.0994 0.0730 0.0493

RMSE WLAD . 0.5513 0.3504 0.2477 0.1742 0.1180
0 0.5700 0.3588 0.2716 0.1939 0.1492

KWLS . 0.2389 0.1696 0.1189 0.0855 0.0602
0 0.2452 0.1752 0.1241 0.0921 0.0664

IDW . 0.2232 0.1474 0.0992 0.0669 0.0477
0 0.1988 0.1380 0.1008 0.0735 0.0496

MAD WLAD . 0.3360 0.2301 0.1641 0.1229 0.0786
0 0.3332 0.2280 0.1726 0.1292 0.0970

KWLS . 0.1628 0.1119 0.0811 0.0641 0.0354
0 0.1507 0.1072 0.0802 0.0628 0.0448

IDW . 0.1604 0.1009 0.0712 0.0453 0.0291
0 0.1241 0.0938 0.0692 0.0513 0.0381

Design 6: X ! Laplace, V ! Laplace, - ! Laplace; (.; 0) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.1109 0.0817 0.0762 0.0630 0.0446
0 0.0540 0.0160 0.0157 -0.0108 -0.0059

KWLS . 0.0055 0.0286 0.0199 0.0269 0.0263
0 -0.1172 -0.0861 -0.0582 -0.0476 -0.0401

IDW . -0.0582 -0.0238 -0.0286 -0.0203 -0.0189
0 -0.1331 -0.1318 -0.1206 -0.1080 -0.0961

STD WLAD . 0.6484 0.4175 0.2847 0.1803 0.1186
0 0.4398 0.2880 0.2076 0.1365 0.1051

KWLS . 0.2963 0.2263 0.1662 0.1180 0.0792
0 0.1978 0.1339 0.1018 0.0756 0.0565

IDW . 0.2929 0.2192 0.1780 0.1283 0.0952
0 0.1423 0.0992 0.0740 0.0587 0.0429

RMSE WLAD . 0.6577 0.4254 0.2947 0.1910 0.1267
0 0.4430 0.2884 0.2081 0.1369 0.1052

KWLS . 0.2963 0.2281 0.1674 0.1210 0.0835
0 0.2298 0.1592 0.1173 0.0893 0.0693

IDW . 0.2986 0.2204 0.1803 0.1298 0.0970
0 0.1949 0.1649 0.1415 0.1229 0.1052

MAD WLAD . 0.4271 0.3143 0.1820 0.1064 0.0902
0 0.2494 0.1753 0.1353 0.0962 0.0739

KWLS . 0.1798 0.1439 0.1145 0.0760 0.0537
0 0.1634 0.1161 0.0785 0.0632 0.0506

IDW . 0.1842 0.1501 0.1130 0.0827 0.0698
0 0.1487 0.1409 0.1228 0.1108 0.1020

Design 7: X ! Normal, V ! Laplace, - ! Het:Normal; (.; 0) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.1529 0.1074 0.0841 0.0640 0.0488
0 -0.0440 -0.0496 -0.0182 0.0047 0.0193

KWLS . 0.0121 0.0067 0.0232 0.0214 0.0207
0 -0.1740 -0.1303 -0.0918 -0.0542 -0.0241

IDW . -0.0058 -0.0112 0.0021 -0.0045 -0.0063
0 -0.1377 -0.1353 -0.1240 -0.0897 -0.0752

STD WLAD . 0.5328 0.4059 0.2687 0.1855 0.1141
0 0.5444 0.4224 0.3076 0.2083 0.1584

KWLS . 0.2860 0.2120 0.1456 0.0991 0.0650
0 0.2839 0.2176 0.1611 0.1205 0.0899

IDW . 0.2967 0.2160 0.1418 0.1023 0.0809
0 0.3013 0.2222 0.1636 0.1308 0.1037

RMSE WLAD . 0.5543 0.4198 0.2816 0.1962 0.1241
0 0.5461 0.4253 0.3081 0.2083 0.1596

KWLS . 0.2862 0.2121 0.1474 0.1014 0.0683
0 0.3330 0.2536 0.1854 0.1321 0.0931

IDW . 0.2967 0.2163 0.1418 0.1024 0.0811
0 0.3313 0.2601 0.2053 0.1586 0.1281

MAD WLAD . 0.3631 0.2451 0.1834 0.1286 0.0892
0 0.4039 0.2810 0.1922 0.1403 0.1115

KWLS . 0.1855 0.1520 0.1014 0.0676 0.0431
0 0.2346 0.1835 0.1332 0.0861 0.0606

IDW . 0.2133 0.1322 0.0908 0.0662 0.0509
0 0.2039 0.1620 0.1551 0.1192 0.0919

Design 8: X ! Laplace, V ! Laplace, - ! Het:Laplace; (.; 0) = (0:2; 0:5)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.1200 0.0794 0.0669 0.0579 0.0491
0 -0.0930 -0.1176 -0.0978 -0.0919 -0.0718

