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This online supplement to Lewbel and Tang (2014) provides proofs and additional results.
Section A provides results regarding existence of required sets of states and assumed support
conditions. Section B provides further discussion and formal derivations of our asymptotic results,

and Section C gives the proof of Theorem 3.

A. N.d.s. Sets and Large Support Conditions

This section provides further primitive conditions on model elements that are sufficient for some
of the identifying conditions in the text. These include the existence of a non-degenerate and

non-singular (n.d.s.) set for a given Z; and the large support condition in A4 and A4’.

A.1. Sufficient conditions for n.d.s. sets

In Section 3.2 of Lewbel and Tang (2014), we give conditions under which there exists a n.d.s. set
for a generic vector of non-excluded regressors . Here in this section we give stronger conditions
that ensure there exists a n.d.s. set w where the equilibrium is unique. This is useful for the

identification strategy discussed in Section 7.1 of Lewbel and Tang (2014).

Consider a game with N = 2 (with players denoted by 1 and 2) and h;(D;) = D; for i = 1,2
and j = 3—4. To begin with, we give conditions under which the game admits a unique equilibrium

at a generic state x. Let p = (p1,p2) and define:

p(p; X) = [wl(p;X) ] _ | P Fsx (X (X

P2 (p; X) p2— Fg, % a2 Xa + 62(X)p

By Theorem 7 in Gale and Nikaido (1965) and Proposition 1 in Aradillas-Lopez (2010), the solution

for p in the fixed point equation p = ¢(p;x) at any z is unique if none of the principal minors of the



Jacobian of ¢(p; ) with respect to p vanishes on [0, 1]%. Or equivalently, if Ili—1 20;(Z) s,z (@izi +
§i(%)ps_i(z)) # 1 for all p € [0,1]2 at x. Let I;(Z) denote the interval between 0 and §;(%) for any
Z. That is, I;(z) = [0,0;(z)] if 9;(Z) > 0 and [§;(Z), 0] otherwise. For any Z, define:

w(z) = {xe : fs,2(t + iz;) bounded away from 0 for all t € I;(Z) and i =1, 2}; and

) = {x [T miner, @) fsa(t + oiz) > (31(2)02(2) " or }
[T, maxic (s fs,12(t + i) < (81(2)32(%))

Let w* be the set of all states on the support of X where the data is generated by a single Bayesian
Nash Equilibrium (BNE).

Proposition A1 Suppose A1 and A8 hold with N = 2. (a) If §1(Z)02(Z) < 0 and Pr{X, € w*(z) | 2} >
0, then w"(Z) @ & C w* and is n.d.s.. (b) If 61(2)82(Z) > 0 and Pr{X. € w(Z) Nw®(@) |} > 0,
then (w*(Z) Nw’(%)) ®  C w* and is n.d.s..

Proof of Proposition A1.  First consider Z with Ilj=126;(Z) < 0. Then Il;=120;(%) fs,z(cizi +
0i(Z)ps—i(z)) < 0 for all z, € w (5:) and all p on [0, 1]2. Tt then follows that (z.,%) € w* for all @,
€ w*(z). That 6pl (X |x=2, %@23 |x—o exist for i = 1,2 a.e. on w*(Z) follows from the exclusion
restrictions and smoothness COIId;ltIOHS in A3. We now show Pr{p;,(X)p;;(X) # p;;(X)pj,;(X)
and p;(X) #0 | Xe € wa(:i), X = Z} = 1. Suppose this probability is strictly less than 1 for
i = 1. Suppose Pr{=5 8p2 = 0| X, € w¥&), X =&} > 0. By (5)-(6) in Lewbel and Tang (2014),
for i = 1, this 1mphes there is a set of (z1,x2) on w?(Z) with positive probability such that both

%X(j) and %X(I) are 0. But then by (5)-(6) for i = 2 implies the same set of (z1,z2) must satisfy

Op; (w1,72,E)

7%, = —a2/61(Z) # 0, because the conditional densities of S; over the relevant section of

its domain is nonzero by definition of w*(Z). Contradiction. Hence Pr{ % 2( = 0] X, € w*(2),

X = Z} = 0. Symmetric arguments prove the same statement with 2 ( ) replaced by % 1( ) Now

suppose Pr{apl )8%3:)(;(i<) = %@i Z) ons ’(X | X, € w¥(&), X =2} > O. By construction, for all z,
in w*(z), the relevant conditional densmes of S; must be positive for ¢ = 1,2. Hence

Do f’z%é? — BT = ity By )

75 0| Xe €w ( ),X = %} = 1 as argued above, (5)-(6)
for i = 1 and the definition of w (N) 1mphes Pr{az71 ;é 0] Xe € w¥#), X =&} = 1. Hence
Pr{p} 1 (X)p5 5(X) = pio(X)p5,(X) | Xe € w(T) , = 2} = 0. This proves part (a). Next
consider & with §1(2)02(Z) > 0. Because w®(Z) N wb(si) C w?(&), arguments in the proof of part

for all z, on w*(Z). Because Pr{

(a) applies to show that the non-zero requirements in the definition of a n.d.s. state must hold
over (w*(Z) Nw’(Z)) ® & under Al and A3. Furthermore, by construction, for any (z1,z2) in
wb(Z), either I1;0;(% )f5i|i(oaz-:):i +0;(Z)ps—i(z)) > 1 or IL;6;(Z )f‘giﬁ(aixi +0;(Z)ps—i(z)) < 1 for all
p € [0,1]2. Hence the BNE as a solution to (3) in Lewbel and Tang (2014) must be unique for all
states in w®(%) ® #. This proves (w*(#) Nw’(#)) @ %. Q.E.D.



A.2. Sufficient conditions for large support assumptions

There are three sets of large support conditions in Lewbel and Tang (2014). These include A4
in Section 3.3; condition (i) in A4’ in Section 3.4; and the condition (i) in the third paragraph of
Section 7.1. Among these three versions, the last one is the most restrictive because it requires the

support of V; to be large enough conditioning on X; € w; and X_; = x_;.

We first provide sufficient conditions for the most restrictive version - - condition (i) in Section
7.1 of Lewbel and Tang (2014). Once this is done, we will then proceed to give sufficient conditions
A4 and A4-(i).

Again, consider the case with N = 2. For any Z, let s;;, s;; denote the infimum and supremum
of the conditional support of S; given 7 respectively, and let §; (Z) = max{0,6;(%)} and J; (F) =
min{0, §;(Z)}.

Proposition A2 Let N = 2 and hiy(D;) = Dj for both i = 1,2 and j = 3 — i, and let Al
and A3 hold. Suppose for i and x_; = (x._i, &), there exists an interval w; on the support of
X, given x_; such that w; ® x_; € w* and the support of a;X; given X; € w; and x_; is an
interval that contains [sy — 8] (Z), sin — 6; (Z)]. Then the set w; satisfies (i) w; is an interval with

Pr(X; € w; | z—i) > 0; and (ii) support of S; given T is a subset of the support of Vi given x_;.

Proof of Proposition A2. Because w; ®z_; € w*, Al and A3 imply for all ¢ that p(z) is continuous
in x; over w;. Since w; is an interval (path-wise connected), the support of V; given z_; and X; €
wi(z_;) must also be an interval. By condition stated in this proposition, Pr{a; X; +6; (X) > s, |
T_j, X; € wi} > 0. This implies Pr{V; > s;, | x_;, X; € w;} > 0. Symmetrically, Pr{a; X; +(5f()~()
< sy | x—iy Xi € wi} > 0implies Pr{V; < s; | x—;, X; € w;} > 0. Since the support of V; conditional
on x_; and X; € w; is an interval, the definition of s;;, s;; suggests the conditional support of V;

must contain the support of S; = —u;(X) 4+ ¢; given 2.  Q.E.D.

