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Abstract

We estimate endogenous peer effects and exogenous contextual effects in social
interactions models with endogenous covariates. Our method uses individual in-
struments for endogenous covariates, but does not require additional instruments
for simultaneity in outcomes, which are often hard to find in settings with contex-
tual effects. We apply our method to estimate peer effects in Grade 3 math scores
of elementary school students in the State of Tennessee. Using lagged class sizes
and teacher qualification as instruments for Grade 2 scores, we find significant
evidence for positive peer effects and path dependence on G2 scores.
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1 Introduction

Social interactions models are used in lots of environments for studying how members
within a group influence each other’s outcomes. A common specification of such mod-
els takes a linear-in-means (LIM) form, in which each individual outcome is linear in
the average outcome and characteristics of group peers, as well as the individual’s own
characteristics. The econometrics literature has focused on estimating the structural
coefficients (a.k.a. the social effects) of these factors, which are termed respectively

endogenous peer effects, exogenous contextual effects, and individual direct effects.
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In some empirical contexts, individual covariates may be endogenous, not because
of structural simultaneity in individual outcomes but due to reasons such as latent
individual heterogeneity, omitted variables, or measurement errors. For example,
Hanushek, Kain, Markman, and Rivkin (2003) pointed out that unobserved or badly
measured characteristics of students, families and schools could have confounding
influences on the identification of endogenous peer effects within groups. Such endo-
geneity compounds with a known identification challenge in LIM social interactions
models called the “reflection problem.”!

In this paper, we propose a control function method for estimating the social effects
when some individual covariates are endogenous. For example, in our application,
we study peer effects in the math test scores of Grade 3 students when there is path
dependence on math test performance in the past, e.g., Grade 2 math scores. Past math

performance is potentially endogenous due to unobserved student heterogeneity.

Our method uses control functions, and does not use second moments of outcomes.
It is a simple, novel solution that simultaneously resolves both the endogeneity in
covariates and the reflection problem. We do so by leveraging the exogenous variation
from individual instruments, which enables us to solve the reflection problem, without
relying on exclusion restrictions in Manski (1993) or instruments for simultaneity in
peer outcomes. While we do not deal with sample selection, our method requires
exogenous instruments to deal with a different form of endogeneity (in individual
covariates), which is a ubiquitous concern in empirical studies.

To reiterate, an important, distinctive feature of our method is that it only requires
a single set of instruments for endogenous covariates, but does not need additional
IVs for the simultaneity in outcomes, which are often hard to find in practice for LIM
models with contextual effects. Nor does the method require other assumptions that
have been commonly used to solve the reflection problem in the literature, such as

exclusion restrictions (some covariates have no contextual effects) or homoskedastic-

Manski (1993) defined the “reflection problem” as follows. Without further restrictions such as
homoskedastic errors or additional sources of exogenous variation, the endogenous peer and exogenous
contextual effects can not be disentangled from the model’s reduced form.
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ity conditions on second moments of structural errors. This is perhaps surprising,
because it appears to counter a classical order condition for identifying models with
simultaneity. Nevertheless, the intuition of our method is that with social interactions,
the control functions constructed from individual instruments have distinctive impacts
on the reduced form of an individual’s own outcome and that of the peer outcomes.
Such distinction between the marginal effects on one’s own outcome and those on peer
outcomes enables us to disentangle the peer effects from the contextual effects.

Our method can be extended to deal with binary endogenous covariates. Thus, it
also contributes to the treatment effects literature, by relaxing the Stable Unit Treat-
ment Value Assumption (SUTVA). That is, self-selected treatments may influence the
outcome of other group members, both through exogenous contextual effects as well
as endogenous peer effects. In this case, the solution requires applying a Heckit-type
correction for endogeneity bias.

We also extend the control function method to a more general setting where in-
dividual unobserved heterogeneities are correlated within a group. This overarching
framework subsumes special applications such as endogeneity caused by omitted vari-
ables or measurement errors. The control function method applies in this case after
a simple adjustment, which projects each individual structural error on a function of
other individuals” control functions in the first step. Additional information such as
exogenous variation in the group sizes is needed in this extension.

We propose two-step estimators, which implement control function methods (or,
in the case of binary endogenous covariates, Heckit correction for endogeneity bias)
under social interactions. It consistently estimates all social effects where endoge-
nous covariates have both direct and contextual effects. We estimate the social effects
in academic achievements of elementary school students in Tennessee (STAR). Our
model allows students’ current (Grade 3 math) scores to have path dependence on the
previous (Grade 2 math) scores, which are possibly endogenous due to unobserved
individual/family heterogeneity. Using lagged class sizes and teacher qualifications as

instruments, we find significant evidence for positive peer effects and path dependence



on Grade 2 math scores.

m Related Literature

For social interactions models without endogenous covariates, Manski (1993) identi-
fied peer effects using exclusion restrictions, which posit some individual characteristics
have a direct effect on each individual’s own outcome but n0 contextual effect on others’
outcomes. Such restrictions are plausible in some but not all empirical settings.

Our method is related to, but extends, this insight from Manski (1993). We use
instruments to construct individual control functions (CFs) to deal with endogenous
covariates. These control functions essentially work as generated regressors which
satisfy the exclusion restriction in Manski (1993). Thus, we do not need to invoke
further assumptions for identifying peer effects. Importantly, our method does not
require additional instruments for dealing with simultaneity in individual outcomes.

Empirical studies either focused on settings where the contextual effects are absent,
or chose to infer some form of a composite effect that combines peer and contextual
effects (see, e.g., Sacerdote, 2011, 2014, Cools and Patacchini, 2021). The econometrics
literature have addressed the reflection problem in many ways. Moffitt (2001) used
an alternative exclusion restriction (that a randomly assigned policy variable affects
some but not all individuals in a group) to identify a LIM social interactions model.
Brock and Durlauf (2001) and Blume, Brock, Durlauf, and Ioannides (2011) showed
that a necessary condition for resolving this identification problem, without further
assumptions or sources of exogenous variation, is to require at least one characteristic
whose group-level average has no contextual effect.? Blume, Brock, Durlauf, and
Ioannides (2011) pointed out that finding valid instruments for the simultaneity of
outcomes in the structural form is difficult, and “most likely requires the development
of an auxiliary model of x; (individual characteristics).”

