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This online supplement to Lewbel and Tang (2014) provides proofs and additional results.

Section A provides results regarding existence of required sets of states and assumed support

conditions. Section B provides further discussion and formal derivations of our asymptotic results,

and Section C gives the proof of Theorem 3.

A. N.d.s. Sets and Large Support Conditions

This section provides further primitive conditions on model elements that are su¢ cient for some

of the identifying conditions in the text. These include the existence of a non-degenerate and

non-singular (n.d.s.) set for a given ~x; and the large support condition in A4 and A4�.

A.1. Su¢ cient conditions for n.d.s. sets

In Section 3.2 of Lewbel and Tang (2014), we give conditions under which there exists a n.d.s. set

for a generic vector of non-excluded regressors ~x. Here in this section we give stronger conditions

that ensure there exists a n.d.s. set ! where the equilibrium is unique. This is useful for the

identi�cation strategy discussed in Section 7.1 of Lewbel and Tang (2014).

Consider a game with N = 2 (with players denoted by 1 and 2) and hi(Dj) = Dj for i = 1; 2

and j = 3� i. To begin with, we give conditions under which the game admits a unique equilibrium
at a generic state x. Let p � (p1; p2) and de�ne:

'(p;X) �
"
'1(p;X)

'2(p;X)

#
�

24 p1 � FS1j ~X
�
�1X1 + �1( ~X)p2

�
p2 � FS2j ~X

�
�2X2 + �2( ~X)p1

� 35
By Theorem 7 in Gale and Nikaido (1965) and Proposition 1 in Aradillas-Lopez (2010), the solution

for p in the �xed point equation p = '(p;x) at any x is unique if none of the principal minors of the
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Jacobian of '(p;x) with respect to p vanishes on [0; 1]2. Or equivalently, if �i=1;2�i(~x)fSij~x(�ixi +

�i(~x)p3�i(x)) 6= 1 for all p 2 [0; 1]2 at x. Let Ii(~x) denote the interval between 0 and �i(~x) for any
~x. That is, Ii(~x) � [0; �i(~x)] if �i(~x) > 0 and [�i(~x); 0] otherwise. For any ~x, de�ne:

!a(~x) �
�
xe : fSij~x(t+ �ixi) bounded away from 0 for all t 2 Ii(~x) and i = 1; 2

	
; and

!b(~x) �
(
xe :

Q
imint2Ii(~x) fSij~x(t+ �ixi) > (�1(~x)�2(~x))

�1 orQ
imaxt2Ii(~x) fSij~x(t+ �ixi) < (�1(~x)�2(~x))

�1

)

Let !� be the set of all states on the support of X where the data is generated by a single Bayesian

Nash Equilibrium (BNE).

Proposition A1 Suppose A1 and A3 hold with N = 2. (a) If �1(~x)�2(~x) < 0 and Pr fXe 2 !a(~x) j ~xg >
0, then !a(~x)
 ~x � !� and is n.d.s.. (b) If �1(~x)�2(~x) > 0 and Pr

�
Xe 2 !a(~x) \ !b(~x) j ~x

	
> 0,

then
�
!a(~x) \ !b(~x)

�

 ~x � !� and is n.d.s..

Proof of Proposition A1. First consider ~x with �i=1;2�i(~x) < 0. Then �i=1;2�i(~x) fSij~x(�ixi +

�i(~x)p3�i(x)) < 0 for all xe 2 !a(~x) and all p on [0; 1]2. It then follows that (xe; ~x) 2 !� for all xe
2 !a(~x). That @p

�
i (X)
@Xi

jX=x, @p
�
i (X)

@X3�i
jX=x exist for i = 1; 2 a.e. on !a(~x) follows from the exclusion

restrictions and smoothness conditions in A3. We now show Prfp�i;i(X)p�j;j(X) 6= p�i;j(X)p
�
j;i(X)

and p�j;j(X) 6= 0 j Xe 2 !a(~x); ~X = ~xg = 1. Suppose this probability is strictly less than 1 for

i = 1. Suppose Prf@p
�
2(X)
@X2

= 0j Xe 2 !a(~x); ~X = ~xg > 0. By (5)-(6) in Lewbel and Tang (2014),

for i = 1, this implies there is a set of (x1; x2) on !a(~x) with positive probability such that both
@p�2(x)
@X2

and @p�1(x)
@X2

are 0. But then by (5)-(6) for i = 2 implies the same set of (x1; x2) must satisfy
@p�1(x1;x2;~x)

@X2
= ��2=�1(~x) 6= 0, because the conditional densities of Si over the relevant section of

its domain is nonzero by de�nition of !a(~x). Contradiction. Hence Prf @p�2(X)
@X2

= 0j Xe 2 !a(~x);

~X = ~xg = 0. Symmetric arguments prove the same statement with @p�2(X)
@X2

replaced by @p�1(X)
@X1

. Now

suppose Prf@p
�
i (X)
@Xi

@p�3�i(X)
@X3�i

=
@p�i (X)
@X3�i

@p�3�i(X)
@Xi

j Xe 2 !a(~x); ~X = ~xg > 0. By construction, for all xe
in !a(~x), the relevant conditional densities of Si must be positive for i = 1; 2. Hence

@p�1(x)
@X1

@p�2(x)
@X2

� @p�1(x)
@X2

@p�2(x)
@X1

= �1
�1(~x)

@p�1(x)
@X2

(1)

for all xe on !a(~x). Because Prf@p
�
2(X)
@X2

6= 0 j Xe 2 !a(~x); ~X = ~xg = 1 as argued above, (5)-(6)

for i = 1 and the de�nition of !a(~x) implies Prf@p
�
1(X)
@X2

6= 0 j Xe 2 !a(~x) ; ~X = ~xg = 1. Hence

Prfp�1;1(X)p�2;2(X) = p�1;2(X)p
�
2;1(X) j Xe 2 !a(~x) ; ~X = ~xg = 0. This proves part (a). Next

consider ~x with �1(~x)�2(~x) > 0. Because !a(~x) \ !b(~x) � !a(~x), arguments in the proof of part

(a) applies to show that the non-zero requirements in the de�nition of a n.d.s. state must hold

over
�
!a(~x) \ !b(~x)

�

 ~x under A1 and A3. Furthermore, by construction, for any (x1; x2) in

!b(~x), either �i�i(~x)fSij~x(�ixi + �i(~x)p3�i(x)) > 1 or �i�i(~x)fSij~x(�ixi + �i(~x)p3�i(x)) < 1 for all

p 2 [0; 1]2. Hence the BNE as a solution to (3) in Lewbel and Tang (2014) must be unique for all
states in !b(~x)
 ~x. This proves (!a(~x) \ !b(~x))
 ~x. Q.E.D.
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A.2. Su¢ cient conditions for large support assumptions

There are three sets of large support conditions in Lewbel and Tang (2014). These include A4

in Section 3.3; condition (i) in A4�in Section 3.4; and the condition (i) in the third paragraph of

Section 7.1. Among these three versions, the last one is the most restrictive because it requires the

support of Vi to be large enough conditioning on Xi 2 !i and X�i = x�i.

We �rst provide su¢ cient conditions for the most restrictive version - - condition (i) in Section

7.1 of Lewbel and Tang (2014). Once this is done, we will then proceed to give su¢ cient conditions

A4 and A4�-(i).

Again, consider the case with N = 2. For any ~x, let sil; sih denote the in�mum and supremum

of the conditional support of Si given ~x respectively, and let �+i (~x) � maxf0; �i(~x)g and ��i (~x) �
minf0; �i(~x)g.

Proposition A2 Let N = 2 and hi(Dj) = Dj for both i = 1; 2 and j = 3 � i, and let A1

and A3 hold. Suppose for i and x�i = (xe;�i; ~x), there exists an interval !i on the support of

Xi given x�i such that !i 
 x�i 2 !� and the support of �iXi given Xi 2 !i and x�i is an

interval that contains [sil � �+i (~x); sih � �
�
i (~x)]. Then the set !i satis�es (i) !i is an interval with

Pr(Xi 2 !i j x�i) > 0; and (ii) support of Si given ~x is a subset of the support of Vi given x�i.

Proof of Proposition A2. Because !i
x�i 2 !�, A1 and A3 imply for all i that p�i (x) is continuous
in xi over !i. Since !i is an interval (path-wise connected), the support of Vi given x�i and Xi 2
!i(x�i) must also be an interval. By condition stated in this proposition, Prf�iXi+ ��i ( ~X) > sih j
x�i; Xi 2 !ig > 0. This implies PrfVi > sih j x�i; Xi 2 !ig > 0. Symmetrically, Prf�iXi+ �+i ( ~X)
< sil j x�i; Xi 2 !ig > 0 implies PrfVi < sil j x�i; Xi 2 !ig > 0. Since the support of Vi conditional
on x�i and Xi 2 !i is an interval, the de�nition of sil; sih suggests the conditional support of Vi
must contain the support of Si � �ui( ~X) + �i given ~x. Q.E.D.