This means condition (i) in Section 7.1 of Lewbel and Tang (2014) holds if for & there exists
_; = (x¢—, &) such that the conditions of this proposition holds. It remains to give sufficient
conditions for A4 and A4’-(i) under A2 (the assumption there is a single equilibrium at all states in
the data). Under A2, w* is identical to the full unconditional support of X. Therefore, A4’-(i) holds
when, for all x_;, the conditions in Proposition A2 are satisfied for w; equal to the full support of
X; given X_; = x_;. If A4’-(i) is satisfied, then A4 is also implied.

A.3. Monotonicity of V; in X;

We conclude this section with sufficient conditions for the monotonicity of V; in excluded regressors.

Let N =2, h(D_;) = Dj and o; = —1. For all z = (=, &), we can solve for p;;(x) using the system



of fixed point equation in the marginal effects of excluded regressors on the choice probabilities.

By construction, this gives:

. . - _ (Vo (1) — 1
8‘/1(X)/8XZ|X:x - 1 + 51(5[7)]7]71(13) - 51‘(55)53'(53)];1'@)];3'(33)—1
as 0;(%)0;() fi(x)f;(x) # 1 almost surely. Thus the sign of dV;(X)/0X;|y_, is identical to the
sign of 6;()8;(Z) fi(x) f;(x) — 1. For the monotonicity condition to hold over the full support of X,
it suffices to have two positive constants ci, ca such that cico < 1 and sign(6;(z)) = sign(6;(z))
and [0;(Z)[,|6;(Z)| < c1 and f, |3, fe;)z bounded above by some positive constant c; uniformly over

the joint support (€, €5, X).

B. Derivation of Asymptotic Properties

This section provides further details in the derivation of the limiting distribution of our estimators in
Section 5 and that of the test statistic for detecting multiple equilibria in Section 7.2 in Lewbel and
Tang (2014). The current section follows the same set of notation as in Lewbel and Tang (2014),
and is structured as follows: Sections B.1 and B.2 present the conditions and leading results in
the proof of the asymptotic properties of &;, §; and BZ respectively; Section B.3 provides further
details in the proofs of these results from Sections B.1 and B.2; Section B.4 provides details in the
derivation of the limiting distribution of the test statistic in Section 7.2 of Lewbel and Tang (2014).

We first copy the assumptions from the main text of Lewbel and Tang (2014) here, and provide

some additional discussion of these assumptions.

Assumption S. (i) For k € {0,1,2}, v} is continuously differentiable in x. up to an order of
m > 2 given any T4, and the derivatives are continuous and uniformly bounded over an open set
that covers w. (ii) All components in v* are bounded away from 0 over w. (iii) Let VAR, (z) be
the variance of u; = d; — pf(x) given x. There exists £ > 0 such that [VAR,, ()] f* (2. | Z4q)
is uniformly bounded over w. For any Zq, both p}(z)®f*(z. | Za) and VAR, (x)f*(zc | Z4) are

continuous in . and uniformly bounded over w.

Assumption W. The set w is convex, and there exists an open set w® on the support of X with

w C w°.

Assumption K. (i) K(.) is bounded and differentiable in X, of order m and the partial derivatives
are bounded over w. (i) [|K(t)|dt < oo, [K(t)dt =1, K(.) has zero moments up to the order of
m (where m < m), and [ ||ul|™K(t)|dt < co. (iii) K(.) is zero outside a bounded set.

Assumption B. vGo™ — 0 and (vVG/InG)o’t?) = o0 as G — oo.



A sequence of bandwidths o that satisfies Assumption B exists, as long as m is sufficiently large
relative to J.. Under Assumptions S, K and B, sup,e,, ||§(z) — v*(2)|| = 0,(G~1/4). This ensures
the remainder term from the linearization of é >y wgm'y (z4;4) around v* diminishes at a rate
faster than 1/ V/G. The convexity of w is needed to derive the variances of the limiting distributions
of VG (AZ — Ai> and \/E(AZ — Ai), which contains a correction term due to the estimation errors

in 4.

To specify the correction terms in the limiting distribution, we need to introduce additional
notation. Let w(x) = 1{z € w} for the convex, n.d.s. set w. Let D; 4 (z) (and D; a(z)) denote a
nine-by-one vector consisting of derivatives of m? (z;~) (and my (z;~)) with respect to the ordered
vector (Yo, Vis Vi» V0.5 V0,50 Visi» Vi Vii» Vjj) evaluated at 4*. Let D; a; (and D; ;) denote the
t-th coordinate in D; 4 (and D; a). For s = i, 7, let D( ) () (and Ef%t(m)) denote the derivative of
Dia+(X)7v5(X) (and D; a(X)v5(X)) with respect to the excluded regressor X at . We include
closed forms of Di, A, ﬁi7A, Dz(f)l D( *) later in this supplement.

Assumption D. (i) For both i and s = 1,2, f)i,A, Di,A, ng, Dgsi are continuous and bounded
over the open set w® with w C w°. (ii) The second order derivatives of miy(w;~y) and mi (x;7)

with respect to y(z) evaluated at ~v*(x) are bounded for all x € w°.

Assumption D and an application of the V-statistic Projection Theorem (Lemma 8.4 in Newey and
McFadden (1994)) show:

&5y [y (agi%) — (i) = [ 0@)(G@) — 7" (@) Dia()dFx () + 0,(G2)
where I is the true distribution of X in the DGP. Assumptions S,W and D together imply that,
for any 7 twice continuously differentiable in X, there exists Q,Z)f4 = (1/)%70, wi\,l, ¢f4,2) such that:

[ wler (e Dia@iFi(a) = [ Siqravis@me)ds. 2)

Similarly, there exists ¢’ = (”LﬂiA,O,Z/J ‘A.1,%A5) such that an equation similar to (2) holds when
Di, 4 is replaced by bi, A. We present the closed form of ¢f4, @Z)iA below.Let D = [1, D1, D)" and let
d = [1,dy,ds]" denote a realized value of D. Then (2) implies

/ w(@)(§(z) — 7(2)) Dy a(x)dFg () = / 7y (2)dF 3)

where iy (2) = "y (z)d—E [wi‘(X )D] and F is some smoothed version of the empirical distribution
of Z = (X, D;, Dj). Similarly, define 7 (2) = ¢y (z)d — E [¢/5(X)D]. Again, an equation similar
o (3) holds with BZ—7 A, 7%y replaced by DLA, i/ respectively.

Assumption R. For each i, (i) there exist constants cf4, ciA > 0 such that E [SupHn”§0iA

< oo and E [SupHnlléciA |¢’iA,k(1'+77)”4} < oo for k =0,1,2; (ii) there exists an open neighbor-
hood N around ~* with Elsupyep |[w(X)mi(X; ¥)|| ] < oo; and (iii) EflJw(X)m'y(X;v*) +

Pa(2)|P] < 00 and E[Jw(X)[my (X;7*) — All+ PA(Z)[]P] < o0

I’



R-(i) is instrumental for showing [ 4 (2)dFz = x dg<cValzg) + 0,(G~1/?). Hence, we have

& S wgmia(2:4) = & Lglwgmia(wg: ) + alzg)] +0p(G2).