Several papers used the second moments of individual outcomes to identify the peer

effects. Graham (2008) exploited second-moment restrictions on unobserved errors to

2Graham and Hahn (2005) made a similar observation in a different information setting where
the actual group-level average of characteristics is replaced by its expectation conditional on common
information.



identify a social multiplier, which is a composite of endogenous peer and exogenous
contextual effects. (Without contextual effects, these social multipliers are reduced to
endogenous peer effects.) Sacerdote (2001) identified endogenous peer effects, using
the second moments of individual outcomes, as well as the homoskedasticity and un-
correlation of structural errors, which are assumed to be independent from exogenous
covariates. Liu (2017) estimated peer and contextual effects in a LIM social interactions
model without group size variation, exploiting the variance of heteroskedastic, uncor-
related structural errors that are independent from the regressors. For social networks,
Rose (2017) identified peer effects through the covariance of outcomes, assuming the
structural errors are homoskedastic, uncorrelated, and independent from the regres-
sors. Lee (2007a) identifies peer and contextual effects by exploiting both the exclusion
restriction (some covariates have no contextual effects) and group size variation.

Some papers used characteristics aggregated to a larger area level (e.g., state,
county) as instruments for studying peer effects in schools or neighborhoods, (see
Evans, Oates, and Schwab, 1992, Rivkin, 2001). For models with general network
structures, Bramoullé, Djebbari, and Fortin (2009), De Giorgi, Pellizzari, and Redaelli
(2010), Lee, Liu, and Lin (2010), Lin (2010), Liu and Lee (2010) identified peer and con-
textual effects, using features derived from network structures as instruments. Such
instruments are not available in the LIM specification we consider.?

There are two strands of literature that study social interactions models with other
forms of endogeneity distinct from what we consider in this paper. The first strand
investigated social interactions models with sample selection. Brock and Durlauf (2001)
(Section 3.6) showed how to identify peer and contextual effects when each member’s
decision to join a group is due to Probit selection. They used instruments affecting
the selection stage to correct the selection bias as in Heckman (1979). Ioannides and
Zabel (2008), Hoshino (2019) also dealt with sample selection in LIM social interac-

tions models of neighborhood housing demands and student friendships respectively.

3In a linear-in-means social interactions model, the matrix [X, GX, G*>X], with X being individual
covariates and G being a network that assigns equal weights to all peers, does not satisfy the rank
condition for identification.



Sheng and Sun (2021) estimated a social interactions model where endogenous group
formation arises from a many-to-one matching model.

The second strand studied peer effects with endogenously formed networks. Johnsson
and Moon (2021) considered a social network model where unobservable individual
characteristics influence both dyadic link formation and the individual outcome. They
used control functions to estimate the model, allowing for flexible functional forms.
Goldsmith-Pinkham and Imbens (2013), Qu and Lee (2015), Auerbach (2016), Hsieh
and Lee (2016), Arduini, Patacchini, and Rainone (2020) used a variety of control
function approaches to handle the endogeneity in networks.

Unlike these two strands of literature, we deal with endogenous covariates while
holding the group definition and LIM specification (where all peers are linked with
equal weights) as complete and exogenously given. Consequently, we do not require
instruments for simultaneity in peer outcomes, such as the characteristics of second-
order “indirect” friends. In fact, such instruments are not available in the LIM social
interaction models we consider (see Footnote 3).

Our method can be applied to a variety of empirical settings where unobserved
individual heterogeneity that affects both the outcomes and the endogenous covariates,
such as in Imbens and Newey (2009), or other factors such as omitted variables and
measurement errors, such as in Hanushek, Kain, Markman, and Rivkin (2003), posed
endogeneity issues on top of the reflection problem in the estimation of peer effects. By
leveraging additional information from exogenous instruments, the control function
method we propose could offer a useful alternative that complements other methods
such as the fixed effects approach in Hanushek, Kain, Markman, and Rivkin (2003).

The paper unfolds as follows. We introduce the linear-in-means social interactions
model with endogenous covariates, and establish its identification in Section 2 and
3. We propose a two-step estimator in Section 4, and extend our method to the case
with correlated individual heterogeneity in Section 5. We illustrate our method in an

application of peer effects in classrooms in Section 6. Section 7 concludes.



2 The Model

We consider a data-generating process (DGP) that generates a large number of inde-
pendent groups with fixed sizes. To fix ideas, suppose each group has n members in
this section, so that we can suppress the group index ¢ in notation (e.g., individual
outcomes Y, ; and their group means 7g).4 In Section 4, which introduces a two-step
estimator, we generalize by allowing the group sizes n, to vary across g.

The structural form of individual outcomes is:
Yi=aY + o+ X/px+ X yx+Dip + Dyp + U;, fori=1,--- ,n, (1)

where a # 1, fy is a structural intercept, Y; and X; are the outcome and exogenous
characteristics of individual i respectively, and Uj is a scalar error term of unobserved
individual heterogeneity.

The endogenous covariate D; is individual-specific, and can be either continuous or
discrete. In a special case where D; is a binary treatment for individual i, the model in
(1) relaxes the SUTVA assumption in program evaluation. That is, the outcome for i
depends on the treatment of others j # i. Let Y, X, D, U be the average of Y;, X;, D;, U;
among n members in the same group. We refer to a as the endogenous peer effect,
vx, YD as exogenous contextual effects, and Bx, fp as direct, individual effects.”

The model uses the overall mean of peer outcomes and characteristics on the right-
hand side, and thus differs from a "leave-one-out" average of other peers. This specifi-
cation is used in many empirical contexts, e.g., Trogdon, Nonnemaker, and Pais (2008)
and Mora and Gil (2013).

To fix ideas, let Y; and D; be scalar variables. By construction, the group means are

?:ﬁ+§'(

1-a 1-a 1-a —a

5X+_7/X)+5(:3D+7/D)+ 1U

“Lee (2007a) identified peer and contextual effects using variation in group sizes. Our method
allows variable as well as fixed group sizes (see Section 4). Here we present a setting with fixed group
sizes only to simplify the exposition of the main idea.

>These coefficients, a and (%, y},)’, are sometimes termed as”endogenous peer effects” and “exoge-
nous peer effects” respectively in the literature.