This means condition (i) in Section 7.1 of Lewbel and Tang (2014) holds if for ~x there exists

x�i = (xe;�i; ~x) such that the conditions of this proposition holds. It remains to give su¢ cient

conditions for A4 and A4�-(i) under A2 (the assumption there is a single equilibrium at all states in

the data). Under A2, !� is identical to the full unconditional support of X. Therefore, A4�-(i) holds

when, for all x�i, the conditions in Proposition A2 are satis�ed for !i equal to the full support of

Xi given X�i = x�i. If A4�-(i) is satis�ed, then A4 is also implied.

A.3. Monotonicity of Vi in Xi

We conclude this section with su¢ cient conditions for the monotonicity of Vi in excluded regressors.

Let N = 2, h(D�i) = Dj and �i = �1. For all x = (xe; ~x), we can solve for pj;i(x) using the system
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of �xed point equation in the marginal e¤ects of excluded regressors on the choice probabilities.

By construction, this gives:

@Vi(X)=@XijX=x = �1 + �i(~x)pj;i(x) = 1
�i(~x)�j(~x) ~fi(x) ~fj(x)�1

as �i(~x)�j(~x) ~fi(x) ~fj(x) 6= 1 almost surely. Thus the sign of @Vi(X)=@XijX=x is identical to the
sign of �i(~x)�j(~x) ~fi(x) ~fj(x)� 1. For the monotonicity condition to hold over the full support of X,
it su¢ ces to have two positive constants c1; c2 such that c1c2 < 1 and sign(�i(~x)) = sign(�j(~x))

and j�i(~x)j; j�j(~x)j � c1 and f�ij~x; f�j j~x bounded above by some positive constant c2 uniformly over

the joint support (�i; �j ; ~X).

B. Derivation of Asymptotic Properties

This section provides further details in the derivation of the limiting distribution of our estimators in

Section 5 and that of the test statistic for detecting multiple equilibria in Section 7.2 in Lewbel and

Tang (2014). The current section follows the same set of notation as in Lewbel and Tang (2014),

and is structured as follows: Sections B.1 and B.2 present the conditions and leading results in

the proof of the asymptotic properties of �̂i; �̂i and �̂i respectively; Section B.3 provides further

details in the proofs of these results from Sections B.1 and B.2; Section B.4 provides details in the

derivation of the limiting distribution of the test statistic in Section 7.2 of Lewbel and Tang (2014).

We �rst copy the assumptions from the main text of Lewbel and Tang (2014) here, and provide

some additional discussion of these assumptions.

Assumption S. (i) For k 2 f0; 1; 2g, 
�k is continuously di¤erentiable in xc up to an order of

�m � 2 given any ~xd, and the derivatives are continuous and uniformly bounded over an open set

that covers !. (ii) All components in 
� are bounded away from 0 over !. (iii) Let V ARui(x) be

the variance of ui = di � p�i (x) given x. There exists � > 0 such that [V ARui(x)]
1+� f�(xc j ~xd)

is uniformly bounded over !. For any ~xd, both p�i (x)
2f�(xc j ~xd) and V ARui(x)f

�(xc j ~xd) are
continuous in xc and uniformly bounded over !.

Assumption W. The set ! is convex, and there exists an open set !o on the support of X with

! � !o.

Assumption K. (i) K(:) is bounded and di¤erentiable in Xe of order �m and the partial derivatives

are bounded over !. (ii)
R
jK(t)jdt <1,

R
K(t)dt = 1, K(:) has zero moments up to the order of

m (where m � �m), and
R
jjujjmjK(t)jdt <1. (iii) K(:) is zero outside a bounded set.

Assumption B.
p
G�m ! 0 and (

p
G= lnG)�(Jc+2) !1 as G!1.
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A sequence of bandwidths � that satis�es Assumption B exists, as long as m is su¢ ciently large

relative to Jc. Under Assumptions S, K and B, supx2! jj
̂(x)� 
�(x)jj = op(G
�1=4). This ensures

the remainder term from the linearization of 1
G

P
g wgm

i
A(xg; 
̂) around 


� diminishes at a rate

faster than 1=
p
G. The convexity of ! is needed to derive the variances of the limiting distributions

of
p
G
�
Âi �Ai

�
and

p
G(�̂i ��i), which contains a correction term due to the estimation errors

in 
̂.

To specify the correction terms in the limiting distribution, we need to introduce additional

notation. Let w(x) � 1fx 2 !g for the convex, n.d.s. set !. Let ~Di;A (x) (and ~Di;�(x)) denote a

nine-by-one vector consisting of derivatives of mi
A(x;
) (and m

i
�(x;
)) with respect to the ordered

vector (
0; 
i; 
j ; 
0;i; 
0;j ; 
i;i; 
i;j ; 
j;i; 
j;j) evaluated at 

�. Let ~Di;A;t (and ~Di;�;t) denote the

t-th coordinate in ~Di;A (and ~Di;�). For s = i; j, let ~D(s)
i;A;t(x) (and ~D

(s)
i;�;t(x)) denote the derivative of

~Di;A;t(X)

�
0(X) (and ~Di;�;t(X)


�
0(X)) with respect to the excluded regressor Xs at x. We include

closed forms of ~Di;A; ~Di;�; ~D
(s)
i;A;

~D
(s)
i;� later in this supplement.

Assumption D. (i) For both i and s = 1; 2, ~Di;A, ~Di;�, ~D
(s)
i;A, ~D

(s)
i;� are continuous and bounded

over the open set !o with ! � !o. (ii) The second order derivatives of mi
A(x;
) and mi

�(x;
)

with respect to 
(x) evaluated at 
�(x) are bounded for all x 2 !o.

Assumption D and an application of the V-statistic Projection Theorem (Lemma 8.4 in Newey and

McFadden (1994)) show:

1
G

P
g wg

�
mi
A(xg; 
̂)�mi

A(xg;

�)
�
=

Z
w(x)(
̂(x)� 
�(x))0 ~Di;A(x)dF �X(x) + op(G�1=2)

where F �X is the true distribution of X in the DGP. Assumptions S,W and D together imply that,

for any 
 twice continuously di¤erentiable in Xe, there exists  iA � ( iA;0;  iA;1;  iA;2) such that:Z
w(x)
(x)0 ~Di;A(x)dF

�
X(x) =

Z P
k=0;1;2  

i
A;k(x)
k(x)dx. (2)

Similarly, there exists  i� � ( i�;0;  
i
�;1;  

i
�;2) such that an equation similar to (2) holds when

~Di;A is replaced by ~Di;�. We present the closed form of  iA;  
i
� below.Let D � [1; D1; D2]0 and let

d � [1; d1; d2]0 denote a realized value of D. Then (2) impliesZ
w(x)(
̂(x)� 
�(x))0 ~Di;A(x)dF �X(x) =

Z
~�iA(z)d ~FZ (3)

where ~�iA(z) �  iA(x)d�E
�
 iA(X)D

�
and ~FZ is some smoothed version of the empirical distribution

of Z � (X;Di; Dj). Similarly, de�ne ~�i�(z) �  i�(x)d� E
�
 i�(X)D

�
. Again, an equation similar

to (3) holds with ~Di;A; ~�iA replaced by ~Di;�; ~�
i
� respectively.

Assumption R. For each i, (i) there exist constants ciA; c
i
� > 0 such that E

h
supk�k�ciA



 iA;k(x+ �)

4i
< 1 and E

h
supk�k�ci�



 i�;k(x+ �)

4i < 1 for k = 0; 1; 2; (ii) there exists an open neighbor-

hood N around 
� with E[sup
2N jjw(X)mi
�(X; 
)jj ] < 1; and (iii) E[jjw(X)mi

A(X;

�) +

~�iA(Z)jj2] <1 and E[jjw(X)[mi
�(X;


�)��i]+ ~�i�(Z)jj2] <1.
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R-(i) is instrumental for showing
R
~�A(z)d ~FZ =

1
G

P
g�G ~�A(zg) + op(G

�1=2). Hence, we have

1
G

P
g wgm

i
A(xg; 
̂) =

1
G

P
g[wgm

i
A(xg;


�) + ~�A(zg)] + op(G
�1=2).

A similar equation holds for 1
G

P
g wgm

i
�(xg; 
̂) with m

i
A; ~�A replaced by m

i
�; ~��. R-(ii) ensures

1
G

P
g�Gwgm

i
�(xg; 
̂)

p! E[w(X)mi
�(X;


�)] when 
̂
p! 
�. This is useful for deriving the adjust-

ment in the limiting variance due to the estimation of �0 � E[w(X)] � Pr(X 2 !). R-(iii) is needed
to apply the Central Limit Theorem.

B.1. Asymptotic Property of �̂i and �̂i

For i = 1; 2, let j � 3� i. Recall

Ai � E
�
mi
A (X;


�) 1fX 2 !g
�
and �i � E

�
mi
� (X;


�) j X 2 !
�
,

where

mi
A (x;
) � 
i;i(x)
0(x)�
i(x)
0;i(x)


0(x)
0(x)
� 
i;j(x)
0(x)�
i(x)
0;j(x)


0(x)
0(x)


j;i(x)
0(x)�
j(x)
0;i(x)

j;j(x)
0(x)�
j(x)
0;j(x)

; and

mi
� (x;
) �

�

i;i(x)
0(x)�
i(x)
0;i(x)

i;j(x)
0(x)�
i(x)
0;j(x)

� 
j;i(x)
0(x)�
j(x)
0;i(x)

j;j(x)
0(x)�
j(x)
0;j(x)

��1 �
j;j
0�
j
0;j

0(x)
0(x)

��1
.