A similar equation holds for éz p wgm'y (x4;4) with m’y, 74 replaced by m,7a. R-(ii) ensures
e Zg<G wgmy (z4;4 ) 2 Elw (X)mb (X;~*)] when 4 2, 4*. This is useful for deriving the adjust-
ment in the limiting variance due to the estimation of py = Elw(X)] = Pr(X € w). R-(iii) is needed
to apply the Central Limit Theorem.

B.1. Asymptotic Property of &; and 5;

Fori=1,2,let =3 — . Recall
A'= B [mYy (X;v*) 1{X € w}] and A" = E [m4 (X;7%) | X € ],
where

i _ Y@@ =i (@)v0,i (@) v (@)v0(@) =7 (@) 70,5(%) 75,:(@)v0(@) =75 (#)V0,: ()
ma () = o (T70(@) @ A e ey and

i Yii (@) v0 (@) —vi(@)v0.i(x)  vj.(@)v0(x) =75 ()70,i () V5,3 Y0=V370,5
mp (z3y) = (m(x)w()(x)—w(x)vo,j(w) vﬁ,j(x)w(w)—vj(wm,j(m)) (]7]0(36)70](90)])

Let 9y = (¥ g, ¥y 4, ¥4 ), where

Gho(@r) = w(@) [Dian@i@) = D) (@) = DY) 5(@)] + Tha(e):

Vhi(@r) = w@) [Dias)rs@) — D) o) — D) (2)] + T o (o)

Wy (y) = w@) [Dias@ni@) - DU g(e) = DY) y(@)] + Tha(a),
with

i (z) = ( Wi = hi(w-)}Diaa (@) 76 (2) = Hai = li(w )} Diaa (2) 5 (2) ) W

+U{aj = hj(x—;)}Dias (2) 75 () — Haj = 1i(@—5)}Dias (2) 75 (z)
where the terms w(q:),f)i’A,lN)i’A,ﬁZ(j,DEfi are defined above (as in Section 5.1 in Lewbel and
Tang (2014); and l;(z—;) and h;(x_;) denote the end-points of the interval {z; : (x;,2_;) € w} for i
and z_;, which exist due to the convexity of w. Note for any function g(z), the expression [1{z €
w}g(z)dF% can be written as [ (fl ixz)l g(z)y a(m)dxz) dx_;. The closed forms of ]_T)Z-7A,bi’A are
provided in Section B.3. below. Define another term If472(;z;) in a similar fashion by replacing
Di,AA, 17)1-7,475 in (4) with 17)1-7,4,6, Di,A; respectively. Likewise, If473(a:) is defined by replacing Di,A,47
D; a5 in (4) with D; ag, D; a9 respectively. Similarly, define ¢ = (WA,O, WA’Z-, WAJ») by replacing
l~)i7A7, Dz(,i)h 7Y in 7,/;%75 with Dz‘,A,, [952, T respectively, where 74 = (IiA’l,I"A’Q,IiA’g) is defined
by replacing Di,A,k in the definition of If;l with Di,A,k for all k.



Proposition B1 Suppose A1,2,3 and Assumptions S, W, K, B, D and R hold. Then for i = 1,2,
VG (A= aT) LN (0, Var [w(X)miy (X59%) +74(2)])
VG (A= A) LN (0, pg?Var [w(X) (m (X377) = AY) + 75(2)]) (5)
where Dy(z) = ¥y (2)d — B [y (X)D] and vy (2) = ¢a(x)d — B[ (X)D].

Proposition B1 follows from the steps in Section 8 of Newey and McFadden (1994) as explained
in Section 5.1 of Lewbel and Tang (2014). The proof of this proposition is collected in Section B.3
below. It follows from Proposition B1 and the Slutsky’s Theorem that o; converges to §; at the

parametric rate. Theorem 4 in Lewbel and Tang (2014) follows immediately from this proposition.

B.2. Asymptotic property of [31

In this subsection we provide the technical conditions for deriving the limiting distribution of BZ in
Section 5.2 in Lewbel and Tang (2014).Let ;) = (70,7, Yo,i»V5,:) denote the subvector of -y which
enters the definition of the estimator below. Following the convention in Section 5 in Lewbel and

Tang (2014), let ’y(i),’ya) denote kernel estimates and the truth in the DGP respectively.

Assumption S’ (i) Assumption S holds over the support of X. (ii) The true density f;‘(l‘xﬂ(x,)

is bounded above and away from zero by some positive constant over the support of X.

Along with kernel and bandwidth conditions in Assumptions K and B, conditions (i) and (ii)
in Assumption S’ ensure sup, |9 — 'yz‘i)H converges in probability to 0 at rates faster than G/4,

Bounding v*(z) and f;‘(i|m_i (x;) away from zero over the support of X and over the support of X

given x_; respectively helps attain the stochastic boundedness ofv/G (BZ — ,6’1>

With the excluded regressors X, continuously distributed with positive densities almost every-
where, this requires the support of excluded regressors given X_; to be bounded. Thus in order for
the support of V; given xz_; to cover that of —4;(Z) + €;, it is necessary that the support of € given
X is also bounded. (See the discussion in the next section regarding outcomes if boundedness is
violated.) Condition (a) in Assumption S’ also implies p}‘z(x) is bounded above over the support
of X fort=1,2and j =3 — 1.

Define m'; (z; (52‘,7(1-)) fori =1,2 as
i — = —6ipj,i(z
mis (23007 ) =@ {[di — H (~ai + 8ipj(@)] 1240 - M} ,

with z = (di, dg, x) and pj, pj;, [x;|z_; are known functions of ;) above. By definition,

A

B = (Eg @’gfg)_l XM (»29;51',‘%(@*)) -



For i =1,2 and j = 3 — i, define

D; ps (2;51'»7(@')) = 8‘?;Z_miB (Z3Si’7(i)> .

k3

—1

= &t iy o) P — (=4 S)] 72

For i = 1,2 and j = 3 — ¢, denote partial derivatives of miB <z; i, 'y(i)> with respect to components

of v(;(z) at §; and Yo () as:

~ omy (2;6117'7?7;)) ap(x) Omy (2'351"72:')) Ip; (<)

Dipa(z) = @) D@ L@ Ore@)
5 () = am'y (z;(si;y@)) op (z) . om (z;éirvz;)) opj ;(x)
i,B,2 = ap* (@) v, (@) ap; ;(x) 0v;(=) ’
- omi (50:77)) o9 () = omy (=38:.1%y) 0p3,(0)
. — W) . = “) pJ”L
DZ7B73 (Z) = Ip; ;(2) 07,:(x)’ and Dl’BA(Z) - opj ;(x) 0v;,i(x)”

Let ]_T)i,B (z) denote a four-by-one vector with its k-th coordinate being DinJc(Z) for k =1,2,3,4

and ¢ = 1,2. For any i and z, define

M, (276 = ¥ (@) Dip(2). (6)

Note Di, p on the right-hand side of (6) is evaluated at the true parameters ¢; and '7>(ki)'

For both 7, let DLB,k(x) = F [Di,B’k(Z) | m} for all k, and DZ(S)

7B7k($) — 9[Di, B k()7 ()] for
s=1,2 and k = 3,4. Define

= 0Xs

Vio(z) = Dyipa(a)ri(z) — D) (@) + Thy(2);

W i(x) = Dyipa(@)r(@) — DY () + Tho(2),

where

(z) — Yz = l;‘k(x*i)}Di,B,?) (z)
(z) = Yz = I} (x—4)} Di B4 (x)

179,1(30) = 1{%:@(334)}1_71,3,3@)

Y0
Tgo(z) Wa; = hi(z—3)}Dipa ()75

with hf(z_;),lf(z_;) being the supreme and infimum of the support of X; given z_;.