Substituting this into (1) gives a reduced form:

Yz' = BQ + X;‘BX + Ylfx + DiﬁD + 5‘}7D + fli, (2)
where 8 = f_—oa, Px = “ﬁlx_%, ip = 2 1D_+ayD Jand U; = U; + % In this reduced form, each

individual’s outcome Y; depends on peer errors U; through the composite error U

3 Identification

We use control functions to deal with endogenous D;, resolve the reflection problem,
and identify all structural social effects. In this section, we mostly focus on the case
where the endogenous covariate D; is continuous; in Appendix A, we provide details
for analogous results when D; is binary.

The control function method is applied widely in theory and practice, since its
introduction by Heckman and Robb (1985). See, for example, Newey, Powell, and
Vella (1999), Vella and Verbeek (1999), Chesher (2003), Das, Newey, and Vella (2003),
Lee (2007b), Florens, Heckman, Meghir, and Vytlacil (2008), Carrell, Fullerton, and West
(2009), Imbens and Newey (2009), and Blundell and Matzkin (2014) among others. It
is also used for studying peer effects in endogenous networks (e.g. Qu and Lee, 2015,
Hsieh and Lee, 2016, Johnsson and Moon, 2021).

Suppose (1) and (2) hold with E(X;U;) = 0 for all i, j < n, and there exist instruments

Z; such that E(Z;U;) = 0 for all ;, j < n and the linear projection of D; on Z; satisfies:
D;=Z;6+V;,where E(Z;V;) =0 forallij <n. (3)

The instruments Z; contain elements not in X;. Assume (a) E(X;V;) = 0 foralli,j <n,
which is implied by (3) if X; is a sub-vector of Z;, and (b) (U;, V;) is uncorrelated with
(U;, V;) for all j # i. These assumptions accommodate heteroskedasticity of (U;, V),
i.e., with conditional variance depending on (Xj, Z;); they do not require the joint

distribution of (U;, V;) to belong to any known parametric family. In Section 5, we



generalize the method by relaxing condition (b) and allowing for correlation between

(U;, Vi) across i < n. Write the linear projection of U; on V; as:
U; = le + e;. (4)

It is worth emphasizing that (4) is only a linear projection; it does not require any
structure between U; and V;. Suppose p # 0; that is, the endogeneity in D; is due to
the correlation between U; and V;. By the property of a linear projection, E(V;e;) = 0.
Moreover, E(Vie;) = 0 for i # j because V; is uncorrelated with (U}, V;); and E(Xje;) =
E(Zie;) = 0 for all i, j, because ¢; is a linear function of U; and V;. Thus, we can write

the reduced form in (2) as
Yi = ‘BNO + X:ﬁx + X/fx + DiﬁD + 5)7[) + le + ﬁ‘_/ +¢;, (5)

where p = =& and & = ¢; + £2%, with  denoting the group average of ¢;.

Because D; is a linear function of Z; and V;, the error terms é; in (5) are uncorrelated
with Z;, D;, V; and their group means. By regressing D; on Z;, we recover V; as residuals.
Thus we treat V; and their group mean V as “observable” in model identification.

Hoshino (2024) used control functions to identify conditional average treatment
response (CATR) in a general framework of potential outcomes, in which each indi-
vidual’s potential outcome is indexed by his own treatment as well as the aggregated
treatments and exogenous covariates of his peers. He also estimated a semiparametric
model where the individual CATR is linear in his own exogenous covariates. In com-
parison, we adopt a specific structure for the individual outcomes in (1), and focus on
recovering the social effects under social interactions.

Assume the support of (1, X;,Yl, D;, D,V V) is not contained in a linear subspace
for each i < n. We identify 50, Bx, Vx, Pp, Vb, p, p as coefficients in a regression of Y; on

(1, X ,Y, D;, D, VZ-,V). We then recover the structural parameters as:

p
p+p’

a= Bo=1-a)o, yx =1 -a)jx—apx, yp = (1 —a)fp — afp. (6)



Thus, exogenous variation from the control functions V; help us to solve the reflection
problem. Our method requires p # 0 in order to recover a from the reduced-form
coefficients in (6). One can test the null hypothesis "p = 0" by doing a t-test on the
reduced-form coefficient for V;in (5). This strategy leverages the covariance of (U;, V),
and is generally related to an approach of using second moments of outcomes to
identify social interactions models in Graham (2008).

Our method uses the control functions (V;) as generated regressors that satisfy the
exclusion restriction in Manski (1993). That is, if we substitute (4) into (1), then V; serves
as an additional regressor with no contextual effects in the structural form. Moreover,
the instruments for other peers, Z; for j # i, contribute to a second control function,
V, which targets the endogenous peer average D. Thus, these individual and peer
instruments enable us to resolve the reflection problem without further assumptions.

We can adjust this method when the endogenous covariate is a group-level variable.
In such a case, D; = D = D is the same for all i within a group. Thus, (DiﬁD + 5)/13)
in the structural form (1) by construction is consolidated into a single term (D*[S*D).

Consequently, the reduced form (2) is reduced to

Y; = fo+ XBx + Ylfx + (f_%)D* + U,

where f, 7x and U are defined as before. Suppose the instrument Z; = Z* isnow also a
group-level variable, i.e., D* = Z*6 + V*. Project the structural errors on the group-level
control function V* as before: U; = pV* + ¢;. This implies fli = (%) V* + ¢&;, where é; is
defined as before.

Coefficients BO, Bx, Vx, %, % are identified by regressing Y; on (l,X;,Y, D, V*).
Following Proposition 2 of Manski (1993), we can identify « (and all other structural
parameters) under an additional exclusion restriction - - that is, there exists at least one
exogenous covariate, say X;r, which does not have contextual effect (yx, = 0).

We conclude this section with similar results when the endogenous covariate in (1)

10



is binary:

DEl{Z(5+V>0} )

Under independent conditions and bivariate normality of (U;, V;) with covariance o,
A
we can construct individual control functions: R; = DZZEZ 5; (1-D; )1 @(Z 5 ,and derive

a reduced form for the conditional mean outcome:
E(YiX,D,Z) = fo + X/Bx + Y,?X + Difp + Dyp + 0,uR; + 5,0R, (8)

where 6, = 7%-0y,. This is similar to the reduced form (5) with continuous D;, except
that V;, V are replaced by R;, R. If Z; contains instruments not included in X;, then
the support of (1,X;,Y’,Di,5, R;, E) is generally not contained in a linear subspace.
Thus, we can use the same argument above to sequentially identify all structural social
effects, including the endogenous peer effect « = —22—. We provide full details in

OuptOup

Appendix A.1.