KWLS . -0.0525 -0.0007 0.0016 0.0290 0.0281
0 -0.3136 -0.2617 -0.2174 -0.1700 -0.1305

IDW . -0.0814 -0.0529 -0.0509 -0.0441 -0.0342
0 -0.3091 -0.2703 -0.2419 -0.2126 -0.1925

STD WLAD . 0.6049 0.4933 0.3451 0.2082 0.1450
0 0.4990 0.3107 0.2281 0.1702 0.1240

KWLS . 0.3348 0.2876 0.2214 0.1440 0.0981
0 0.2117 0.1657 0.1357 0.1119 0.0855

IDW . 0.4691 0.3751 0.3042 0.2333 0.1995
0 0.2198 0.1685 0.1427 0.1144 0.0986

RMSE WLAD . 0.6167 0.4996 0.3514 0.2082 0.1530
0 0.5075 0.3321 0.2481 0.1934 0.1433

KWLS . 0.3388 0.2875 0.2214 0.1469 0.1020
0 0.3784 0.3097 0.2563 0.2035 0.1560

IDW . 0.4760 0.3787 0.3084 0.2374 0.2024
0 0.3793 0.3185 0.2808 0.2414 0.2163

MAD WLAD . 0.4960 0.3352 0.2163 0.1391 0.1076
0 0.3096 0.2185 0.1759 0.1334 0.1059

KWLS . 0.2040 0.1970 0.1440 0.0955 0.0646
0 0.3102 0.2636 0.2199 0.1718 0.1265

IDW . 0.3072 0.2495 0.1993 0.1389 0.1404
0 0.3160 0.2873 0.2628 0.2355 0.2176



Design 9: X ! Normal, V ! Normal, ) ! Normal; (*; ,) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0104 0.0053 -0.0014 0.0017 -0.0002
, -0.0525 -0.0344 -0.0325 -0.0371 -0.0169

KWLS * 0.0034 0.0077 0.0051 0.0043 -0.0001
, -0.2907 -0.1896 -0.1466 -0.1221 -0.0920

IDW * 0.0047 0.0043 0.0062 0.0040 0.0015
, -0.2428 -0.1980 -0.1758 -0.1554 -0.1275

STD WLAD * 0.3468 0.2253 0.1489 0.1042 0.0743
, 0.4158 0.2865 0.2191 0.1540 0.1214

KWLS * 0.1672 0.1212 0.0856 0.0642 0.0429
, 0.2112 0.1576 0.1212 0.0898 0.0685

IDW * 0.1627 0.1158 0.0836 0.0606 0.0483
, 0.1654 0.1203 0.0949 0.0718 0.0533

RMSE WLAD * 0.3469 0.2254 0.1489 0.1042 0.0743
, 0.4191 0.2885 0.2215 0.1583 0.1225

KWLS * 0.1672 0.1214 0.0857 0.0643 0.0429
, 0.3593 0.2466 0.1902 0.1516 0.1147

IDW * 0.1627 0.1159 0.0838 0.0607 0.0483
, 0.2938 0.2316 0.1998 0.1712 0.1382

MAD WLAD * 0.2297 0.1440 0.0946 0.0706 0.0526
, 0.3086 0.1950 0.1604 0.1131 0.0774

KWLS * 0.0982 0.0782 0.0608 0.0416 0.0288
, 0.3218 0.2069 0.1541 0.1260 0.0977

IDW * 0.1020 0.0782 0.0562 0.0385 0.0332
, 0.2464 0.1984 0.1758 0.1616 0.1294

Design 10: X ! Laplace, V ! Normal, ) ! Laplace; (*; ,) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0075 -0.0204 -0.0121 0.0051 0.0025
, -0.1884 -0.1909 -0.1824 -0.1748 -0.1600