For ¢ = 1,2 and any h twice continuously differentiable in z. over the support of X, define

Cr () [hite_i)dt  Ci()h(@) [ ta_i)dt

Mp,p (:h) = =250 TP

where
Ci (z) =& [di — H(—x; + 6ipj(x))] [1 = dip} ()] -



The functional ME,J (z;h) is the Frechet derivative of mi (z; 51’,’)’@)) with respect to ;) at ;)
in DGP.Define

i - Ci(z * E(CF (2)|= *
¢B,f(x) =F (73(()(; ‘ x—z’) Yolz—i) — % /’Yo(ta x—;)dt,

where the integral is over the support x,,_,, and we also use v5(x_;) to denote the true density
of X_;. Our proof builds on the observation that [ Mp ((2;h)dFy = [ f(@)h(z)d.

We now define the major components in the limiting distribution of /G (Bl —B;):

ZN/iB(Zg) Vg olzg) + Py flzg) + ¢B;($g) 9. — WB o(X) + WB,f(X) + wiB,j(X)Dj] ;
. 1 .
Ui(z,) = o [wg (mA (q:g,'y(z)> A”) + DZA(zg)] s Mi;=F [Di,B,é (Z; 5i77>(k¢))} ;

W(2) = mis (205,70 ) + Ph(2) + MisU5(2).

The key step in finding the limiting distribution of VG (B — 6-) is to show é Z miy(zg; 5, Yay)
= %Zg U(z4) + 0,(G™Y2). Specifically, the difference between el Z miy(2g; 0is 45 Ya)) apd the
infeasible moment % Y- g mlé(zg,é,,,'y(i)) is a sample average of some correction terms 'z(z) +

M*(;\I”( ) plus op(G_%). The form of these correction terms depends on v* in the DGP as well as

how 51,7 enter the moment function m,.

Assumption D’ (i) For i = 1,2, the second order derivatives of m% (z;éi,ﬂy(i)) with respect to
Yiy(z) at Y (z) are continuous and bounded over the support of Z. (ii) For both i and s = 1,2,
]_T)Z(j%, are continuous and bounded over the support of Z. (iii) For i = 1,2 and j = 3 — i, there
exists ¢ > 0 such that E[sup|, <, |95 (z + 77)H4] < 00 for s = 0,5 and Elsup|, <. HWBJ(x—i—n)H‘I]

< 0.
Assumption W’ For any i and x_;, the support of X; given x_; is conver and closed.

Assumption R’ (i) There exists open neighborhoods Ns, N; around §7, ‘yz‘i) respectively such that
Elsups, enyygens 11D0.5(%5 07l ] < 00, (i) ElI[W(2) —~ X' X% < +oo. (iii) B |X'X]
18 non-singular.

Condition R’-(i) is used for showing the difference between & PO mi (245 84 'y( ) and & PO mi (245
04, ’7(1)) is represented by a sample average of a certain function plus an o0,(G~ ) term. Under R’-
(i), this function takes the form of the product of E[D; g s(2; 51-,')*&.))] and the influence function
that leads to the limiting distribution of v/G(8; — 4;).

Similar to the case with Ai, we can apply the linearization argument and the V-statistic
Projection Theorem to show that, under conditions in D’-(i) and (ii), ézg[miB(mg;éi,ﬁ/(i))—
mi (24 (5,~,'ya))] can be written as foBﬂ(z,ﬁ/(i) —'yZ‘Z.))—l—M]g’f(z;’yO —5)dF plus op(Gfé), where
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F7 is the true distribution of Z in the DGP. Again by definition and smoothness properties in S’,
for any Y (i) that is twice continuously differentiable in excluded regressors, the functions WRO, 1%3, j

and ¢§3,f can be shown to satisfy:

[ M iv) + M 0)dFs = [[Whso(o) + v )0(e) + ¥l (0 (2)da

using an argument of integration by parts.

Using this gquati?n, the diffgrence fM}'gﬁ(z;’y(i) — ’y’("z.)) —|—~Mf97f(z;’y(i) - ’yz‘i))ng can be ex-
pressed as [ '5(2)dFy, where U5(z) was defined above and Fy is some smoothed version of the
empirical distribution of Z as mentioned in the proof of asymptotic properties of &;. Condition
D’-(iii) is then used for showing the difference between [ % (2)dEz and &> p 7l (24) is op(G_%).
Thus the difference between é PO my(zg; i, Y@iy) and é 2 [ms (245 51,7’&)) + 5 (2y)] is 0p(GTY/2).
For D’-(iii) to hold, it suffices to have that, for i = 1,2, there exists ¢; > 0 such that E[sup, <,
| Di.p(z + 77)H4] < oo and E[sup, <, HDE‘%(QE +n)|[*] < oo. Condition R’-(ii) ensures the Central
Limit Theorem can be applied. Condition R’-(iii) is the standard full-rank condition necessary for

consistency of regressor estimators.

Proposition B2 Under A1, 2, 3, 4’ and Assumptions S’, K, B, D’, W’, R’, \/é(ﬁl - 5;) <,
N(0,%%) for i = 1,2, where

- {E (;2/;2)‘1} Var (W5(2) - X'X8,) {E <X,X>_T'

Estimation errors in SZ and p; affect the distribution of BZ in general. The optimal rate of
convergence of p; is generally slower than VG because pj depends on the number of continuous
coordinates in X, but Bl can still converge at the parametric rate because Bz takes the form of a

sample average. Proof of the proposition is included in the next subsection.

B.3. Proofs for Propositions B1 and B2

The first two subsections (B.3.1. and B.3.2) below prove Proposition B1 in Section B.1.; the last

subsection proves Proposition B2 in Section B.2.

B.3.1. Limiting distribution of vG (Ai . Ai)

To simplify notation, for a pair of players ¢ and 57 = 3 — ¢, we define the following shorthands:

a=7,b=7,c=7,d=%;,¢=%,4 = 9=17;h=7;and k=1, with all
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these functions evaluated at z. Let wy, w(x) be defined as in the text. For any z, define a linear

functional of ~:

Mi(2iy) = [(@)) Dya(a), where

[ 1 A2 fe? + a®fk? — dge — 2abdk? — a’ghk
a?(ce—ak)” \  _pche? + bedke — 2acfke 4+ 2abhke + 2acdgk

~ be—a,
DZ,A (l’, ,Y*) = 70,(0]6 ) (he dk‘) R m (he dk‘) s 4{1((1/@ ce) (Cg - bki) 5 ) (7)
9-by-1 _% ( d—af — W) , Cll’ a(ak ) (cd — ah), ..

m (be — (lg) % (Cd — ah) ]

Lemma B.1.1 Suppose Assumptions S, K, B and D hold. Then for i =1,2,
1 i 2 i * i N * * —
G Lo W [mia (g5 %) —miy (2577)] = /w(w)MA (@39 —¥") dF% + 0,(G™/?).