4 Two-Step Estimation

In this section, we mostly focus on the case when the endogenous covariate D,; is
continuous. Models with binary D; are estimated using a similar two-step procedure;
we explain how to do so at the end of this section. We present estimators when
X; is a sub-vector of Z;; generalization when X; have distinct elements from Z; is
straightforward.

Suppose our sample contains G independent groups, indexed by ¢ = 1, ..., G. Group
sizes n, vary across the groups. For each group, we observe {Y,, D, Z,}, where Y, =
(Yg)isn, and likewise for Dy, Z,,.

Let § denote the first-step OLS estimate for § in (3). For each individual i in group g,
calculate Vg,i =Dy, - Zig’i(‘;, and Vg = 1 ng ng, and define a row-vector of generated

regressors as
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Let 0 = (ﬁo, B Vs Bpr Voo P ﬁ)’ be a column-vector of reduced-form parameters. Let
W() be a (Zg ng)-by-dim(0) matrix that stacks the row-vector of generated regres-
sors W,,(0) for all groups and individuals, and Y be (Xgng)-by-1 vector that stacks
the column-vectors Y, for all ¢ = 1,...,G. Our two-step estimator for 6 amounts to
regressing Y on W(): 6 = [W((‘ﬁ)’W(S)]_1 [W(5)’Y] .

We derive the asymptotic property of O as a two-step m-estimator as follows. First,
under regularity conditions, e.g., as in Lemma 4.3 of Newey and McFadden (1994),
%W(5)’W(5) and éW(S)’Y converge in probability to their population counterparts,
and consequently oL 0, as G — oo. Next, let A = limg_o E (é Zg WéWg), where
W, is shorthand for W,(6) evaluated at the true parameter. Under standard regularity

conditions, the first-order condition in the second-step regression implies:
VG (0-0)=A" {—G—1/2 Y 50 8)} +0,(1),

where s4(0; 5) = Wg(é)’ [Yg — Wg(5)6], with Wg(é) being ng-by-dim(0) and stacking

Wg,i((‘;) across i in group ¢. A mean-value expansion of s,(6; 6) around 6 implies
G2 Zg 54(6;8) = G2 ngg(e; 5) + Fo VG(6 — 5) + 0,(1),

where Fy = limg_,o E [% Y ¢ VoSg(0; 6)]. Let r,(6) denote the influence function in the
asymptotic linear representation of the first-step estimator 4. That is, VG(6 - 6) =

G2 ¥, 74(6) + 0,(1). It then follows that the limiting distribution of 0 is
VG(6-0) 5 N(0,A71BATY),

where B = limg o E| £ X, 114(0; 6)my(0; 6)' |, with mg(6;6) = s4(6;6) + Forg(©).

The asymptotic variance can be consistently estimated by plugging in sample
analogs of its components. In our empirical application, we use bootstrap resam-
pling methods to calculate the standard errors. Our estimator 0 is a smooth function of

sample averages constructed using OLS coefficient estimates 6 in the first step. Hence
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we employ the bootstrap algorithm to approximate sampling uncertainties in the ap-
plication. A formal proof of bootstrap validity is outside the scope of the paper, and
left for future research.

To estimate the remaining structural parameters «, o, yx, Yx, plug 6 in (6). The
asymptotic variance of these estimators can be obtained from the limiting distribution
of the reduced-form parameters 0 using the delta method.

Estimating the model with a binary D; requires a similar two-step procedure. First,

estimate 4 in the probit model (7), and construct control functions as

Ry = [Dgid(Zgid) — (1 = Dg)A(-Zg,d)],

—

where A(-) = ¢(-)/D(-), and Eg = % Z?jl /lig,i. Construct generated regressors as

W (6) = (1,X’

— - -~ =
g, Xg/ Dg,i/ Dg/ Rg,i/ Rg) .

By regressing Y on WR(8) (which stacks ng(é) over g,1), we obtain a root-n consistent
and asymptotically normal estimator for reduced-form coefficients in (8). We can then
estimate all structural social effects by transforming the estimates of reduced-form
parameters, as discussed in the identification section and detailed in Appendix A.1. We
also provide an extension of the method when there is unobserved group heterogeneity.

We offer two solutions: the random coefficient approach and the fixed effects method.

5 Extension: Correlated Individual Heterogeneity

In this section, we extend the method for continuous endogenous variables in Section
3 to allow the structural errors in (1) to be correlated across individualsi = 1,2,...,n
within each group. We maintain the identifying conditions as in Section 3, except for
the uncorrelation between (U;, V;) and (U, V).

To apply a control function method in this case, project U; onto V; and the average

13



of V; with j # i in the first step:
Ui = puVi+ Vi + en, )

In this linear projection, the coefficients p, and ¢, as well as the projetion error ¢, ;
depend on the group size n in general. Substituting (9) into (2) and using the facts that

V.= % and 1 Y. V.=V, we get

Y; = fo + XBx + X Jx + Difip + Dp + puVi + @,V + &y, (10)
for each i, where p, = p,, — nqi"l, Pn = a(p1n_+a(pn) + 5 Ou, the reduced-form coefficients EO,

Vx, 7p are defined as in (2), and ¢, is defined just as ¢; in (5), only with dependence on
group size n made explicit in the subscript.

Under the assumptions in Section 3 except for the uncorrelation of (U;, V;) across
i < n, the composite errors &,,; are uncorrelated with all covariates on the right-hand
side of (10), including V; and V. Thus, we can use OLS to consistently estimate p,
and @,, along with the other coefficients in (10). It remains to recover the structural
parameters in (1) and the projection coefficients p, and ¢, in (9) from the coefficients
in (10). This can be done through either one of the following two approaches.

The first approach is to use an exclusion restriction as introduced in Manski (1993)
for social interactions models with no endogenous covariates. That is, an exogenous
covariate, say, X, is restricted to have no exogenous contextual effect (yxr = 0).
Under this condition, one can recover a from the reduced-form coefficients fx; and
Pxx = 75 Pxk- With the endogenous peer effect a identified, one can then recover
Bo, Vx, Yp from ﬁo, ¥x,Vp as in (6), and solve for p,, ¢, from p,,, @,.