Let  iA � ( iA;0;  iA;i;  iA;j), where

 iA;0 (x;

�) � w(x)

h
~Di;A;1(x)


�
0(x)� ~D

(i)
i;A;4(x)� ~D

(j)
i;A;5(x)

i
+ IiA;1(x);

 iA;i (x;

�) � w(x)

h
~Di;A;2(x)


�
0(x)� ~D

(i)
i;A;6(x)� ~D

(j)
i;A;7(x)

i
+ IiA;2(x);

 iA;j (x;

�) � w(x)

h
~Di;A;3(x)


�
0(x)� ~D

(i)
i;A;8(x)� ~D

(j)
i;A;9(x)

i
+ IiA;3(x),

with

IiA;1(x) �
 

1fxi = hi(x�i)g ~Di;A;4 (x) 
�0 (x)� 1fxi = li(x�i)g ~Di;A;4 (x) 
�0 (x)
+1fxj = hj(x�j)g ~Di;A;5 (x) 
�0 (x)� 1fxj = lj(x�j)g ~Di;A;5 (x) 
�0 (x)

!
. (4)

where the terms w(x); ~Di;A; ~Di;�; ~D
(s)
i;A;

~D
(s)
i;� are de�ned above (as in Section 5.1 in Lewbel and

Tang (2014); and li(x�i) and hi(x�i) denote the end-points of the interval fxi : (xi; x�i) 2 !g for i
and x�i, which exist due to the convexity of !. Note for any function g(x), the expression

R
1fx 2

!gg(x)dF �X can be written as
R �R hi(x�i)

li(x�i)
g(x)
�0(x)dxi

�
dx�i. The closed forms of ~Di;A; ~Di;� are

provided in Section B.3. below. De�ne another term IiA;2(x) in a similar fashion by replacing
~Di;A;4, ~Di;A;5 in (4) with ~Di;A;6, ~Di;A;7 respectively. Likewise, IiA;3(x) is de�ned by replacing ~Di;A;4,
~Di;A;5 in (4) with ~Di;A;8, ~Di;A;9 respectively. Similarly, de�ne  i� � ( i�;0;  i�;i;  i�;j) by replacing
~Di;A;, ~D

(s)
i;A, IiA in  

i
A;s with ~Di;�;, ~D

(s)
i;�, Ii� respectively, where Ii� � (Ii�;1; Ii�;2; Ii�;3) is de�ned

by replacing ~Di;A;k in the de�nition of IiA with ~Di;�;k for all k.
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Proposition B1 Suppose A1,2,3 and Assumptions S, W, K, B, D and R hold. Then for i = 1; 2,
p
G
�
Âi �Ai

�
d! N

�
0 ; V ar

�
w(X)mi

A (X;

�) + ~�iA(Z)

��
p
G
�
�̂i ��i

�
d�! N

�
0 ; ��20 V ar

�
w(X)

�
mi
� (X;


�)��i
�
+ ~�i�(Z)

��
(5)

where ~�iA(z) �  iA(x)d� E
�
 iA(X)D

�
and ~�i�(z) �  i�(x)d� E[ i�(X)D].

Proposition B1 follows from the steps in Section 8 of Newey and McFadden (1994) as explained

in Section 5.1 of Lewbel and Tang (2014). The proof of this proposition is collected in Section B.3

below. It follows from Proposition B1 and the Slutsky�s Theorem that �̂i converges to �i at the

parametric rate. Theorem 4 in Lewbel and Tang (2014) follows immediately from this proposition.

B.2. Asymptotic property of �̂i

In this subsection we provide the technical conditions for deriving the limiting distribution of �̂i in

Section 5.2 in Lewbel and Tang (2014).Let 
(i) � (
0; 
j ; 
0;i; 
j;i) denote the subvector of 
 which
enters the de�nition of the estimator below. Following the convention in Section 5 in Lewbel and

Tang (2014), let 
̂(i);

�
(i) denote kernel estimates and the truth in the DGP respectively.

Assumption S�(i) Assumption S holds over the support of X. (ii) The true density f�Xijx�i(xi)
is bounded above and away from zero by some positive constant over the support of X.

Along with kernel and bandwidth conditions in Assumptions K and B, conditions (i) and (ii)

in Assumption S�ensure supx jj
̂(i) � 
�(i)jj converges in probability to 0 at rates faster than G
1=4.

Bounding 
�(x) and f�Xijx�i(xi) away from zero over the support of X and over the support of Xi

given x�i respectively helps attain the stochastic boundedness of
p
G
�
�̂i � �i

�
.

With the excluded regressors Xe continuously distributed with positive densities almost every-

where, this requires the support of excluded regressors given X�i to be bounded. Thus in order for

the support of Vi given x�i to cover that of �~ui(~x) + �i, it is necessary that the support of � given
~X is also bounded. (See the discussion in the next section regarding outcomes if boundedness is

violated.) Condition (a) in Assumption S�also implies p�j;i(x) is bounded above over the support

of X for i = 1; 2 and j = 3� i.

De�ne mi
B

�
z; �i;
(i)

�
for i = 1; 2 as

mi
B

�
z; �i;
(i)

�
� ~x0

�
[di �H (�xi + �ipj(x))] 1��ipj;i(x)fXijx�i (xi)

� �
�
,

with z � (d1; d2; x) and pj ; pj;i; fXijx�i are known functions of 
(i) above. By de�nition,

�̂i =
�P

g ~x
0
g~xg

��1P
gm

i
B

�
zg; �̂i; 
̂(i)

�
.
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For i = 1; 2 and j = 3� i, de�ne

~Di;B;�

�
z; �i;
(i)

�
� @

@~�i
mi
B

�
z; ~�i;
(i)

�
j~�i=�i

= ~x0
�
�H 0(�xi + �ipj(x))pj(x)[1��ipj;i(x)]fXijx�i (xi)

� [di �H(�xi + �ipj(x))] pj;i(x)
fXijx�i (xi)

�
.

For i = 1; 2 and j = 3� i, denote partial derivatives of mi
B

�
z; �i;
(i)

�
with respect to components

of 
(i)(x) at �i and 

�
(i)(x) as:

~Di;B;1 (z) �
@mi

B

�
z;�i;


�
(i)

�
@p�j (x)

@p�j (x)

@
0(x)
+

@mi
B

�
z;�i;


�
(i)

�
@p�j;i(x)

@p�j;i(x)

@
0(x)
,

~Di;B;2 (z) �
@mi

B

�
z;�i;


�
(i)

�
@p�j (x)

@p�j (x)

@
j(x)
+

@mi
B

�
z;�i;


�
(i)

�
@p�j;i(x)

@p�j;i(x)

@
j(x)
,

~Di;B;3 (z) �
@mi

B

�
z;�i;


�
(i)

�
@p�j;i(x)

@p�j;i(x)

@
0;i(x)
, and ~Di;B;4(z) �

@mi
B

�
z;�i;


�
(i)

�
@p�j;i(x)

@p�j;i(x)

@
j;i(x)
.

Let ~Di;B (z) denote a four-by-one vector with its k-th coordinate being ~Di;B;k(z) for k = 1; 2; 3; 4

and i = 1; 2. For any i and z, de�ne

M i
B;


�
z;
(i)

�
= 
(i)(x)

0 ~Di;B(z). (6)

Note ~Di;B on the right-hand side of (6) is evaluated at the true parameters �i and 
�(i).

For both i, let �Di;B;k(x) � E
h
~Di;B;k(Z) j x

i
for all k, and �D

(s)
i;B;k(x) �

@[ �Di;B;k(x)
�0(x)]
@Xs

for

s = 1; 2 and k = 3; 4. De�ne

 iB;0(x) � �Di;B;1(x)

�
0(x)� �D

(i)
i;B;3(x) + I

i
B;1(x);

 iB;j(x) � �Di;B;2(x)

�
0(x)� �D

(i)
i;B;4(x) + I

i
B;2(x),

where

IiB;1(x) � 1fxi = h�i (x�i)g �Di;B;3 (x) 
�0 (x)� 1fxi = l�i (x�i)g �Di;B;3 (x) 
�0 (x) ;
IiB;2(x) � 1fxi = h�i (x�i)g �Di;B;4 (x) 
�0 (x)� 1fxi = l�i (x�i)g �Di;B;4 (x) 
�0 (x) ,

with h�i (x�i); l
�
i (x�i) being the supreme and in�mum of the support of Xi given x�i.

For i = 1; 2 and any h twice continuously di¤erentiable in xc over the support of X, de�ne

M i
B;f (z;h) �

C�i (z)
R
h(t;x�i)dt


�0(x)
� C�i (z)h(x)

R

�0(t;x�i)dt


�0(x)
2

where

C�i (z) � ~x0
�
di �H(�xi + �ip�j (x))

� �
1� �ip�j;i(x)

�
.
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The functional M i
B;f (z;h) is the Frechet derivative of m

i
B

�
z; �i;
(i)

�
with respect to 
(i) at 


�
(i)

in DGP.De�ne

 iB;f (x) � E
�
C�i (Z)

�0(X)

���x�i� 
�0(x�i)� E(C�i (Z)jx)

�0(x)

Z

�0(t; x�i)dt,

where the integral is over the support 
Xijx�i , and we also use 

�
0(x�i) to denote the true density

of X�i. Our proof builds on the observation that
R
M i
B;f (z;h)dF

�
Z =

R
 iB;f (x)h(x)dx.