KWLS * -0.0065 -0.0093 -0.0040 0.0052 0.0008
, -0.4814 -0.3891 -0.3219 -0.2729 -0.2460

IDW * -0.0015 -0.0078 -0.0044 -0.0019 -0.0057
, -0.5819 -0.5112 -0.4741 -0.4200 -0.3408

STD WLAD * 0.3956 0.2945 0.2038 0.1385 0.0934
, 0.4173 0.2533 0.1873 0.1410 0.0993

KWLS * 0.2265 0.1797 0.1327 0.0970 0.0635
, 0.2104 0.1636 0.1224 0.0917 0.0711

IDW * 0.2232 0.1748 0.1541 0.1205 0.0959
, 0.1050 0.0799 0.0658 0.0528 0.0416

RMSE WLAD * 0.3956 0.2951 0.2041 0.1386 0.0934
, 0.4577 0.3171 0.2614 0.2246 0.1883

KWLS * 0.2265 0.1800 0.1328 0.0971 0.0635
, 0.5254 0.4221 0.3444 0.2879 0.2560

IDW * 0.2231 0.1749 0.1542 0.1205 0.0961
, 0.5913 0.5174 0.4786 0.4233 0.3433

MAD WLAD * 0.2563 0.2012 0.1395 0.1003 0.0661
, 0.3255 0.2452 0.2139 0.1786 0.1643

KWLS * 0.1408 0.1099 0.0840 0.0584 0.0413
, 0.5037 0.4007 0.3294 0.2788 0.2511

IDW * 0.1532 0.1187 0.1045 0.0824 0.0589
, 0.5827 0.5587 0.5330 0.5108 0.4846

Design 11: X ! Normal, V ! Normal, ) ! Het:Normal; (*; ,) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0092 0.0095 0.0020 -0.0044 -0.0043
, -0.2516 -0.1929 -0.1517 -0.1350 -0.0940

KWLS * -0.0069 0.0069 0.0034 0.0018 -0.0006
, -0.5431 -0.4079 -0.3015 -0.2291 -0.1747

IDW * -0.0052 0.0007 -0.0001 0.0028 0.0002
, -0.4737 -0.4198 -0.3278 -0.2570 -0.2004

STD WLAD * 0.3571 0.2455 0.1680 0.1243 0.0847
, 0.4182 0.3027 0.2349 0.1743 0.1360

KWLS * 0.1894 0.1434 0.1033 0.0797 0.0528
, 0.2412 0.1895 0.1463 0.1168 0.0880

IDW * 0.2157 0.1612 0.1178 0.0927 0.0746
, 0.2253 0.1686 0.1327 0.1101 0.0838

RMSE WLAD * 0.3571 0.2456 0.1680 0.1244 0.0848
, 0.4880 0.3589 0.2796 0.2204 0.1653

KWLS * 0.1895 0.1435 0.1034 0.0797 0.0528
, 0.5943 0.4497 0.3351 0.2571 0.1956

IDW * 0.2157 0.1612 0.1178 0.0927 0.0746
, 0.5245 0.4524 0.3536 0.2796 0.2172

MAD WLAD * 0.2486 0.1596 0.1112 0.0850 0.0506
, 0.3715 0.2824 0.2172 0.1772 0.1191

KWLS * 0.1148 0.0935 0.0692 0.0544 0.0366
, 0.5496 0.4187 0.3060 0.2353 0.1755

IDW * 0.1404 0.1156 0.0738 0.0578 0.0466
, 0.4757 0.4036 0.3242 0.2511 0.1973

Design 12: X ! Laplace, V ! Normal, ) ! Het:Laplace; (*; ,) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD * 0.0171 -0.0198 -0.0058 0.0125 0.0066
, -0.4754 -0.4103 -0.3829 -0.3483 -0.3144