The second approach is to exploit exogenous variation in group sizes while the
structural parameters in (1) are fixed. Assume (D;, Z;) are independent across i < n.
This implies the errors V; in the linear projection of D; on Z; are independent across
i, which conforms with the condition E(Z;V;) = 0 for all , j in Section 3. To reiterate,

unlike Section 3, we allow structural errors U; to be correlated across i in this section.
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In the linear projection of U; on (V;, V_) in (9), the coefficient @, for V_; varies
with the group size n while the coefficient p, for V; is invariant over n. This property
follows from the independence between V; and V_; and a standard decomposition
of subvector coefficients in linear projections; see, e.g., Section 2.23 in Hansen (2022).
More specifically, in a linear projection of V; on V_;, the projection error is V; itself
because of the independence between V; and V_;and E(V;) = E (V_) =0. Similarly, the

error in a linear projection of V_; on V; is V_; itself. Hence, the projection coefficients

EUV_)
(V )2

with group size n. Moreover, suppose E(U;V;) = E(U; Vi) # 0 and E(Vz) = E(V,%) for all

UV) -

in (9) are p, = = pand ¢, = respectively, with only the latter varying

E(U;V))
E(V2

jk #1.° Then g, = (n—1)y, where p = . Thus, the coefficients g, and @, in (10) are
simplified to g, = p — ¢ = p for all group size n, and ¢, = p (ﬂ) +n (%)7 Therefore,
using exogenous variation in group size n and the reduced-form coefficients (p,, ¢,)
identified in (10), we can recover a and ¢. This then allows us to identify o, ¥x, ¥p
from fo, x, Pp as in (6).

The methods above allow for flexible correlation between the structural errors
across i in the same group. This differs qualitatively from earlier papers which used
second moments of observed outcomes to identify peer effects, e.g., Sacerdote (2001)
and Liu (2017). In those papers, the individual structural errors are assumed to be
uncorrelated within each group.

Endogeneity issues caused by measurement errors or omitted variables can also be

subsumed in the framework we considered above.

Example 1. (Measurement Errors) Consider an actual data-generating process
Y. = aY + Bo + X' px + X/yx +D;Bp + ﬁyg +e¢ fori=1,..,n,

where D? can only be measured with noise in the data: D; = D} + {; with (; being

the measurement error. The feasible structural equation takes the form in (1), with D;

®These conditions hold if (i) the joint distribution of (U;, D;, Z;, Dy, Z) is exchangeable in j, k, (ii) U;
is correlated with V; through their respective correlation with U, and (iii) (D}, Z;) are i.i.d. across j.

7To see this, note @, = 1% [p + (1 = D] + nyp = & [n + pl + ny = j (7% ) +n ().
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in place of D} and U; = ¢; — (;fip — Z)/D, which are correlated across i through C. For
simplicity, let X; be a subvector of Z;.

Suppose the following conditions hold: (i) (Z;)i<, are exogenous in the sense that
E(Ziej) = E(Z;C;) = 0 for all i, j; (ii) (D;, Z;) are independent across i. Then E(Z;U;) = 0
under (i). Furthermore, E(Z;V;) = 0 for all i, j under (ii), where V; is the error in a
linear projection of D; on Z;. Thus the identifying conditions in Section 3, except for
uncorrelation of (U;, V;) across i, hold in the current model.

One can then uses either one of the two approaches above (i.e., use an additional
exclusion restriction or exogenous variation in group sizes) to identify the model
primitives. Footnote 6 collects the sufficient primitive conditions for using exogenous
variation in group size n to identify the model. All of them are plausible in the setting
we consider in this example. For instance, the condition that E(U;V;) # 0 for i # j is
plausible in the model with measurement error, because of the correlation between C in
U; and the residual C; in V;. It is worth noting that none of the conditions required for
our method in this section rule out non-classical measurement errors, i.e., our method

applies without imposing ; is independent from D:. ]

Example 2. (Omitted Variables) Consider the social interactions model in (1) with an
omitted variable &;. That is, &; is an individual covariate with direct and contextual
effects but not observed in data. Consequently, it is subsumed into the structural error
term in (1), i.e., U; = &P + E}/g + €;, where ¢; is the actual structural error if &; were
included in the structural equation. The issue of endogenous covariates arises when
D; is correlated with &;. Similar to Example 1, the structural error U; is in this case
is also correlated across i through the shared group mean &. By arguments similar to
Example 1, one can apply our methods in this section to identify the model when (i)

E(Z;&j) = 0 and E(Z;ej) = 0 for all i, j, and (ii) (D;, Z;) are independent across i. [ |
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6 Peer Effects in Academic Achievements

Social interactions models have been used for studying how group peers influence
each other’s outcomes in lots of contexts. There is a big literature of peer effects on
students” academic achievements (Hoxby, 2000, Sacerdote, 2001, Zimmerman, 2003,
Angrist and Lang, 2004, Calvé-Armengol, Patacchini, and Zenou, 2009, Carrell, Fuller-
ton, and West, 2009, Burke and Sass, 2013, Ross and Shi, 2021) and on neighborhood
effects (Katz, Kling, and Liebman, 2001, Sampson, Morenoff, and Gannon-Rowley,
2002, Durlauf, 2004, Kling, Liebman, and Katz, 2007, Chetty, Hendren, and Katz, 2016).
There are also significant findings of peer effects on juvenile behavior (Gaviria and
Raphael, 2001), on adolescent overweight (Trogdon, Nonnemaker, and Pais, 2008), on
juvenile corrections (Bayer, Hjalmarsson, and Pozen, 2009), on recreational activities
(Bramoullé, Djebbari, and Fortin, 2009), on diffusion of products (Bollinger and Gilling-
ham, 2012), on productivity (Waldinger, 2012, Cornelissen, Dustmann, and Schénberg,
2017) and so on

In this section, we study peer effects in student academic achievements using data
from elementary schools in the State of Tennessee. The data comes from the Stu-
dent/Teacher Achievement Ratio (STAR) Project, which was a four-year longitudinal
study funded by the Tennessee General Assembly, and conducted by the Tennessee
State Department of Education. The project was designed to study the relationship
between class sizes and student academic performance through randomized experi-
ments.

We apply our method to study endogenous peer effects and exogenous contextual
effects in students’ scores in Grade 3 math tests. In particular, we include students’
lagged math test scores from Grade 2 as an explanatory variable, in order to account
for previous educational inputs and the state dependence in each student’s math pro-
ticiency, and obtain an “value-added” interpretation. Other papers that used lagged
scores as covariates include Todd and Wolpin (2003) and Hanushek, Kain, Markman,
and Rivkin (2003). Our analysis takes account of endogeneity in Grade 2 scores,

which may arise due to persistent unobserved heterogeneity of a student, such as en-
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dowed/innate math competence, parents’ influence, or additional attention/guidance
from the teachers.