We now de�ne the major components in the limiting distribution of
p
G(�̂i � �i):

~�iB(zg) �  iB;0(xg) +  
i
B;f (xg) +  

i
B;j(xg)dg;j � E

�
 iB;0(X) +  

i
B;f (X) +  

i
B;j(X)Dj

�
;

	i�(zg) � � 1
�0

h
wg

�
mi
�

�
xg;


�
(i)

�
��i

�
+ ~�i�(zg)

i
; M�

i;� � E
h
~Di;B;�

�
Z; �i;


�
(i)

�i
;

	iB(z) � mi
B

�
z; �i;


�
(i)

�
+ ~�iB(z) +M�

i;�	
i
�(z).

The key step in �nding the limiting distribution of
p
G
�
�̂i � �i

�
is to show 1

G

P
gm

i
B(zg; �̂i; 
̂(i))

= 1
G

P
g 	

i
B(zg) + op(G

�1=2). Speci�cally, the di¤erence between 1
G

P
gm

i
B(zg; �̂i; 
̂(i)) and the

infeasible moment 1
G

P
gm

i
B(zg; �i;


�
(i)) is a sample average of some correction terms ~�

i
B(z) +

M�
i;�	

i
�(z) plus op(G

� 1
2 ). The form of these correction terms depends on 
� in the DGP as well as

how �̂i; 
̂ enter the moment function mi
B.

Assumption D�(i) For i = 1; 2, the second order derivatives of mi
B

�
z; �i;
(i)

�
with respect to


(i)(x) at 

�
(i)(x) are continuous and bounded over the support of Z. (ii) For both i and s = 1; 2,

~D
(s)
i;B, are continuous and bounded over the support of Z. (iii) For i = 1; 2 and j = 3 � i, there

exists c > 0 such that E[supk�k�c


 iB;s(x+ �)

4] < 1 for s = 0; j and E[supk�k�c jj iB;f (x+�)jj4]

< 1.

Assumption W�For any i and x�i, the support of Xi given x�i is convex and closed.

Assumption R�(i) There exists open neighborhoods N�, Ni around ��i , 
�(i) respectively such that

E[sup�i2N� ;
(i)2Ni jj ~Di;B;�(Z; �i;
(i))jj ] < 1. (ii) E[jj	iB(Z) � ~X 0 ~X�ijj2] < +1. (iii) E
h
~X 0 ~X

i
is non-singular.

Condition R�-(i) is used for showing the di¤erence between 1
G

P
gm

i
B(zg; �̂i; 
̂(i)) and

1
G

P
gm

i
B(zg;

�i; 
̂(i)) is represented by a sample average of a certain function plus an op(G
� 1
2 ) term. Under R�-

(i), this function takes the form of the product of E[ ~Di;B;�(z; �i;
�(i))] and the in�uence function

that leads to the limiting distribution of
p
G(�̂i � �i).

Similar to the case with �̂i, we can apply the linearization argument and the V-statistic

Projection Theorem to show that, under conditions in D�-(i) and (ii), 1
G

P
g[m

i
B(xg; �i; 
̂(i))�

mi
B(xg; �i;


�
(i))] can be written as

R
M i
B;
(z; 
̂(i)�
�(i))+M

i
B;f (z; 
̂0�
�0)dF �Z plus op(G�

1
2 ), where
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F �Z is the true distribution of Z in the DGP. Again by de�nition and smoothness properties in S�,

for any 
(i) that is twice continuously di¤erentiable in excluded regressors, the functions  
i
B;0,  

i
B;j

and  iB;f can be shown to satisfy:Z
M i
B;
(z;
(i)) +M

i
B;f (z; 
0)dF

�
Z =

Z
[ iB;0(x) +  

i
B;f (x)]
0(x) +  

i
B;j(x)
j(x)dx

using an argument of integration by parts.

Using this equation, the di¤erence
R
M i
B;
(z; 
̂(i) � 
�(i)) +M i

B;f (z; 
̂(i) � 
�(i))dF
�
Z can be ex-

pressed as
R
~�iB(z)d

~FZ , where ~�iB(z) was de�ned above and ~FZ is some smoothed version of the

empirical distribution of Z as mentioned in the proof of asymptotic properties of �̂i. Condition

D�-(iii) is then used for showing the di¤erence between
R
~�iB(z)d

~FZ and 1
G

P
g ~�

i
B(zg) is op(G

� 1
2 ).

Thus the di¤erence between 1
G

P
gm

i
B(zg; �i; 
̂(i)) and

1
G

P
g[m

i
B(zg; �i;


�
(i))+~�

i
B(zg)] is op(G

�1=2).

For D�-(iii) to hold, it su¢ ces to have that, for i = 1; 2, there exists ci > 0 such that E[supk�k�ci

 �Di;B(x+ �)

4] < 1 and E[supk�k�ci jj �D
(s)
i;B(x+ �)jj4] < 1. Condition R�-(ii) ensures the Central

Limit Theorem can be applied. Condition R�-(iii) is the standard full-rank condition necessary for

consistency of regressor estimators.

Proposition B2 Under A1, 2, 3, 4� and Assumptions S�, K, B, D�, W�, R�,
p
G(�̂i � �i)

d!
N(0;�iB) for i = 1; 2, where

�iB �
�
E
�
~X 0 ~X

��1�
V ar

�
	iB(Z)� ~X 0 ~X�i

��
E
�
~X 0 ~X

��1�0
.

Estimation errors in �̂i and p̂j a¤ect the distribution of �̂i in general. The optimal rate of

convergence of p̂j is generally slower than
p
G because p̂j depends on the number of continuous

coordinates in X, but �̂i can still converge at the parametric rate because �̂i takes the form of a

sample average. Proof of the proposition is included in the next subsection.

B.3. Proofs for Propositions B1 and B2

The �rst two subsections (B.3.1. and B.3.2) below prove Proposition B1 in Section B.1.; the last

subsection proves Proposition B2 in Section B.2.

B.3.1. Limiting distribution of
p
G
�
Âi �Ai

�
To simplify notation, for a pair of players i and j = 3 � i, we de�ne the following shorthands:

a = 
�0; b = 
�i ; c = 
�j ; d = 
�0;i; e = 
�0;j , f = 
�i;i; g = 
�i;j ; h = 
�j;i and k = 
�j;j , with all
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these functions evaluated at x. Let wg, w(x) be de�ned as in the text. For any x, de�ne a linear

functional of 
:

M i
A (x;
) � [
(x)]0 ~Di;A (x) , where

~Di;A (x;

�)

9-by-1
�

266666664

�1
a2(ce�ak)2

 
c2fe2 + a2fk2 � c2dge� 2abdk2 � a2ghk

�bche2 + bcdke� 2acfke+ 2abhke+ 2acdgk

!
; ::

1
a(ak�ce) (he� dk) ;

be�ag
a(ce�ak)2 (he� dk) ;

1
a(ak�ce) (cg � bk) ; ::

� 1
a2e

�
bd� af � (be�ag)(cd�ah)

ak�ce

�
; 1
a ;

1
a(ak�ce) (cd� ah) ; ::

1
a(ak�ce) (be� ag) ;

be�ag
a(ak�ce)2 (cd� ah)

377777775

0

. (7)

Lemma B.1.1 Suppose Assumptions S, K, B and D hold. Then for i = 1; 2,

1

G

P
g wg

�
mi
A (xg; 
̂)�mi

A (xg;

�)
�
=

Z
w(x)M i

A (x; 
̂ � 
�) dF �X + op(G�1=2).

Proof of Lemma B.1.1. Consider i = 1. Under Assumption D, there exists some b(x) such that

E[b(x)] <1 and 


wg hmi
A (xg; 
̂)�mi

A (xg;

�)� (
̂(xg)� 
�(xg))0 ~Di;A (xg)

i



� b(xg) supx2! k
̂ � 
�k2

Then Lemma 8.10 in Newey and McFadden (1994) applies under S-(i),(ii),(iii), K and B, with

the order of derivatives being 1 in the de�nition of the Sobolev Norm and with the dimension of

continuous coordinates being Jc.1 Hence supx2! k
̂ � 
�k = op(G
�1=4), and

1

G







P
g wg

�
mi
A (xg; 
̂)�mi

A (xg;

�)
�

�
P
g wg (
̂(xg)� 
�(xg))

0 ~Di;A(xg)






 = op(G
�1=2).

Next, de�ne �
 � E [
̂] and note:

G�1
P
g wg (
̂(xg)� 


�(xg))
0 ~Di;A(xg)�

Z
w(x) (
̂(x)� 
�(x))0 ~Di;A(x)dF �X

= G�1
P
g wg (
̂(xg)� �
(xg))

0 ~Di;A(xg)�
Z
w(x) (
̂(x)� �
(x))0 ~Di;A(x)dF �X

+ G�1
P
g wg (�
(xg)� 


�(xg))
0 ~Di;A(xg)�

Z
w(x) (�
(x)� 
�(x))0 ~Di;A(x)dF �X (8)

1Recall the boundedness of ! is included in the de�nition of the n.d.s. set. However, in order to show

supx2! k
̂ � 
�k = op(G
�1=4), it is not necessary for ! to be bounded. Speci�cally, when ! is unbounded, we

could establish the G1=4-convergence of 
̂ using elements from the empirical processes theory (e.g., Lemma A1 in

Volgushev (2013)) upon some functional class such as Fn = fK(x�:�n
) : x 2 !; �n > 0g under a suitable choice of the

kernel function. We are grateful to anonymous referee for pointing this out.