KWLS * 0.0005 -0.0018 -0.0014 0.0060 0.0026
, -0.6863 -0.5963 -0.4964 -0.3988 -0.3202

IDW * 0.0179 -0.0130 -0.0033 -0.0026 -0.0031
, -0.6801 -0.6269 -0.5541 -0.4508 -0.3704

STD WLAD * 0.4490 0.3247 0.2348 0.1632 0.1046
, 0.3507 0.2824 0.1932 0.1481 0.1060

KWLS * 0.2428 0.1885 0.1521 0.1174 0.0789
, 0.1620 0.1553 0.1131 0.1007 0.0758

IDW * 0.2751 0.2155 0.1873 0.1457 0.1158
, 0.1091 0.0906 0.0749 0.0591 0.0481

RMSE WLAD * 0.4493 0.3252 0.2349 0.1636 0.1048
, 0.5908 0.4980 0.4289 0.3784 0.3318

KWLS * 0.2427 0.1885 0.1521 0.1175 0.0789
, 0.7052 0.6162 0.5091 0.4113 0.3291

IDW * 0.2757 0.2159 0.1873 0.1457 0.1158
, 0.6888 0.6334 0.5591 0.4546 0.3735

MAD WLAD * 0.2905 0.2169 0.1567 0.1043 0.0700
, 0.5323 0.4461 0.3928 0.3608 0.3156

KWLS * 0.1488 0.1127 0.0944 0.0739 0.0527
, 0.7938 0.7064 0.5979 0.4992 0.4279

IDW * 0.1776 0.1454 0.1339 0.1017 0.0823
, 0.7799 0.7121 0.6054 0.5126 0.4510



Design 13: X ! Normal, V ! Laplace, - ! Normal; (.; 0) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.0803 0.0476 0.0209 0.0151 0.0113
0 0.1368 0.0749 0.0773 0.0702 0.0666

KWLS . 0.0197 0.0128 0.0075 0.0095 0.0021
0 -0.0709 -0.0388 -0.0135 0.0058 0.0161

IDW . 0.0078 -0.0032 -0.0039 0.0028 0.0014
0 -0.0862 -0.0794 -0.0692 -0.0501 -0.0393

STD WLAD . 0.5303 0.3523 0.2527 0.1828 0.1158
0 0.6908 0.4222 0.3172 0.2131 0.1610

KWLS . 0.2481 0.1675 0.1138 0.0806 0.0568
0 0.2680 0.1962 0.1434 0.1006 0.0680

IDW . 0.2222 0.1517 0.1001 0.0681 0.0495
0 0.2174 0.1523 0.1071 0.0810 0.0561

RMSE WLAD . 0.5363 0.3555 0.2535 0.1834 0.1163
0 0.7041 0.4287 0.3264 0.2243 0.1742

KWLS . 0.2489 0.1679 0.1140 0.0811 0.0569
0 0.2772 0.2000 0.1440 0.1007 0.0699

IDW . 0.2223 0.1517 0.1001 0.0681 0.0495
0 0.2339 0.1717 0.1275 0.0953 0.0684

MAD WLAD . 0.3190 0.2203 0.1811 0.1222 0.0768
0 0.3770 0.2498 0.1813 0.1490 0.1088

KWLS . 0.1549 0.1098 0.0765 0.0563 0.0387
0 0.1794 0.1311 0.1009 0.0715 0.0496

IDW . 0.1354 0.1040 0.0672 0.0444 0.0338
0 0.1650 0.1148 0.0871 0.0683 0.0487

Design 14: X ! Laplace, V ! Laplace, - ! Laplace; (.; 0) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . -0.0194 -0.0175 0.0121 0.0114 0.0047
0 -0.0878 -0.0742 -0.0693 -0.0466 -0.0212