Proof of Lemma B.1.1. Consider ¢ = 1. Under Assumption D, there exists some b(x) such that
E[b(z)] < oo and
[0 [mis (@05 9) = mis (245v") = (B(a) = 7*(20))' Dioa ()] |
< blag) supsey I — I

Then Lemma 8.10 in Newey and McFadden (1994) applies under S-(i),(ii),(iii), K and B, with

the order of derivatives being 1 in the definition of the Sobolev Norm and with the dimension of

continuous coordinates being J..! Hence SUPgew 5 — Y| = Op(G_1/4), and
l Z [qu (xg7’7) _m% (Ig;’y*)] — 0 (G_]_/2)
~ * =~ - p .
G| =X, wy (A(xg) = v*(4)) Dialzg)

Next, define 4 = E [§] and note:
G,y (3(20) 7" (@) Dialey) — [ w(@) (3(0) — 7' (@) Dia(a)dF5
— G, wy (3lag) ~ 7)) Dialay) ~ [ w(o) (@)~ H(w)) Diala)dF

+ G wg (Y(xg) — " (x)) Dialzg) — /w(w) (3(x) = v*(2)) Dia(x)dFx — (8)

'Recall the boundedness of w is included in the definition of the n.d.s. set. However, in order to show
SUpe,, |7 — 7"l = 013((?71/4)7 it is not necessary for w to be bounded. Specifically, when w is unbounded, we
could establish the G/*-convergence of 4 using clements from the empirical processes theory (e.g., Lemma Al in
Volgushev (2013)) upon some functional class such as [, = {K(% ) : © € w,0n > 0} under a suitable choice of the

kernel function. We are grateful to anonymous referee for pointing this out.
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Let ag(zg, 2s) =

Ky (xs — :I:g)v ds,lKU($s - frg)» ds,2Ka( )
Wy Ka,l(xs - :Bg), ds,lKa,l(ms - xg)) ds,2 J,l(ms - l‘g), Di,A (xg) .
KU,2<xs - xg)y ds,lKU,Z(xs - :I:g)7 ds,ZKU,Z(xs - xg)
Let ag1(zg) = [a(zg,2) dFy(2) and ag2(zs) = [aq(z,2s)dFy(z). The first difference on the
right-hand side of (8) takes the form of a V-statistic:

G2 Zg > ac(zg, 2s) — G Zg ag, (zg) — G Zg a2 (2g) + E [ag, (2)]

By Assumption D-(i) w(z) My (z;7)]| < c(x) sup,e, ||7]| for some
non-negative function ¢ such that Elc(X)?] < co. Consequently, Elllac(Zy, Zy) ) < o~ Ee(X,)] C1
and {E[Hag(Zg,ZS)||2]}1/2 <o’ {E[cz(Xg)]}l/2 Cs, where Cy,Cy are finite positive constants.
Since G716~/ — 0, it follows from Lemma 8.4 in Newey and McFadden (1994) that the first
difference is 0,(G~1/?).

We now turn to the second difference in (8). Since Hw z) M (x5 H < ¢(x) supye,, ||v]| and
E [¢(X)?] < oo,

B [[lux M3 (X 5 5 = 2)|F] < B e(X)?] sup 1y = .

By Lemma 8.9 in Newey and McFadden (1994) and Hardle and Linton (1994), we have sup,c,, |5 — v*|*
= O(0™) under conditions in S, K and B. Thus, as G — +o0,

E [suprXMA H ]
Tre

Then by the Chebychev’s Inequality, the second difference in (8) is 0,(G~/2). This proves the
lemma. Q.E.D.

Lemma B.1.2 Suppose Assumptions S, K, B, D, W and R hold. Then
/ w(@)My (035 — ) dF = GV, 7h(z0) + 0p(G72),

where ¥4 (zg) = 4(g)dy — E [$4(X)D].

Proof of Lemma B.1.2. For i = 1,2 and j = 3 — i, by definition of M},

[ i) (i) aFg

!/ ~ ~

Yo() l?i,A,l(x) Y0,i(%), Y0,5(), .- Dia4(z)
= Ju@ | @) || Duaz) |+ | i), | ©
Yj(w) D; 4 3() 'Yj,i(x)77j,j($) Di’A,g(ﬂZ)

1-by—6 6—by—1
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Applying integration-by-parts to the second inner product in the integrand of (9) and using the

convexity of w (Assumption W), we have

' Yo(z) / wfl,o(x)
[ty @mar; = [ | v | | v | d
1@ ] L e,

for any « that is continuously differentiable in excluded regressors z.. The functions ¢f470, 1/122-, ¢f47 j
are defined as in Section B1 above. These three functions only depend on ~* but not . By
conditions in S and K, both 4 and ~* are continuously differentiable. For the rest of the proof, we

focus on the case where all coordinates in & are continuously distributed.? It follows that:
[l @ =) dFs = [ S v @) @) - @) do
= GE, [ Sy V@M = ) = B [15(X)D]
= 08, [ (s Vhsl@os = ) Kol = e = [ (Scaq, vhola)d — u) dy

where dgo =1, p=F [¢f4(X )D], and Fz is a “smoothed-version" of empirical distribution of z =
(z,dy,d2) with the expectation of a(z) with respect to Fy equal to G™! Zg /a(x, di,g,dog)Kq(x—

zg)dz. By construction, & pO [ uKy(x — z4)dx = p. Hence by definition:

/ (Zs:[),i,j ¢f475(m)ds - M) dFz —G™! PO (Zs:ﬂ,i,j Ui (T9)ds g — M)
= / (Zs:O,i,j ¢f4,s($)ds) dF; — G > (Zs:o,i,j @Z’fax,s(ifg)ds,g)
= O, | deo [Vl — mp)ds — b1 (2)) (10)

It remains to show that the r.h.s. of (10) is 0,(G~/2). First, note

H\FE[ ,g(/ws o = 2g)d W)]H
_ sl sw(/(/% > da:—/ZDAs HC >dw>

= VG|S ., ( / / Wy (& + ou) K (u)y:(2)dudi — / zbfa,s(w)v:(w)dw)'

= VBT, ([t ([ Kzt = owian) do - [ vy onitonie)

2General cases involving discrete coordinates only add to complex notations, but do not require any changes in the
the arguments. For example, [ % (z)dgK,(z —x4)dz in the proof would be replaced by >z, Y (e, Fa)dg Ko (Te —
Tg,c)dxc1{Zga = Za}. Likewise, [ Ko(z — z4)dz would be replaced by 3=, [ Ko(xc — xg.c)dzc1{Zg,4 = Za} (Which

equals one).

o
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where the equalities follows from a change-of -variable between x and u = % first, and then
another change-of-variable between & and x = & + ou. (Such operations can be done due to the
smoothness conditions on 4* and the forms of wi‘l,s for s = 0,4,5.) Next, using [ K(u)du =1 and

re-arranging terms, we can write (11) as

VG |Sonoss [0 [ Bt = o) i) K as
< VG / [ ()] H / (@ — ou) — 7 (2)] K (u)du

where the inequality follows from the Cauchy-Schwarz Inequality. By definition, for s = 0,4, 7 and

dx, (12)

any fixed x,
E[3,(2) = BIDJK,( / B[DyJg) Ko (& — )73 () d, = / 7 (& — ou) K (u)du

where the last equality follows from a change-of-variable between =, and u = % (Recall Dy =
1.) Under S-(i) and K-(i) (smoothness of v* and the kernel functions) and K-(ii) (on the order
of the kernel), sup,c, ||E[Y(z) —7*(z)]|| = O(¢™). Under the boundedness condition in D-(i),
[ sup,e, Hq/&(x)” dz < oo and the r.h.s. of the inequality in (12) is bounded above by vGo™C,

with C being some finite positive constant. Since vGo™ — 0, it follows that

B[S o ([ @)oo s i (o) )| = nte )

By definition of 1/}11 and the smoothness condition in D-(i), 1/}% is continuous in z almost everywhere,
and wi"s(m +ou) — ¢f4,s($) for almost all x and v and s = 0,4, j. By condition R-(i), for ¢ small
enough, wfg,s (x + ou) is bounded above by some function of x for almost all  and s = 0,4, j on the

domain of K(.). It then follows from the Dominated Convergence Theorem that

[ vite+ oK widu — [ @)K w)du=vis(2)

for almost all z as ¢ — 0, where ¥% = W’fq,oa W'A,i, wfél,j]. Under the boundedness conditions of the

kernel in K and S-(iii), the Dominated Convergence Theorem applies again to give

4

]—>O.
2
]—>O.