12

Let aG(zg; zs) �

wg

264 K�(xs � xg), ds;1K�(xs � xg), ds;2K�(xs � xg), ...
K�;1(xs � xg), ds;1K�;1(xs � xg), ds;2K�;1(xs � xg), ...
K�;2(xs � xg), ds;1K�;2(xs � xg), ds;2K�;2(xs � xg)

375
0

~Di;A (xg) .

Let aG;1(zg) �
R
a(zg; z) dF

�
Z(z) and aG;2(zs) �

R
aG(z; zs)dF

�
Z(z). The �rst di¤erence on the

right-hand side of (8) takes the form of a V-statistic:

G�2
P
g

P
s aG(zg; zs)�G

�1P
g aG;1 (zg)�G

�1P
g aG;2 (zg) + E [aG;1 (z)]

By Assumption D-(i) and boundedness of kernels in K,


w(x)M i

A (x;
)


 � c(x) supx2! k
k for some

non-negative function c such that E[c(X)2]<1. Consequently, E[kaG(Zg; Zg)k]� ��JE [c(Xg)]C1

and
n
E[kaG(Zg; Zs)k2]

o1=2
� ��J

�
E[c2(Xg)]

	1=2
C2, where C1; C2 are �nite positive constants.

Since G�1��J ! 0, it follows from Lemma 8.4 in Newey and McFadden (1994) that the �rst

di¤erence is op(G�1=2).

We now turn to the second di¤erence in (8). Since


w(x)M i

A (x;
)


 � c(x) supx2! k
k and

E
�
c(X)2

�
< 1,

E
h

wXM i

A (X ; �
 � 
�)


2i � E

�
c(X)2

�
sup
x2!

k�
 � 
�k2 .

By Lemma 8.9 in Newey and McFadden (1994) and Hardle and Linton (1994), we have supx2! k�
 � 
�k2

= O(�m) under conditions in S, K and B. Thus, as G! +1,

E

�
sup
x2!



wXM i
A (X ; �
 � 
�)



2�! 0

Then by the Chebychev�s Inequality, the second di¤erence in (8) is op(G�1=2). This proves the

lemma. Q.E.D.

Lemma B.1.2 Suppose Assumptions S, K, B, D, W and R hold. ThenZ
w(x)M i

A (x; 
̂ � 
�) dF �X = G�1
P
g ~�

i
A(zg) + op(G

�1=2),

where ~�iA(zg) �  iA(xg)dg � E
�
 iA(X)D

�
.

Proof of Lemma B.1.2. For i = 1; 2 and j = 3� i, by de�nition of M i
A,Z

w(x)M i
A (x;
) dF

�
X

=

Z
w(x)

264 
0(x)


i(x)


j(x)

375
0 264 ~Di;A;1(x)

~Di;A;2(x)

Di;A;3(x)

375+w(x)
264 
0;i(x); 
0;j(x); ::


i;i(x); 
i;j(x); ::


j;i(x); 
j;j(x)

375
1�by�6

2664
~Di;A;4(x)

...
~Di;A;9(x)

3775 dx.
6�by�1

(9)
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Applying integration-by-parts to the second inner product in the integrand of (9) and using the

convexity of ! (Assumption W), we have

Z
w(x)M i

A (x;
) dF
�
X =

Z 264 
0(x)


i(x)


j(x)

375
0 264  iA;0(x)

 iA;i(x)

 iA;j(x)

375 dx,
for any 
 that is continuously di¤erentiable in excluded regressors xe. The functions  iA;0;  

i
A;i;  

i
A;j

are de�ned as in Section B1 above. These three functions only depend on 
� but not 
. By

conditions in S and K, both 
̂ and 
� are continuously di¤erentiable. For the rest of the proof, we

focus on the case where all coordinates in ~x are continuously distributed.2 It follows that:Z
w(x)M i

A (x; 
̂ � 
�) dF �X =
Z P

s=0;i;j  
i
A;s (x) [
̂s(x)� 
�s(x)] dx

= G�1
P
g

Z P
s=0;i;j  

i
A;s(x)dg;sK�(x� xg)dx� E

�
 iA(X)D

�
= G�1

P
g

Z �P
s=0;i;j  

i
A;s(x)dg;s � �

�
K�(x� xg)dx �

Z �P
s=0;i;j  

i
A;s(x)ds � �

�
dF̂Z

where dg;0 � 1, � � E
�
 iA(X)D

�
, and F̂Z is a �smoothed-version" of empirical distribution of z �

(x; d1; d2) with the expectation of a(z) with respect to F̂Z equal to G�1
P
g

Z
a(x; d1;g; d2;g)K�(x�

xg)dx. By construction, 1G
P
g

R
�K�(x� xg)dx = �. Hence by de�nition:Z �P

s=0;i;j  
i
A;s(x)ds � �

�
dF̂Z �G�1

P
g

�P
s=0;i;j  

i
A;s(xg)ds;g � �

�
=

Z �P
s=0;i;j  

i
A;s(x)ds

�
dF̂Z �G�1

P
g

�P
s=0;i;j  

i
A;s(xg)ds;g

�
= G�1

P
g

�P
s=0;i;j ds;g

�Z
 iA;s(x)K�(x� xg)dx�  iA;s(xg)

��
(10)

It remains to show that the r.h.s. of (10) is op(G�1=2). First, note



pGE �Ps=0;i;j ds;g

�Z
 iA;s(x)K�(x� xg)dx�  iA;s(xg)

��




=

p
G





Ps=0;i;j

�Z �Z
 iA;s(x)K�(x� x̂)dx

�

�s(x̂)dx̂�

Z
 iA;s(x)


�
s(x)dx

�




=

p
G





Ps=0;i;j

�Z Z
 iA;s(x̂+ �u)K(u)


�
s(x̂)dudx̂�

Z
 iA;s(x)


�
s(x)dx

�




=

p
G





Ps=0;i;j

�Z
 iA;s(x)

�Z
K(u)
�s(x� �u)du

�
dx�

Z
 iA;s(x)


�
s(x)dx

�



 (11)

2General cases involving discrete coordinates only add to complex notations, but do not require any changes in the

the arguments. For example,
R
 iA(x)dgK�(x�xg)dx in the proof would be replaced by

P
~xd

R
 iA(xc; ~xd)dgK�(xc�

xg;c)dxc1f~xg;d = ~xdg. Likewise,
R
K�(x � xg)dx would be replaced by

P
~xd

R
K�(xc � xg;c)dxc1f~xg;d = ~xdg (which

equals one).
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where the equalities follows from a change-of -variable between x and u � x�x̂
� �rst, and then

another change-of-variable between x̂ and x = x̂ + �u. (Such operations can be done due to the

smoothness conditions on 
� and the forms of  iA;s for s = 0; i; j.) Next, using
R
K(u)du = 1 and

re-arranging terms, we can write (11) as:

p
G





Ps=0;i;j

Z
 iA;s(x)

�Z
[
�s(x� �u)� 
�s(x)]K(u)du

�
dx






�

p
G

Z 

 iA(x)





Z [
�(x� �u)� 
�(x)]K(u)du




 dx, (12)

where the inequality follows from the Cauchy-Schwarz Inequality. By de�nition, for s = 0; i; j and

any �xed x,

E[
̂s(x)] = E[DsK�(x�Xg)] =
Z
E[Dsjxg]K�(x� xg)
�0(xg)dxg =

Z

�s (x� �u)K(u)du

where the last equality follows from a change-of-variable between xg and u � x�xg
� . (Recall D0 �

1.) Under S-(i) and K-(i) (smoothness of 
� and the kernel functions) and K-(ii) (on the order

of the kernel), supx2! kE[
̂(x)� 
�(x)]k = O(�m). Under the boundedness condition in D-(i),R
supx2!



 iA(x)

 dx < 1 and the r.h.s. of the inequality in (12) is bounded above by
p
G�m ~C,

with ~C being some �nite positive constant. Since
p
G�m �! 0, it follows that

E





�Ps=0;i;j dg;s

�Z
 iA;s(x)K�(x� xg)dx�  iA;s(xg)

��



 = op(G
�1=2)

By de�nition of  iA and the smoothness condition in D-(i),  
i
A is continuous in x almost everywhere,

and  iA;s(x+ �u)!  iA;s(x) for almost all x and u and s = 0; i; j. By condition R-(i), for � small

enough,  iA;s(x+�u) is bounded above by some function of x for almost all x and s = 0; i; j on the

domain of K(:). It then follows from the Dominated Convergence Theorem thatZ
 iA(x+ �u)K(u)du!