A series of earlier papers had used the same source of STAR data to study the
relation between students” academic achievements and class or peer characteristics.
Word et al. (1990) and Krueger (1999) found evidence that on average small classes had
positive effects on student achievements; Krueger and Whitmore (2001) analyzed the
effect of students’ past attendance in small classes; Dee (2004) investigated the effect
of exposure to an own-race teacher; Whitmore (2005) documented that both genders
showed similar gains from being assigned to small classes, and noted that such gains
depend on the gender composition of classrooms. Graham (2008) and Sojourner (2013)
estimated the impact of peer characteristics on student outcomes, by exploiting second
moment restrictions and pre-assignment achievement measures, respectively. In the
terminology of Manski (1993), the impact they recovered is a composite of peer and
contextual effects.

Boozer and Cacciola (2001) estimated the peer effects in a model with no contextual
effect, using experimental variation in class quality (fraction of students exposed in
the previous year to small classes) as an instrument for peer achievement. Hanushek,
Kain, Markman, and Rivkin (2003) studied a model where the vector of student/family
characteristics with direct effects differed from those with contextual effects. They also
used lagged rather than contemporaneous peer achievement in the structural form.

Our work differs from these papers, and contributes to the literature by estimating
the peer, contextual and individual effects in a general specification that allows all
individual characteristics to have contextual effects, and accommodates endogeneity
in students’ lagged test scores.

Our sample contains 4,821 students in 327 classes from 79 schools in the State
of Tennessee. The students were randomly assigned into one of three class types
(interventions): small class, regular class, and regular-with-aide class. Teachers were
also randomly assigned into classes. The longitudinal study followed a cohort of

students from kindergarten to the third grade. For each student, the sample reports
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race, gender, days of absence and presence in the third grade, as well as the type of
class the student attended in each grade. The data also contains students’ Self-Concept
and Motivation Scores in each grade.® In addition, the data reports the experience and
qualification of teachers assigned to each class, as well as whether the school is located
in an urban area.

We study the peer effects in classroom on Grade 3 (G3) math test scores when Grade
2 (G2) math performance is potentially endogenous due to the reasons mentioned
earlier. Table 1 summarizes student and class characteristics in the sample. G3/G2
math scores report the percent of learning objectives mastered by a student, which are
measured on a standardized scale of 100, a.k.a. BSF (Basic Skill Factor); other covariates
with no designated units are dummy variables.

We adopt the following econometric specification for peer and contextual effects
in classroom, with fp,yp reflecting the “path dependence” on a student’s own and

classmates’ test scores in G2 math:
G3Mg; = ag + a1G3Mg + X[, Bx + X yx + BoG2Mg, + ypG2My + pVi +egi. (1)

This conforms to (1) with G2M, ; being an endogenous covariate and individual errors
decomposed by its linear projection on control functions: Ug; = pV; + eg.

In our specification, X,; contains both student and class characteristics. These
include Gender, White (a dummy variable for race), Days of Absence, self-reported
Motivation Score, Self-Concept Score, Class Type (small or regular), School Urbanicity,
Teacher Bachelor Degree,’ Teacher Experience (in years) and a dummy for whether the
teacher had received STAR training. We let Xg consist of the proportion of female and
white students in each class, the class averages of days of absence and presence, and

the class average of motivation and self-concept scores.

8Each student participating in STAR was asked to complete a self-concept and motivation inventory,
ak.a. SCAMIN (Milchus, Farrah, and Reitz, 1968), which asked students to indicate pictorially their
responses to 24 situations. These responses are then condensed into a continuous measure of motivation
and self-concept on a scale between 0-60.

9We define Teacher Bachelor Degree to be 1 if the teacher is with a bachelor degree and 0 for those
with master and higher degree.
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Table 1: Summary Statistics

Variable| Mean SD
G3Math| 83.859 19.614
G2 Math| 89.540 12966
Female 0.491 0.500
White 0.677  0.468
Absence (days) 6.568 6.047
G3 Motivation| 49.214  3.978
G3 Self-Concept| 44.163  4.773
G2 Motivation| 49.618 3.732
G2 Self-Concept| 46.786  4.655

Class Characteristics

G3 Small Class 0.416 0.494
G2 Small Class 0.382 0.487
School Urbanicity 0.526 0.500
G3 Teacher Bachelor Degree 0.557 0.498
G2 Teacher Bachelor Degree 0.606 0.489
G3 Teacher Experience (yrs)| 13.981 8.606
G2 Teacher Experience (yrs)| 13.281 8.787
G3 Teacher STAR training 0.153 0.360
G2 Teacher STAR training 0.147 0.354

As noted in Section 3, V,; is the residual from a first step that regresses G2 math
scores on a vector of exogenous covariates, which include our choice of instruments:
the lagged values of motivation score, self-concept score, teacher experiences and
qualifications, and the type of class attended in the second grade. In the structural
form, these instruments do not directly contribute to G3 math scores, once the path
dependence through G2 scores are taken into account. On the other hand, they do
directly contribute to the endogenous G2 math scores. In Appendix C, we report the
estimates, R-square and F-statistic from the first-stage regression (Table 9). It provides
evidence that some lagged information about teachers and students has a statistically
significant impact on G2 math scores.

Table 2 reports the results from our two-step estimation. The endogenous peer
effect is estimated to be 0.598, and significant at 5% level. A student’s G2 math score
has a significant, positive effect on his/her own G3 math score; the estimated size of this
effect is larger than that of the endogenous peer effect. Teachers with master degrees
(and higher) have a positive effect on students” G3 scores. The days of absence from
school has a small yet significant negative effect (per day) on G3 scores.