Hence both the mean and variance of the product of v/G and the left-hand side of (10) converge
to 0. It then follows from Chebyshev’s Inequality that this product converges in probability to O.
Q.E.D.

H/‘”A (& — )i — i ()

It then follows from the Cauchy-Schwartz Inequality that

Ko (T — 2)di — ¢y ()
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It follows from Lemma B.1.1 and Lemma B.1.2 that

1 7 2 1 7 * ~7 —
a Zg wem'y (g3 ) = a Zg [wgmA (zg;Y") + VA(Zg)] + 0p(G 1/2)7

which implies
Ai 7 1 ) * 7 * ~i —
A - A= Iel Zg {wgmA (2g;Y") — E [w(X)mA (X5 )] + VA(Zg)} +0p(G 1/2)-

Note the summand (the expression in {...}) has zero mean by construction, and has a finite second

moment under the boundedness conditions in Assumptions S and D.
B.3.2. Limiting distribution ofv/G (Ai - Ai)

We now examine the limiting behavior of VG <A’ — Ai). Rewrite the definition of A? in Section
5.1 of Lewbel and Tang (2014) as

Ai

(0) " [& Sy wgmia (2459)] (13)

-1
where p = [G_l > wg} . Let wy, w(x) be defined as in the text of Lewbel and Tang (2014).
Define py = Pr(X € w). The first step in Lemma B.2.1 below is to describe the impact of replacing
p with the true population moment p, in (13).

Lemma B.2.1 Suppose Assumptions S, K, B and D hold. Then:

A =G, [y wemiy (243 5) = Mi, (wy — po)] + 0p(G™1/2) (14)

where
M}, = pg *E [w(X)mi (X;9%)]

Proof of Lemma B.2.1. Apply the Taylor’s Expansion to (13) around pg, we get:

A= 5t [& 5, wymi (@i %)] = Mip (&5, 1y €}~ py)
where

Mip =572 [ 5, womls (w4:9)]

and p lies on a line segment between p and p,. By the Law of Large Numbers, p 2, po and therefore
p - po. Under Assumptions in S, K and B, sup,,, % — v*|| = 0,(G~'/%). By definition of m¥,
it can be shown that w(X)m! (X;~*) is continuous at v* with probability one. Lemma 4.3 in
Newey and McFadden (1994) then implies that, under Assumption D-(iv), é > g wgmy (z4;4) 2,
E [w(X)m' (X;~*)]. By the Slutsky Theorem, /\;l@p = M, + 0p(1). Furthermore, 5 >y Hzg €
w} — po = Op(G~/2) by the Central Limit Theorem. Tt then follows that

Al = :051 [é Zg wgmiA (zg; 'W} - M;p <é Zg Hrg € w} — Po) + OP(G_1/2)'
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This proves the lemma. Q.E.D.

The remaining steps for deriving the limiting distribution of \/é(A’ — A% are similar to those
used for \/@(1211 — AY). Let a,b,c,d,e, f, g, h, k be the same short-hands as defined above (i.e. short-
hands for coordinates in v* at some x). The dependence of these short-hands on x are suppressed

in notations. Similar to the definition of Mil above, for any z, define a linear functional of ~:

Mj () = [v(2)]' Dia (z), where

r —b%he? —a?g2h+b%dke+2acdg? +a2fgk+bcf62—bcdge—?acfge—‘r?abghe 2abdgk
(—cfe+bhetcdg—agh—bdk+afk)?
a(ce—ak)(fe—dg) —a(be—ag)(fe—dg) a(be—ag)(cg— bk)
D, (SL‘ *) _ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’
i,A\T;Y = —a(bd—af)(cg—bk) —a(be—ag)(ce—ak) a(ce—ak)(bd—af)
9—by—1 (cdg—agh—bdk+afk—cfe+bhe)?’ (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh+bdk—afk)?’
a(be—ag)? —a(be—ag)(bd—af)
L (cfe—bhe—cdg+agh+bdk—afk)?’ (cfe—bhe—cdg+agh-+bdk—afk)?

The correction terms 9’y = [WAO, WA’Z-, WAJ] are defined in Section B1.

Lemma B.2.2 Suppose Assumptions S, K, B, D, W and R hold. Then for i =1,2,

1 7 ~ 1 [ * ~ -

a Zg wgmp (2g;%) = a Zg [wgmA (zg;7") + VA(Zg)] +0p(G 1/2) (15)
where DiA(Zg) = wiA(xg)dg —F [WA(X)D]

The proof of Lemma B.2.2 uses the same arguments as those for Lemma B.1.1 and Lemma
B.1.2. Combining results in (14) and (15), we have

A=A = GTUY, [wgmis (037) oo + P () [0 — AT — M2, (wy — pp)] + 0p(G1?)
11 , o . ) B
= 0 q Zg ['wngA (2g;Y") + Valzg) — poA" — A" (wg — PO)] +0p(G 1/2)7 (16)
where the summand in the square bracket has zero mean by construction, and have a finite second
moment under the boundedness in Assumption S. Since A’ is a constant, it follows from the Central
Limit Theorem that:

VG (AZ — Ai> N (0, pg?Var [w(X) (mh (X;v%) — AY) + 74 (2)]).

B.3.3. Limiting distribution of vG (5 - ﬁi)

Lemma B.3.1 Suppose Assumptions S™-(i),(ii), K, B and D’-(i) hold. Then:
1 i 54 1 i < « i -
I >y ™MB (Zg;&ﬂ(i)) =G > [mB (Zg;&;,’y(i)) + Mi,aq’a(zg)] +0p(G71/?)

where

15 = E[Dins (Z6i77)] and
1

o) =~ wamis (w0370 ) + 7 (zg) — p0AT = AT g — o) (17)
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Proof of Lemma B.3.1. By definition and our choice of the distribution function, conditions in S’

and K, me (z; 04, ’y(i)> is continuously differentiable in §;. By the Mean Value Theorem,

m'y (Zg;gia:y(i)) = mfp (Zg;5i,‘3’(i)) +Dips (zg;t_si,’)’(i)) (Si - 51;)
where Di, B, <zg; i, ’y(i)) is the partial derivative of m% with respect to the interaction effect at 6;,

which is an intermediate value between 31 and §;. Hence
=2 mip (Zg;gz'ﬂ(i))
= LS miy (200090 ) + & . Dins (2400, 50 ) VG (0: —6i) . (18)
VG 2vg "B \*9 277(1) G 2ug ti,B,6 \ ~g» 177(1) ) 7

With a; = —1, it follows from (16) that VG (;—48;) = G~1/2 >y Wi(zg)+ 0p(1), where the influence
function is defined as in (17). (Recall that §; = a;A".) Let sup,cq, ||| (where [|.|| is the Euclidean
norm) be the norm for the space of generic Y () that are continuously differentiable in z. up to
an order of m > 0 given all £;. Under conditions in S’ and K, lN)Z-,B,(; (z;éi,'y(i)> is continuous
in (5,~,’y(2~) with probability one. Note &; L, 5 as a consequence of & L, §;. Under conditions

in S’-(i),(ii), K, and B, sup, 2, 0 at the rate faster than G'/4. It then follows that