Z
 iA(x)K(u)du =  iA(x)

for almost all x as � ! 0, where  iA = [ 
i
A;0;  

i
A;i;  

i
A;j ]. Under the boundedness conditions of the

kernel in K and S-(iii), the Dominated Convergence Theorem applies again to give

E

"



Z  iA(~x)K�(~x� x)d~x�  iA(x)




4
#
! 0.

It then follows from the Cauchy-Schwartz Inequality that

E

"
kDk2





Z  iA(~x)K�(~x� x)d~x�  iA(x)




2
#
! 0.

Hence both the mean and variance of the product of
p
G and the left-hand side of (10) converge

to 0. It then follows from Chebyshev�s Inequality that this product converges in probability to 0.

Q.E.D.
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It follows from Lemma B.1.1 and Lemma B.1.2 that

1

G

P
g wgm

i
A (xg; 
̂) =

1

G

P
g

�
wgm

i
A (xg;


�) + ~�iA(zg)
�
+ op(G

�1=2),

which implies

Âi �Ai = 1

G

P
g

�
wgm

i
A (xg;


�)� E
�
w(X)mi

A (X;

�)
�
+ ~�iA(zg)

	
+ op(G

�1=2).

Note the summand (the expression in f:::g) has zero mean by construction, and has a �nite second
moment under the boundedness conditions in Assumptions S and D.

B.3.2. Limiting distribution of
p
G
�
�̂i ��i

�
We now examine the limiting behavior of

p
G
�
�̂i ��i

�
. Rewrite the de�nition of �̂i in Section

5.1 of Lewbel and Tang (2014) as

�̂i � (�̂)�1
h
1
G

P
g wgm

i
� (xg; 
̂)

i
(13)

where �̂ �
h
G�1

P
g wg

i�1
. Let wg; w(x) be de�ned as in the text of Lewbel and Tang (2014).

De�ne �0 � Pr(X 2 !). The �rst step in Lemma B.2.1 below is to describe the impact of replacing
�̂ with the true population moment �0 in (13).

Lemma B.2.1 Suppose Assumptions S, K, B and D hold. Then:

�̂i = G�1
P
g

�
��10 wgm

i
� (xg; 
̂)�M�

i;� (wg � �0)
�
+ op(G

�1=2) (14)

where

M�
i;� � ��20 E

�
w(X)mi

� (X;

�)
�

Proof of Lemma B.2.1. Apply the Taylor�s Expansion to (13) around �0, we get:

�̂i = ��10

h
1
G

P
g wgm

i
� (xg; 
̂)

i
� M̂i;�

�
1
G

P
g 1fxg 2 !g � �0

�
where

M̂i;� � ~��2
h
1
G

P
g wgm

i
� (xg; 
̂)

i
and ~� lies on a line segment between �̂ and �0. By the Law of Large Numbers, �̂

p�! �0 and therefore

~�
p�! �0. Under Assumptions in S, K and B, supx2! k
̂ � 
�k = op(G

�1=4). By de�nition of mi
�,

it can be shown that w(X)mi
� (X;


�) is continuous at 
� with probability one. Lemma 4.3 in

Newey and McFadden (1994) then implies that, under Assumption D-(iv), 1G
P
g wgm

i
� (xg; 
̂)

p�!
E
�
w(X)mi

� (X;

�)
�
. By the Slutsky Theorem, M̂i;� =M�

i;� + op(1). Furthermore, 1G
P
g 1fxg 2

!g � �0 = Op(G
�1=2) by the Central Limit Theorem. It then follows that

�̂i = ��10

h
1
G

P
g wgm

i
� (xg; 
̂)

i
�M�

i;�

�
1
G

P
g 1fxg 2 !g � �0

�
+ op(G

�1=2).
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This proves the lemma. Q.E.D.

The remaining steps for deriving the limiting distribution of
p
G(�̂i ��i) are similar to those

used for
p
G(Âi�Ai). Let a; b; c; d; e; f; g; h; k be the same short-hands as de�ned above (i.e. short-

hands for coordinates in 
� at some x). The dependence of these short-hands on x are suppressed

in notations. Similar to the de�nition of M i
A above, for any x, de�ne a linear functional of 
:

M i
� (x;
) � [
(x)]0 ~Di;� (x) , where

~Di;� (x;

�)

9�by�1
�

2666664
�b2he2�a2g2h+b2dke+2acdg2+a2fgk+bcfe2�bcdge�2acfge+2abghe�2abdgk

(�cfe+bhe+cdg�agh�bdk+afk)2 ;
a(ce�ak)(fe�dg)

(cfe�bhe�cdg+agh+bdk�afk)2 ;
�a(be�ag)(fe�dg)

(cfe�bhe�cdg+agh+bdk�afk)2 ;
a(be�ag)(cg�bk)

(cfe�bhe�cdg+agh+bdk�afk)2 ;
�a(bd�af)(cg�bk)

(cdg�agh�bdk+afk�cfe+bhe)2 ;
�a(be�ag)(ce�ak)

(cfe�bhe�cdg+agh+bdk�afk)2 ;
a(ce�ak)(bd�af)

(cfe�bhe�cdg+agh+bdk�afk)2 ;

a(be�ag)2

(cfe�bhe�cdg+agh+bdk�afk)2 ;
�a(be�ag)(bd�af)

(cfe�bhe�cdg+agh+bdk�afk)2

3777775

0

.

The correction terms  i� � [ i�;0;  i�;i;  i�;j ] are de�ned in Section B1.

Lemma B.2.2 Suppose Assumptions S, K, B, D, W and R hold. Then for i = 1; 2,

1

G

P
g wgm

i
� (xg; 
̂) =

1

G

P
g

�
wgm

i
� (xg;


�) + ~��(zg)
�
+ op(G

�1=2) (15)

where ~�i�(zg) �  i�(xg)dg � E
�
 i�(X)D

�
.

The proof of Lemma B.2.2 uses the same arguments as those for Lemma B.1.1 and Lemma

B.1.2. Combining results in (14) and (15), we have

�̂i ��i = G�1
P
g

�
wgm

i
� (xg;


�) =�0 + ~�
i
�(zg)=�0 ��i �M�

i;� (wg � �0)
�
+ op(G

�1=2)

=
1

�0

1

G

P
g

�
wgm

i
� (xg;


�) + ~�i�(zg)� �0�i ��i (wg � �0)
�
+ op(G

�1=2), (16)

where the summand in the square bracket has zero mean by construction, and have a �nite second

moment under the boundedness in Assumption S. Since �i is a constant, it follows from the Central

Limit Theorem that:
p
G
�
�̂i ��i

�
d�! N

�
0 ; ��20 V ar

�
w(X)

�
mi
� (X;


�)��i
�
+ ~�i�(Z)

��
.

B.3.3. Limiting distribution of
p
G
�
�̂i � �i

�
Lemma B.3.1 Suppose Assumptions S�-(i),(ii), K, B and D�-(i) hold. Then:

1

G

P
gm

i
B

�
zg; �̂i; 
̂(i)

�
=
1

G

P
g

h
mi
B

�
zg; �i; 
̂(i)

�
+M�

i;�	
i
�(zg)

i
+ op(G

�1=2)

where

M�
i;� � E

h
~Di;B;�

�
Z; �i;


�
(i)

�i
and

	i�(zg) � � 1
�0

h
wgm

i
�

�
xg;


�
(i)

�
+ ~�i�(zg)� �0�i ��i (wg � �0)

i
(17)
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Proof of Lemma B.3.1. By de�nition and our choice of the distribution function, conditions in S�

and K, mi
B

�
z; �i; 
̂(i)

�
is continuously di¤erentiable in �i. By the Mean Value Theorem,

mi
B

�
zg; �̂i; 
̂(i)

�
= mi

B

�
zg; �i; 
̂(i)

�
+ ~Di;B;�

�
zg; ��i; 
̂(i)

��
�̂i � �i

�
where ~Di;B;�

�
zg; ��i; 
̂(i)

�
is the partial derivative of mi

B with respect to the interaction e¤ect at ��i,

which is an intermediate value between �̂i and �i. Hence

1p
G

P
gm

i
B

�
zg; �̂i; 
̂(i)

�
= 1p

G

P
gm

i
B

�
zg; �i; 
̂(i)

�
+ 1

G

P
g
~Di;B;�

�
zg; ��i; 
̂(i)

�p
G
�
�̂i � �i

�
. (18)

With �i = �1, it follows from (16) that
p
G(�̂i��i) = G�1=2

P
g 	

i
�(zg)+ op(1), where the in�uence

function is de�ned as in (17). (Recall that �i = �i�
i.) Let supx2
X k:k (where k:k is the Euclidean

norm) be the norm for the space of generic 
(i) that are continuously di¤erentiable in xc up to

an order of �m � 0 given all ~xd. Under conditions in S�and K, ~Di;B;�
�
z ; �i;
(i)

�
is continuous

in �i;
(i) with probability one. Note ��i
p�! �i as a consequence of �̂i

p�! �i. Under conditions

in S�-(i),(ii), K, and B, supx




̂(i) � 
�(i)


 p�! 0 at the rate faster than G1=4. It then follows that

1
G

P
g
~Di;B;�

�
zg; ��i; 
̂(i)

�
p�! M�

i;� under condition D�-(i). Hence the second term on the right-

hand side of (18) is
h
M�

i;� + op(1)
i
�
h
G�1=2

P
g 	

i
�(zg) + op(1)

i
, where G�1=2

P
g 	

i
�(zg) is Op(1).