The statistical significance of V,; corroborates the endogeneity of Grade 2 math
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Table 2: Estimates of Social Effects in Structural Equation

Variable | Estimate Standard Error
G2 Math 1.142** 0.212
Average G2 Math| —0.558** 0.164
Female 0.506 0.501
Average Female 0.449 1.813
White 2.371** 1.128
Average White| -0.162 2.729
Absence| -—0.185** 0.041
Average Absence| —0.045 0.182
Motivation 0.062 0.064
Average Motivation| —0.194 0.165
Self-Concept 0.067 0.050
Average Self-Concept 0.037 0.148
Small Class 0.005 1.022
School Urbanicity 1.426 1.018
Teacher Degree| -1.711* 0.891
Teacher Experience| —0.052 0.055
Teacher STAR training| -1.076 1.055
Intercept| —16.740 15.048
Endo. Peer effects 0.598** 0.267
V| -0369* 0.213

R? = 0.348, F-statistic=134.9 from the reduced form regression.

scores in (11). The negative sign for its coefficient may be attributed to two causal
components that are jointly at play. First, G2M,; serves as an effective control/proxy
for a student’s ability (innate math competence) in the structural form of G3M,; in
(11). Hence, the structural error U,; in G3M,; reflects not so much the student’s
latent ability as other residual factors, e.g., individualized influence by the teacher
or parents. Second, there is negative serial correlation between these other residual
factors in Grade 2 and 3. For instance, students who received negative shocks V;, and
consequently low G2M,; scores, may draw further attention and guidance from the
teacher or parents in the subsequent (third) grade, which amounts to more positive
shocks of U, ; in G3M,,;. Based on these premises, U,; on V; are negatively correlated,
as the estimated coefficient for V suggests in Table 2.

For comparison, we estimate two alternative models which ignore endogeneity
or path dependence in Grade 2 scores. The first model (Table 3) has no endogenous
peer effect, but includes G2M,; and its contextual effect as covariates in the structural
form for G3M,,;. To estimate this model, we use the control functions to deal with
endogeneity in G2M, ;, with f/\g,i being residual from the first stage regression in Table

9. The second model (Table 4) is even more simplistic in that it includes neither an
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endogenous peer effect nor G2M,; in the structural form for G3M, ;.

Table 3: Estimation Results: No Peer Effects
Variable | Estimate Standard Error
G2 Math 1.404** 0.132
Average G2 Math| -0.219** 0.046

Female 0.327 0.489
Average Female 1.953 2.214
White 1.446 1.068

Average White 5.900** 1.348
Absence| —0.187** 0.040
Average Absence| —0.390** 0.128

Motivation 0.054 0.065

Average Motivation| —0.354* 0.195
Self-Concept 0.068 0.054
Average Self-Concept 0.197 0.155
Small Class 0.435 0.537

School Urbanicity 1.202* 0.618
Teacher Degree| —1.688** 0.476
Teacher Experience| —0.053% 0.028
Teacher STAR training| —0.965 0.644
V| 0634 0132

Intercept| —20.417 13.922

R? = 0.347, F-statistic=142.0.

Comparing Table 2 with Table 3 (no endogenous peer effect) and Table 4 (no en-
dogenous peer effect or path dependence) illustrates the consequence of ignoring those
factors in estimation. In Table 3, school urbanicity, teacher experience and training
have significant direct effects on G3 math scores; white race, days of absence and self-
reported motivation have significant contextual effects. However, these effects were
not statistically significant in Table 2 where endogenous peer effects are accounted for
in estimation. Also, the coefficient for G2M,; is estimated to be 1.404 in Table 3, com-
pared with 1.142 in Table 2. These discrepancies indicate that ignoring the endogenous
peer effects would lead to over-estimation of the extent of path dependence on G2 math
scores, as well as the impact of some exogenous covariates. Intuitively, this is because
neglecting endogenous peer effects in the structural form results in an attribution of
explanatory power to other channels of individual or contextual effects.

Comparison of Table 4 with Tables 2 and 3 shows that ignoring the endogeneity in
G2 math scores would suggest small classes have a significant positive effect on G3

math scores. Such significance disappears once we include G2 math scores to capture
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Table 4: Estimation Results: No Peer Effects and No Path Dependence

Variable | Estimate Standard Error
Female 1.404** 0.557
Average Female| —0.985 2.558
White 6.501** 1.113
Average White 8.844** 1.458
Absence| —0.264** 0.046
Average Absence| —0.626** 0.146

Motivation 0.067 0.076

Average Motivation| —0.069 0.225
Self-Concept 0.173** 0.062
Average Self-Concept| -0.073 0.179
Small Class 2.378%* 0.573

School Urbanicity| —0.082 0.704

Teacher Degree| -2.280** 0.550
Teacher Experience| —0.081** 0.033
Teacher STAR training| —0.353 0.743
Intercept| 76.402** 10.659

R? = 0.123, F-statistic=44.75.

path dependence, and use control functions to account for its endogeneity in Table 2.
That small classes have no significant effect on student achievements is consistent with
the findings in Lazear (2001), Hanushek (2003).

Our analysis confirms significant peer effects among students with endogenous
path dependence in academic achievement. Methodologically, our approach comple-
ments the set of identifying strategies in the literature: variation of friends” identities
and characteristics (Bramoullé, Djebbari, and Fortin, 2009, De Giorgi, Pellizzari, and
Redaelli, 2010, Lin, 2010), second moment (Sacerdote, 2001, Graham, 2008, etc.), ex-
clusion restriction (Moffitt, 2001, Brock and Durlauf, 2001, Blume, Brock, Durlauf, and
Ioannides, 2011, Lee, 2007a), aggregated characteristics (Evans, Oates, and Schwab,
1992, Rivkin, 2001), etc.

Hanushek et al. (2003) found highly significant peer effects in the academic achieve-
ments of elementary school students in Texas. They used a fixed-effect method to deal
with endogeneity caused by omitted and mismeasured variables. In comparison,
we tackle endogeneity of individual covariates using control functions. Our results
suggest that neglecting such endogeneity may lead to misleading conclusions. The
empirical literature also featured qualitatively different findings in other different set-
tings. For example, Burke and Sass (2013) found little or no peer effects in the academic

performance of Grades 3-10 students in Florida public schools. Sacerdote (2011) sum-
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marized the empirical findings about peer effects in student outcomes at various levels.

7 Conclusion

We use control functions to identify and estimate the endogenous peer effects and
exogenous contextual effects in linear-in-means social interactions models with en-
dogenous covariates. We resolve the "reflection problem" as noted in Manski (1993)
by exploiting the variation in individual instruments for endogenous covariates. Our
approach has several desirable features. It applies classical control function methods
(or Heckit correction when the endogenous covariate is binary) in the new context of
social interactions, and it is easy to implement in practice. Our method does not need
additional instruments for simultaneity in individual outcomes, which are often hard
to find in practice. The exclusion restriction that some covariates have no contextual
effect can also be dispensed with in our method. The method we propose applies to
studies with peer effects/strategic interactions when covariates are prone to be endoge-
nous due to unobserved heterogeneity; it is also extended to deal with endogeneity
caused by measurement errors or omitted variable. Applying our method to estimate
social effects in Grade 3 math scores of elementary school students in Tennessee, we

find significant evidence for positive peer effects and path dependence on G2 scores.
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Appendix

A Binary Endogenous Covariate

Let the endogenous covariate D; in (1) be a binary treatment for individual i. As noted
in Section 2, this relaxes the SUTVA assumption in program evaluation.