2 *

RIO )

é >y Di,B,é <zg;(_57;,’y(i) 2, M; 5 under condition D’-(i). Hence the second term on the right-

hand side of (18) is [ st op(l)] * [G*1/2 PO Wi(zg) + op(l)}, where G~1/2 PO Wh(zg) is Op(1).
It then follows that

-1 7 Sz -1 7 ~ * 740
G2 Eg mp (2955i77(i)> =Gz Zg {mB <2936i77(i)> +Mi,5‘1’5(zg)} + 0p(1).
This proves Lemma B.3.1. Q.E.D.
Lemma B.3.2 Under Assumptions S°, K, B and D’,
= IME,'Y (27;7(1) - 7?@)) T MzB,f (za’?ﬂ - ’YS) dFE + OP(G_1/2)‘

Proof of Lemma B.3.2. Under conditions S’-(i), (ii), we have

miB <zg;<5i,’7(i)> — miB (zg; 5%’772}))
_Mé’n (zg,’y(i) - 7?1’) - f%,f (29:%0 — 70)
< b%f(zg) SUPzenx H;y(z) - 7?2)”27 (19)

for some non-negative function b, s (which may depend on true parameters in the DGP ¢; and v*)
and Eby r(Z)] < +oo. Under Assumptions S’-(i),(ii), K and B, sup, [|[9(; — 72})” is 0,(G1/4).
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Thus the right-hand side of the inequality in (19) is 0,(G~1/2). Tt follows from the triangular
inequality and the Law of Large Numbers that:

b (ssir) mh (i) ]

l
1 mp
@Zg ~
Mllg,y <Zg, ’Y(z ) M}gf 2, Y0 = 0)

)

By construction,
&>, Mg, (Zga‘?(i) - ‘Yfi)) - Mg, (25‘3’@)—‘76)) dFy
= %ZHWM<%ﬂm—7m>—IME(%%WWm)ﬂ?+
&3, M, <Zga‘7(i) - 7@)) — Mg, (%’7(1)*72})) dFy. (20)

where 7(;)(z) = E[f(;)(2)] is a function of x (i.e. the expectation is taken with respect to the

random sample used for estimating ;) at ). For any s,g < G, define ap g(zg,2s) =

Ky(xs —xg),ds i Ko(xs — 24),.. | =
( ’ 9) - ( ’ g) Di,B(Zg)'
Ko,i(ms - l’g)y ds,jKa,i(-Ts - -Tg)

Let a% o(25) = [ ap (2, 25)dF5(2), and

Ko (2 — 24),d; Ko (2 — x4), ..

o0 g/)y%ytroz g

] Di p(z9)dF3(2)
= ’Y()(xg)D B(zg)

Then the first difference on the r.h.s. of (20) can be written as:

G Zg > s aB,G(%g, 2s) — G Zg ajls,G(Zg) -G Zg azB,G(zg) + E[G}RG(Z)]-

Then by condition D’-(ii) and the boundedness of kernel function in Assumption K, E [||lap,¢(Z, Z)||]
<o~ /eC} and {E [”CLB7G (Z, Z’)||2] }1/2 < o~ 7eCh, where Cf, C} are finite positive constants (whose
form depend on the true parameters in 7&') and the kernel function). Since VGo’le — 40
under Assumption B, it follows from Lemma 8.4 in Newey and McFadden (1994) that the first
difference is 0,(G~/?). The boundedness of derivatives of ml w.r.t. Y@y in D’-(ii) implies
E [ M, (Z;’_Y(i)—?’fi)) HT < Cgsup, |56 — (|- @)~V

o(o™), which converges to 0 as 0 — 0 under Assumption B. It then follows from the Cheby-

Under K and S-(a), sup,

chev’s Inequality that the second difference in (20) is 0,(G~'/2). We can also decompose the linear

functional in the second term in a similar manner and have:
é Zg MJiB,f (2g:%0 — 7o) — fMé,f (2:%90 —70) dFy
= &2, Mp (20,9 — Y0) — [ Mp s (290 — 7o) dF% +
&g Mp ¢ (29,70 —70) — [ Mp s (270 — 70) dF5. (21)
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Arguments similar to those above suggest both differences in (21) are 0,(G~'/2) under conditions

in Assumption S’, K, B and D’.  Q.E.D.

Lemma B.3.3 Under Assumptions S’, K, B, D°, W and R’, for i=1,2 and j =3 — i,
M (2 Ay — Vi) + My (2250 — 18) dFg = & 3, 7ia(z) + 0p(G1/2) (22)

where

Vip(2g) = Ui o(wg) + Vi p(3g) + Ul (Tg)dg s — B [ 0(X) + i 1(X) + 95 ;(X)D;] -

Proof of Lemma B.3.3. By smoothness of the true population function 'y’(*i) in DGP in S’-(a), and
that of the kernel function in S’; K, D’; and using W’, we can apply integration-by-parts to write
the left-hand side of the equation (22) as:

/ [ So(@) = 75() ] [ ¥ 0(@)
3(2) = 3(@) | | ¥y)

where %5’,(» Wé,j and Wé 5 are defined as in Section B2 above. By arguments similar to those in

+ 9 4() [o(2) — 75(2)] da, (23)

the proof of Lemma B.1.2, the expression in (23) is & PO Vig(z9) + op(G_%) due to Assumptions
S’, K, B, D’ and R’, and that MS’f(m) is almost everywhere continuous in z. Q.E.D.

By Lemma B.3.1, Lemma B.3.2 and Lemma B.3.3, we have
N i T o4 i 1
Hiw = é Zg mp (Zg;5i,’7(i)) = é Zg U(zg) +0p(G™2),
where
() = mig (2070 ) + V(=) + MigWh(2).
By construction
E[V3(2)] = [mZB (Z;(Sz',’f(ki))} = -

Let \ = é Zg gand A= E X/ ) By definition, g8; = )‘71%’,\1! and

Y

Bi = 5\_1 <é Zg \I'iB(Zg) + Op(G_1/2)> )

where A = A1+ op(1). Note

Bi= A (w = A8 +38:) = A7 (w — A8;) + 8
= VG (Bi—8) =N VG (juw - 28:)

where

VG (fuw = A8:) = =5, (Wh(z0) = #43e8:) + 0p(1).
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By construction, F [\IJ%(Z) — X’Xﬁz] = 0. Under conditions in §’,D’and R’, F [H\I”B(Z) — X'XB;
< 400. Then the Central Limit Theorem and the Slutsky Theorem can be applied to show that
VG(B; — B;) 5 N(0,5) with

|

S = N WarlWh(2) - X' X8, (A7)

This completes the proof of the limiting distribution of vG(8; — ;).

B.4. Limiting distribution of /G (T(@) - ,uw>

In this subsection, we derive the limiting distribution of the test statistic in Section 7.2 in Lewbel
and Tang (2014). Define

{z € w}

v(z) = @)

2p1(2)p3(x), —pa(x), —p1(z)] (24)

For notation simplicity, we suppress dependence of T on @ when there is no confusion. We now

collect the appropriate conditions for establishing the asymptotic properties of T.