KWLS . -0.0325 -0.0039 -0.0112 0.0010 0.0029
0 -0.2655 -0.2276 -0.1789 -0.1529 -0.1341

IDW . -0.0554 -0.0210 -0.0201 -0.0062 -0.0028
0 -0.3979 -0.3530 -0.3167 -0.2817 -0.2404

STD WLAD . 0.6482 0.4387 0.2966 0.1865 0.1275
0 0.5364 0.3575 0.2710 0.1865 0.1338

KWLS . 0.3124 0.2334 0.1706 0.1188 0.0827
0 0.2537 0.1654 0.1271 0.0951 0.0660

IDW . 0.3102 0.2461 0.1847 0.1311 0.1046
0 0.1636 0.1240 0.0973 0.0738 0.0508

RMSE WLAD . 0.6484 0.4390 0.2968 0.1868 0.1276
0 0.5435 0.3651 0.2797 0.1922 0.1355

KWLS . 0.3140 0.2334 0.1710 0.1188 0.0828
0 0.3672 0.2813 0.2194 0.1800 0.1494

IDW . 0.3150 0.2469 0.1858 0.1312 0.1046
0 0.4302 0.3741 0.3313 0.2912 0.2457

MAD WLAD . 0.4389 0.2935 0.1798 0.1289 0.0887
0 0.3458 0.2407 0.1964 0.1497 0.1100

KWLS . 0.2106 0.1530 0.1046 0.0834 0.0594
0 0.2896 0.2346 0.1888 0.1517 0.1334

IDW . 0.2233 0.1497 0.1211 0.0855 0.0689
0 0.4099 0.3781 0.3437 0.3038 0.2740

Design 15: X ! Normal, V ! Laplace, - ! Het:Normal; (.; 0) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . 0.0557 0.0333 0.0220 0.0186 0.0134
0 -0.0233 -0.0324 -0.0027 0.0028 0.0119

KWLS . 0.0042 -0.0071 -0.0013 0.0014 -0.0034
0 -0.3098 -0.2186 -0.1344 -0.0796 -0.0461

IDW . -0.0134 -0.0208 -0.0073 0.0018 0.0022
0 -0.2705 -0.2444 -0.2127 -0.1743 -0.1469

STD WLAD . 0.6060 0.4050 0.2806 0.1906 0.1260
0 0.6896 0.4743 0.3483 0.2305 0.1784

KWLS . 0.2824 0.2038 0.1417 0.0989 0.0723
0 0.3262 0.2504 0.1962 0.1398 0.1035

IDW . 0.2998 0.2195 0.1514 0.1122 0.0890
0 0.3078 0.2455 0.1824 0.1454 0.1173

RMSE WLAD . 0.6085 0.4063 0.2814 0.1915 0.1267
0 0.6898 0.4754 0.3483 0.2305 0.1788

KWLS . 0.2824 0.2039 0.1416 0.0989 0.0724
0 0.4498 0.3324 0.2378 0.1608 0.1133

IDW . 0.3000 0.2204 0.1516 0.1122 0.0891
0 0.4097 0.3464 0.2802 0.2270 0.1880

MAD WLAD . 0.3350 0.2280 0.1852 0.1202 0.0857
0 0.4110 0.3251 0.2130 0.1608 0.1217

KWLS . 0.1846 0.1358 0.1021 0.0645 0.0466
0 0.3519 0.2625 0.1728 0.1039 0.0823

IDW . 0.2014 0.1269 0.1003 0.0687 0.0597
0 0.3182 0.2588 0.2229 0.1841 0.1509

Design 16: X ! Laplace, V ! Laplace, - ! Het:Laplace; (.; 0) = (0; 1)
N= 100 N= 200 N= 400 N= 800 N= 1600

Bias WLAD . -0.0109 0.0081 0.0097 0.0150 0.0082
0 -0.2468 -0.2702 -0.2175 -0.2147 -0.1851

KWLS . -0.0324 0.0014 -0.0125 0.0029 0.0037
0 -0.5498 -0.4473 -0.3231 -0.2348 -0.1692

IDW . -0.0342 -0.0052 -0.0076 -0.0095 0.0013
0 -0.5543 -0.4922 -0.4155 -0.3512 -0.2798

STD WLAD . 0.7358 0.5076 0.3547 0.2155 0.1519
0 0.5581 0.3477 0.2760 0.1894 0.1426

KWLS . 0.3080 0.2792 0.2185 0.1465 0.1057
0 0.2376 0.1921 0.1559 0.1358 0.0981

IDW . 0.4461 0.3641 0.3122 0.2344 0.2021
0 0.2131 0.1657 0.1411 0.1174 0.0977

RMSE WLAD . 0.7358 0.5076 0.3548 0.2160 0.1521
0 0.6101 0.4402 0.3514 0.2863 0.2337

KWLS . 0.3097 0.2792 0.2188 0.1465 0.1057
0 0.5989 0.4868 0.3587 0.2712 0.1956

IDW . 0.4473 0.3640 0.3122 0.2346 0.2021
0 0.5939 0.5193 0.4388 0.3703 0.2964

MAD WLAD . 0.4971 0.3330 0.2260 0.1425 0.1089
0 0.4441 0.3252 0.2817 0.2317 0.1763

KWLS . 0.2056 0.1926 0.1462 0.0983 0.0690
0 0.6540 0.5694 0.4240 0.3293 0.2754

IDW . 0.2855 0.2440 0.1962 0.1533 0.1429
0 0.6429 0.5204 0.4375 0.3766 0.3084
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