It then follows that

G�
1
2
P
gm

i
B

�
zg; �̂i; 
̂(i)

�
= G�

1
2
P
g

h
mi
B

�
zg; �i; 
̂(i)

�
+M�

i;�	
i
�(zg)

i
+ op(1).

This proves Lemma B.3.1. Q.E.D.

Lemma B.3.2 Under Assumptions S�, K, B and D�,

1
G

P
g

h
mi
B

�
zg; �i; 
̂(i)

�
�mi

B

�
zg; �i;


�
(i)

�i
=

R
M i
B;


�
z; 
̂(i) � 
�(i)

�
+M i

B;f (z; 
̂0 � 
�0) dF �Z + op(G�1=2).

Proof of Lemma B.3.2. Under conditions S�-(i), (ii), we have





 mi
B

�
zg; �i; 
̂(i)

�
�mi

B

�
zg; �i;


�
(i)

�
�M i

B;


�
zg; 
̂(i) � 
�(i)

�
�M i

B;f (zg; 
̂0 � 
�0)








� b
;f (zg) supx2
X jj
̂(i) � 


�
(i)jj

2, (19)

for some non-negative function b
;f (which may depend on true parameters in the DGP �i and 
�)

and E[b
;f (Z)] < +1. Under Assumptions S�-(i),(ii), K and B, supx jj
̂(i) � 
�(i)jj is op(G
�1=4).
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Thus the right-hand side of the inequality in (19) is op(G�1=2). It follows from the triangular

inequality and the Law of Large Numbers that:

1
G

P
g

24 mi
B

�
zg; �i; 
̂(i)

�
�mi

B

�
zg; �i;


�
(i)

�
�M i

B;


�
zg; 
̂(i) � 
�(i)

�
�M i

B;f (zg; 
̂0 � 
�0)

35 = op(G
� 1
2 )

By construction,

1
G

P
gM

i
B;


�
zg; 
̂(i) � 
�(i)

�
�
R
M i
B;


�
z; 
̂(i)�
�(i)

�
dF �Z

= 1
G

P
gM

i
B;


�
zg; 
̂(i) � �
(i)

�
�
R
M i
B;


�
z; 
̂(i)��
(i)

�
dF �Z +

1
G

P
gM

i
B;


�
zg; �
(i) � 
�(i)

�
�
R
M i
B;


�
z; �
(i)�
�(i)

�
dF �Z . (20)

where �
(i)(x) � E[
̂(i)(x)] is a function of x (i.e. the expectation is taken with respect to the

random sample used for estimating 
̂(i) at x). For any s; g � G, de�ne aB;G(zg; zs) �"
K�(xs � xg); ds;jK�(xs � xg); ::
K�;i(xs � xg); ds;jK�;i(xs � xg)

#
~Di;B(zg).

Let a2B;G(zs) �
R
aB;G(z; zs)dF

�
Z(z), and

a1B;G(zg) �
Z
aB;G(zg; ẑ)dF

�
Z(ẑ) =

Z "
K�(x̂� xg); d̂jK�(x̂� xg); ::
K�;i(x̂� xg); d̂jK�;i(x̂� xg)

#
~Di;B(zg)dF

�
Z(ẑ)

= �
(i)(xg) ~Di;B(zg).

Then the �rst di¤erence on the r.h.s. of (20) can be written as:

G�2
P
g

P
s aB;G(zg; zs)�G

�1P
g a

1
B;G(zg)�G�1

P
g a

2
B;G(zg) + E[a

1
B;G(Z)].

Then by condition D�-(ii) and the boundedness of kernel function in Assumption K, E [kaB;G(Z;Z)k]

� ��JcC 01 and
n
E
h
kaB;G (Z;Z 0)k2

io1=2
� ��JcC 02, where C

0
1; C

0
2 are �nite positive constants (whose

form depend on the true parameters in 
�(i) and the kernel function). Since
p
G�Jc �! +1

under Assumption B, it follows from Lemma 8.4 in Newey and McFadden (1994) that the �rst

di¤erence is op(G�1=2). The boundedness of derivatives of mi
B w.r.t. 
(i) in D�-(ii) implies

E

�


M i
B;


�
Z; �
(i)�
�(i)

�


2� � C 03 supx




�
(i) � 
�(i)


. Under K and S�-(a), supx



�
(i) � 
�(i)


 =

o(�m), which converges to 0 as � �! 0 under Assumption B. It then follows from the Cheby-

chev�s Inequality that the second di¤erence in (20) is op(G�1=2). We can also decompose the linear

functional in the second term in a similar manner and have:

1
G

P
gM

i
B;f (zg; 
̂0 � 
�0)�

R
M i
B;f (z; 
̂0 � 
�0) dF �Z

= 1
G

P
gM

i
B;f (zg; 
̂0 � �
0)�

R
M i
B;f (z; 
̂0 � �
0) dF �Z +

1
G

P
gM

i
B;f (zg; �
0 � 
�0)�

R
M i
B;f (z; �
0 � 
�0) dF �Z . (21)
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Arguments similar to those above suggest both di¤erences in (21) are op(G�1=2) under conditions

in Assumption S�, K, B and D�. Q.E.D.

Lemma B.3.3 Under Assumptions S�, K, B, D�, W�and R�, for i = 1; 2 and j = 3� i,R
M i
B;
(z; 
̂(i) � 
�(i)) +M

i
B;f (z; 
̂0 � 
�0) dF �Z = 1

G

P
g ~�

i
B(zg) + op(G

�1=2) (22)

where

~�iB(zg) �  iB;0(xg) +  
i
B;f (xg) +  

i
B;j(xg)dg;j � E

�
 iB;0(X) +  

i
B;f (X) +  

i
B;j(X)Dj

�
.

Proof of Lemma B.3.3. By smoothness of the true population function 
�(i) in DGP in S�-(a), and

that of the kernel function in S�, K, D�, and using W�, we can apply integration-by-parts to write

the left-hand side of the equation (22) as:Z "

̂0(x)� 
�0(x)

̂j(x)� 
�j (x)

#0 "
 iB;0(x)

 iB;j(x)

#
+  iB;f (x) [
̂0(x)� 
�0(x)] dx, (23)

where  iB;0,  
i
B;j and  

j
B;f are de�ned as in Section B2 above. By arguments similar to those in

the proof of Lemma B.1.2, the expression in (23) is 1
G

P
g �

i
B(zg) + op(G

� 1
2 ) due to Assumptions

S�, K, B, D�and R�, and that  iB;f (x) is almost everywhere continuous in x. Q.E.D.

By Lemma B.3.1, Lemma B.3.2 and Lemma B.3.3, we have

�̂i;	 � 1
G

P
gm

i
B

�
zg; �̂i; 
̂(i)

�
= 1

G

P
g 	

i
B(zg) + op(G

� 1
2 ),

where

	iB(z) � mi
B

�
z; �i;


�
(i)

�
+ ~�iB(z) +M�

i;�	
i
�(z).

By construction

E
�
	iB(Z)

�
= E

h
mi
B

�
Z; �i;


�
(i)

�i
� �i;	.

Let �̂ � 1
G

P
g ~x

0
g~xg and � � E

�
~X 0 ~X

�
. By de�nition, �i = ��1�i;	 and

�̂i = �̂
�1
�
1

G

P
g 	

i
B(zg) + op(G

�1=2)

�
,

where �̂
�1
= ��1 + op(1). Note

�̂i = �̂
�1 �

�̂i;	 � �̂�i + �̂�i
�
= �̂

�1 �
�̂i;	 � �̂�i

�
+ �i

)
p
G
�
�̂i � �i

�
= �̂

�1p
G
�
�̂i;	 � �̂�i

�
.

where p
G
�
�̂i;	 � �̂�i

�
= 1p

G

P
g

�
	iB(zg)� ~x0g~xg�i

�
+ op(1).
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By construction, E
h
	iB(Z)� ~X 0 ~X�i

i
= 0. Under conditions in S�,D�and R�, E

�


	iB(Z)� ~X 0 ~X�i




2�
< +1. Then the Central Limit Theorem and the Slutsky Theorem can be applied to show thatp
G(�̂i � �i)

d! N (0;�iB) with

�iB � ��1V ar[	iB(Z)� ~X 0 ~X�i]
�
��1

�0
.

This completes the proof of the limiting distribution of
p
G(�̂i � �i).

B.4. Limiting distribution of
p
G
�
T̂ (�!)� ��!

�
In this subsection, we derive the limiting distribution of the test statistic in Section 7.2 in Lewbel

and Tang (2014). De�ne

v(x) � 1fx 2 �!g

�0(x)

[2p�1(x)p
�
2(x); �p�2(x); �p�1(x)] (24)

For notation simplicity, we suppress dependence of T̂ on �! when there is no confusion. We now

collect the appropriate conditions for establishing the asymptotic properties of T̂ .