Assumption T1 (i) The true density vg(x) is bounded away from zero and ~;(x) are bounded above
over w for k =1,2. (i) For any & and i = 1,2, vi(xe|Z) and p}(x)y§(ze|Z) are continuously
differentiable of order m > 2, and the derivatives of order m > 2 are uniformly bounded over
@. (iii) there exists 1 > 0 such that [V ARy, (2)]*™~4(xe|Z) (where VAR, (x) denotes variance
of u; = d;i — pi(z) conditional on z) is uniformly bounded; and (iv) both pi(z)?v§(we|Z) and
VAR, (x)v5(ze|Z) are continuous and bounded over the support of X. given Z.

Assumption T2 K (.) is a product kernel function with support in R? such that (i) [ |K (t1,t2)|dt1dts <
oo and [ K(t1,t2)dt1dty = 1; and (ii) K(.) has zero moments up to the order of m, and [ ||u||™
|K(t1,t2)’ dt1dty < 00.

Assumption T3 VGo™ — 0 and (*ﬁ) 0% — +o0o as G — +oo.

Assumption T4 (i) Given any T, v is continuous almost everywhere w.r.t. Lebesgue measure on
the support of (X1, X2). (it) There exists € > 0 such that E[sup), <. ||v(z + M4 < oo

Conditions in T'1 ensure v is bounded over any bounded subset of the unconditional support of
X. Conditions in T2, T3 together guarantee that the kernel estimators 4 are well-behaved in the
sense sup,e |11 — 7]l = 0,(G~1/4) and sup,es [|E(3) = 7*| — 0 as G — oc.

Lemma B.4.1 Suppose assumptions T1,2,3 hold. Then

T(@) — &5, 1y € Ghmlzgy /M VVAFS + 0, (GY/?) (25)
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where M (z,7) = v(x)y(x) with v(.) defined in (24) above.

Proof of Lemma B.4.1. We will drop the dependence of T and T on w for notational simplicity.

It follows from linearization arguments and T'1-(i) that there exists a constant C' < oo so that for
any v = [0, 71, V2]’ With sup,cg ||y — 77| small enough,
Hz € @}m(z;7) = m(z;97) = M(z,7 = 7")| < Csup,eg Iy = 7|2 (26)

for all z. Given T1,2,3, we have sup,cs ||§ — 7*|| = Op(o"/2m™+4)) by Theorem 3.2.1. in Bierens
(1987). For m > 2 (the parameter m captures smoothness properties of population moments in
T1,T2),

LY g € @Y mlzg:4) — m(zgin)] — M(z0.4 — 1) = 0p(G12) (27)
Next, define 5 = E(5) and by the linearity of M(z,~) in -y, we can write:
G, Mz, =7") = [ Mz =) (2
— G, Mz ) - [ M(d - DE )
4G, Mz 7= 77) = [ M7= 97)dF () (28)

Under T1, there exists a function ¢ such that || M (2,7)|| < ¢(2) sup,eg ||7]| with E[c(2)?] < co. (This
is because w is an indicator function, v} /7§ = p; are bounded above by 1 for i = 1,2 and 1/~
is bounded above over the relevant support in 7'7.) By the Theorem of Projection for V-statistics
(Lemma 8.4 of Newey and McFadden (1994)) and that Go? — oo in T3, the first difference in (28)
is 0,(G~1/2). Next, note by the Chebyshev’s inequality,

> e} < Bl 7 =20

Pe{VG |67 T, M7 - ) - [ M7 = )aF )

But by construction, E[||M(z;5 —v*)|!] < ¢(2)supges |7 — 7*||>. By smoothness conditions in
T1-(ii) and properties of K in T2, sup,cg |7 —7*|| = O(c™). Hence the second difference in (28)
is also 0,(G~1/2). Therefore,

G, Mz, =7") = [ Mz = 7)dF* () = 0,(G ) (29)
This and (27) together proves (25) in the lemma. Q.E.D.

Lemma B.4.2 Suppose T1,2,3,4 hold. Then [ M(z,4—~*)dF} = é Zg d(zg) + 01)((;’*1/2)7 where
i(z) =v(zx)y — Ev(X)Y].
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Proof of Lemma B.4.2. By construction,
[y = = [o@li@) - v @lds = [eeids - [ olep @)
= 6%, [ vk - ) do [ o@)L i) b
= Gy, /v(x)nga (x —zg)de — Ep(X)Y] =G 'Y, / §(z,dg1,dg0)Ky(z — 24)d430)

where the last equality uses [ K,(x —z4)dz = 1 for all 2y (which follows from change-of-variables).

Define a probability measure F on the support of X such that

/a(x,dl,dg)dF: G Zg/a(as, dg.1,dg2)Kq(x — x4)dz

for any function a over the support of X and {0, 1}?. Thus (30) can be written as [ M(z,5—~*)dF*
= [8(2)dF with § defined in the statement of the lemma.

Let K}j(z — z4) = o M1 2K; (%) 1(z = &,4), where K;(.) denote univariate kernels

corresponding to coordinates z; for ¢ = 1,2, Thus:
/ 5(2)dF — G713, 6(z)
—6 5, ([t iate ) - o3l - o))
+G™1 pO (/ v(x)yg Ky (x — xg)dr — v(xg)yg) (31)

By the definition of v(z) and properties of K and o in T1-/, the first term on the right-hand side
of (31) is 0,(G™/2). The second term is also 0,(G~'/2) through application of the Dominated
Convergence Theorem, using the properties of v in T4 and its boundedness over any bounded
subsets of the unconditional support of X. (See Theorem 8.11 in Newey and McFadden (1994) for
details.) Q.E.D.

By Lemma B.4.1 and Lemma B.4.2,
T(@) = & 5y (Mg € D}mlzg77) + 8(z)] +0,(C2)
By the Central Limit Theorem, vG (T (w) — ,u@> 4N (0,%5), where
Yo = Var[{X e o}m(Z;~*) +6(2)]

— Var [I{X € &} (D1Dz - pi(X)pi(X) + ZA-Z 0 -Lari () )|

This proves completes the derivation of the limiting distribution in Section 7.2 of Lewbel and Tang
(2014).
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C. Proof of Theorem 3

For all ¢ and Z,

FE [DZ | UZ',SE] — 1{”1’ > C*}
vz fvyjz(vi)

p(v 1% =a)=8 (v nE) | X =4 | Fongs (1)

= E [1{61' <w; + ﬂz(i’)} — 1{%‘ > C*} ’ 'Ui,i'] dv;

Qv |z

- 1.1
-

where s; is a shorthand for —a;(Z) 4+ €;. The first equality follows from the Law of Iterated

[1{&‘ <wv; + ﬂl(fi)} — 1{111' > C*}] dF€7|5;(€Z)> dv;

€l

</Q [1{’01 Z Si} — 1{’01' > C*}] dU,L) dFez\:i (61) (32)
\AE

€|z

Expectation, and the second and the third from the definitions of Y;*, V; and the positive density
in Ab respectively. The fourth follows from the independence between ¢; and X, given &, which
implies F€i|Vi v Rei = Fﬁi| _; for all v;,Z. The last equality follows from changing the order of
integration due to the Fubini’s Theorem and the support condition in A4. The last expression on
the right-hand side of (32) can be written as

/Qeili'

_ / (1{si<c*}/ dvi—l{si>c*}/ldvi> dF.. (5i|i):/ (¢" — ;) dF. 2 (&)
Q€L|Z Si c* Q

|z
= '+ /Q (4i(Z) — &) dFy,z (i) = ¢ + 0 (T)

€|z

(/ [{si <wv; < }{s; <} —1{s; > v; > " }1{s; > "} dw;) dF,; (€:)
Qv

where the second equality uses the large support condition in A4. Hence E (Yl* \ X = f) —c =
;(Z). Q.E.D.
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