Assumption T1 (i) The true density 
�0(x) is bounded away from zero and 

�
k(x) are bounded above

over �! for k = 1; 2. (ii) For any ~x and i = 1; 2, 
�0(xej~x) and p�i (x)

�
0(xej~x) are continuously

di¤erentiable of order m � 2, and the derivatives of order m � 2 are uniformly bounded over

�!. (iii) there exists � > 0 such that [V ARui(x)]
1+� 
�0(xej~x) (where V ARui(x) denotes variance

of ui = di � p�i (x) conditional on x) is uniformly bounded; and (iv) both p�i (x)
2
�0(xej~x) and

V ARui(x)

�
0(xej~x) are continuous and bounded over the support of Xe given ~x.

Assumption T2 K(:) is a product kernel function with support in R2 such that (i)
R
jK(t1; t2)jdt1dt2 <

1 and
R
K(t1; t2)dt1dt2 = 1; and (ii) K(:) has zero moments up to the order of m, and

R
jjujjm

jK(t1; t2)j dt1dt2 < 1.

Assumption T3
p
G�m ! 0 and

�p
G

lnG

�
�2 ! +1 as G! +1.

Assumption T4 (i) Given any ~x, v is continuous almost everywhere w.r.t. Lebesgue measure on
the support of (X1; X2). (ii) There exists " > 0 such that E[supjj�jj�" jjv(x+ �)jj4] <1.

Conditions in T1 ensure v is bounded over any bounded subset of the unconditional support of

X. Conditions in T2, T3 together guarantee that the kernel estimators 
̂ are well-behaved in the

sense supx2�! k
̂ � 
�k = op(G
�1=4) and supx2�! kE(
̂)� 
�k �! 0 as G!1.

Lemma B.4.1 Suppose assumptions T1,2,3 hold. Then

T̂ (�!)� 1
G

P
g 1fxg 2 �!gm(zg; 


�) =

Z
M(z; 
̂ � 
�)dF �Z + op(G�1=2) (25)
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where M(z; 
) � v(x)
(x) with v(:) de�ned in (24) above.

Proof of Lemma B.4.1. We will drop the dependence of T̂ and T on ! for notational simplicity.

It follows from linearization arguments and T1-(i) that there exists a constant C <1 so that for

any 
 � [
0; 
1; 
2]0 with supx2�! jj
 � 
�jj small enough,

1fx 2 �!gjm(z; 
)�m(z; 
�)�M(z; 
 � 
�)j � C supx2�! jj
 � 
�jj2 (26)

for all z. Given T1,2,3, we have supx2�! jj
̂ � 
�jj = Op(�
�m=(2m+4)) by Theorem 3.2.1. in Bierens

(1987). For m � 2 (the parameter m captures smoothness properties of population moments in

T1,T2 ),
1
G

P
g 1fxg 2 �!g[m(zg; 
̂)�m(zg; 


�)]�M(zg; 
̂ � 
�) = op(G
�1=2) (27)

Next, de�ne �
 � E(
̂) and by the linearity of M(z; 
) in 
, we can write:

G�1
P
gM(zg; 
̂ � 


�)�
Z
M(z; 
̂ � 
�)dF �(z)

= G�1
P
gM(zg; 
̂ � �
)�

Z
M(z; 
̂ � �
)dF �(z)

+G�1
P
gM(zg; �
 � 


�)�
Z
M(z; �
 � 
�)dF �(z) (28)

Under T1, there exists a function c such that kM(z; 
)k � c(z) supx2�! k
k with E[c(z)2] <1. (This
is because w is an indicator function, 
�i =


�
0 = p�i are bounded above by 1 for i = 1; 2 and 1=
�0

is bounded above over the relevant support in T1.) By the Theorem of Projection for V -statistics

(Lemma 8.4 of Newey and McFadden (1994)) and that G�2 !1 in T3, the �rst di¤erence in (28)

is op(G�1=2). Next, note by the Chebyshev�s inequality,

Pr

�p
G

����G�1PgM(zg; �
 � 

�)�

Z
M(z; �
 � 
�)dF �(z)

���� � "

�
� E[kM(zg; �
 � 
�)k2]

"2

But by construction, E[jjM(z; �
 � 
�)jj2] � c(z) supx2�! jj�
 � 
�jj2. By smoothness conditions in
T1-(ii) and properties of K in T2, supx2�! jj�
 � 
�jj = O(�m). Hence the second di¤erence in (28)

is also op(G�1=2). Therefore,

G�1
P
gM(zg; 
̂ � 


�)�
Z
M(z; 
̂ � 
�)dF �(z) = op(G

�1=2) (29)

This and (27) together proves (25) in the lemma. Q.E.D.

Lemma B.4.2 Suppose T1,2,3,4 hold. Then
R
M(z; 
̂ � 
�)dF �Z = 1

G

P
g �(zg) + op(G

�1=2), where

�(z) � v(x)y � E[v(X)Y ].
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Proof of Lemma B.4.2. By construction,Z
M(z; 
̂ � 
�)dF �Z =

Z
v(x)[
̂(x)� 
�(x)]dx =

Z
v(x)
̂(x)dx�

Z
v(x)
�(x)dx

= G�1
P
g

Z
v(x)ygK� (x� xg) dx�

Z
v(x)[1; p�1(x); p

�
2(x)]

0
�0(x)dx

= G�1
P
g

Z
v(x)ygK� (x� xg) dx� E[v(X)Y ] = G�1

P
g

Z
�(x; dg;1; dg;2)K�(x� xg)dx(30)

where the last equality uses
R
K�(x�xg)dx = 1 for all xg (which follows from change-of-variables).

De�ne a probability measure F̂ on the support of X such thatZ
a(x; d1; d2)dF̂ � G�1

P
g

Z
a(x; dg;1; dg;2)K�(x� xg)dx

for any function a over the support of X and f0; 1g2. Thus (30) can be written as
R
M(z; 
̂�
�)dF �

=
R
�(z)dF̂ with � de�ned in the statement of the lemma.

Let K�
�(x � xg) � ��2�i=1;2Ki

�
xi�xg;i
�

�
1(~x = ~xg), where Ki(:) denote univariate kernels

corresponding to coordinates xi for i = 1; 2. Thus:Z
�(z)dF̂ �G�1

P
g �(zg)

= G�1
P
g

�Z
v(x)ygK�(x� xg)� v(x)ygK�

�(x� xg)dx
�

+G�1
P
g

�Z
v(x)ygK

�
�(x� xg)dx� v(xg)yg

�
(31)

By the de�nition of v(x) and properties of K and � in T1 -4, the �rst term on the right-hand side

of (31) is op(G�1=2). The second term is also op(G�1=2) through application of the Dominated

Convergence Theorem, using the properties of v in T4 and its boundedness over any bounded

subsets of the unconditional support of X. (See Theorem 8.11 in Newey and McFadden (1994) for

details.) Q.E.D.

By Lemma B.4.1 and Lemma B.4.2,

T̂ (�!) = 1
G

P
g [1fxg 2 �!gm(zg; 


�) + �(zg)] + op(G
� 1
2 )

By the Central Limit Theorem,
p
G
�
T̂ (�!)� ��!

�
d�! N(0;��!), where

��! � V ar [1fX 2 �!gm(Z; 
�) + �(Z)]
= V ar

h
1fX 2 �!g

�
D1D2 � p�1(X)p�2(X) +

2p�1(X)p
�
2(X)�D1p�2(X)�D2p�1(X)


�0(X)

�i
This proves completes the derivation of the limiting distribution in Section 7.2 of Lewbel and Tang

(2014).
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C. Proof of Theorem 3

For all i and ~x,

E
�
Y �i j ~X = ~x

�
= E

h
E
�
Y �i j Vi; ~X

�
j ~X = ~x

i
=

Z

Vij~x

E [Di j vi; ~x]� 1fvi > c�g
fVij~x(vi)

fVij~x(vi)dvi

=

Z

Vij~x

E [1f�i � vi + ~ui(~x)g � 1fvi > c�g j vi; ~x] dvi

=

Z

Vij~x

 Z

�ij~x

[1f"i � vi + ~ui(~x)g � 1fvi > c�g] dF�ij~x("i)
!
dvi

=

Z

�ij~x

 Z

Vij~x

[1fvi � sig � 1fvi > c�g] dvi

!
dF�ij~x ("i) (32)

where si is a shorthand for �~ui(~x) + "i. The �rst equality follows from the Law of Iterated

Expectation, and the second and the third from the de�nitions of Y �i ; Vi and the positive density

in A5 respectively. The fourth follows from the independence between �i and Xe given ~x, which

implies F�ijVi=vi; ~X=~x = F�ij ~X=~x for all vi; ~x. The last equality follows from changing the order of

integration due to the Fubini�s Theorem and the support condition in A4. The last expression on

the right-hand side of (32) can be written asZ

�ij~x

 Z

Vij~x

[1fsi � vi < c�g1fsi � c�g � 1fsi � vi > c�g1fsi > c�g] dvi

!
dF�ij~x ("i)

=

Z

�ij~x

 
1fsi � c�g

Z c�

si

dvi � 1fsi > c�g
Z si

c�
dvi

!
dF�i ("i j ~x) =

Z

�ij~x

(c� � si) dF�ij~x ("i)

= c� +

Z

�ij~x

(~ui(~x)� "i) dF�ij~x ("i) = c� + ~ui(~x)

where the second equality uses the large support condition in A4. Hence E
�
Y �i j ~X = ~x

�
� c� =

~ui(~x). Q.E.D.
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