Manski (2013) studied treatment responses with social interactions. He achieved
partial identification with restrictions on treatment responses. Lazzati (2015) took a
different approach using conditions on the primitives in a structural model that are
motivated by economic theory. Exploiting monotone comparative statics, she showed
those conditions imply shape restrictions on the distribution of potential outcomes,
which led to partial identification of the distribution of potential outcomes. We focus
on the case that there are spillover treatment effects from group peers.

Assume for each i,

Di=1{Z/5+V: 20}, (12)

where Z; contains distinct elements not in X;. This subsumes the case where X; is a
strict sub-vector of Z;. Let D = (D;);<,,; likewise for Z, V, X, U. Write the reduced form
in (2) as

Yi = fo + Xipx + X 7x + Dipp + Dyp + E(Ui|X, D, Z) +

where E(1;|X, D, Z) = 0 by construction. Assume that (U;, V;) are identically and inde-
pendently distributed across i < 1, independent from (X, Z), and bivariate normal

(= {(0 ) o)) om0

A.1 Identification via Control Functions

Unlike the case of continuous D; in Section 3, the control functions for the case of binary
D; exploits the property of bivariate normality of (U;, V;). Specifically,

OwR,

E(UIX,D,Z) = E(UIX, D, 2) + 7—E(UIX,D,Z) = 0,oR; + T—
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where R = % YicnRi- Ri = Di% -(1- Di)%, where ¢ and @ denote the standard
normal density and distribution respectively.

The second equality is due to the independence of (U;, V;) across i and their joint
independence from (X, Z); the third equality uses the bivariate normality of (U;, V).
Note R; is a typical correction term for the endogenous D;, or a control function, when
the latent errors are bivariate normal. (See Heckman, 1978, Gourieroux, Monfort,

Renault, and Trognon, 1987, Vella, 1993, 1998). Denote 6., = 1% 04,. Thus
E(Y{|X,D,Z) = fo+ XBx + X 7x + Difp + Djip + 0uuR; + 5,0R. (13)

With Z; assumed independent from V; and the standard deviation of V; normalized to
1, we can identify and consistently estimate 6 from (12) using a probit step. Thus R;
can be treated as known in subsequent steps for identification.

Assume the support of (1, X;,Y,, D;, D, RZ-,E) is not contained in a linear subspace
for each i. This condition holds generically because Z; has distinct elements excluded
from X; and because R; is nonlinear in Z;. Thus regressing Y; on (1, Xl’.,i’, D;, D,R;, E)
in (13) identifies 50, Bx, 7x, Pp, VD, Ouv, 0o, Which allows us to identify the remaining
structural parameters as:

a= —Guvai%uvl Bo=(1—a)o, yx =(1—a)yx—apx, yp = (1 —a)jp — afp. (14)
The reflection problem is thus solved using exogenous variation provided by the terms
that correct endogeneity: R;,i < n. This strategy builds on the covariance of (U;, V;),
and is related to a general approach of using second moments of observed outcomes
for identifying social interactions models introduced in Graham (2008).

As in Section 3, there is an intuitive interpretation of this method. We use instru-
ments Z; to construct individual control functions (CFs) R;. Substitute U; = 0,,R; + (;
in the structural form (1), where (; = [U; — E(U;|X, D, Z)]. Then R;’s serve as generated
regressors that satisfy the exclusion restriction in Manski (1993). Moreover, the instru-
ments for the other peers, Z; for j # i, contribute to a second CF, R, which targets the
endogenous peer average D. Thus we are able to solve the reflection problem without
further assumptions.

The assumption that “(U;, V;) are independent across i” is stronger than necessary
for our control function approach; it is only essential for tractable estimation in the
linear parametric framework. In Section A.3, we show how to relax this independence
assumption and allow for correlated effects in a “leave-one-out” social interactions
model where individual errors are correlated through latent group heterogeneity.

Our method relies on the existence of endogeneity, i.e. o,, # 0. Without such

endogeneity, R; would not enter the structural or reduced form of the model. As a
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result, we would not be able to recover the peer effect « as in (14).
It is important to note that we can test the null hypothesis "o,, = 0" by doing an
F-test for a null hypothesis that the coefficients for R; and R in (13) are jointly zeros. A

direction for future research is to account for such a pre-test in inference.

A.2 Extension: Random-effect Group Heterogeneity

Suppose the structural form is similar to (1), except that it contains a group-level

unobserved heterogeneity c. The reduced form of such a model is:
Y = Bo+ X'Bx +X’)7x+DﬁD+B)7D+E+ U fori <n,

where ¢ = ¢/(1—-a) and Eo, V2, YDy f[i are defined as in Section 2. Let D; be determined as
in (12). To fixideas, suppose X; is a strict sub-vector of Z;. Let Z = (Z;);<,; likewise define
two n-vectors U, V. Assume E(c|Z, V) = 0, (U, V) is independent from Z, and (U;, V) is
bivariate normal and independent across i. Under these assumptions, E(Y;|Z, D) takes
the same form as (13):

E(Yi\Z,D) = fo + X'Bx + X 71 + DBp + Dyip + 0uoR; + G1oR.

Therefore, we can apply the method in Section A.1 to estimate structural parameters.
The main identifying condition is the “random effect” assumption E(c|Z, V) = 0.

This rules out endogeneity in D; due to correlation between group heterogeneity c and

individual noises V. However, both (U;, V;) and (¢, U) are allowed to be correlated

respectively. In a multivariate normal case, this holds if:

c 0 02 o 0 o4 O
u; 0 o> o, 0 0
vi |~N|| o], 1 0 0
u; 0 o2 o
v 0 1

A.3 Extension: Fixed-effect Group Heterogeneity

we now remove the random-effect assumption E(c|Z, V) = 0, and apply a fixed-effect
approach to recover peer and contextual effects in a social interactions model. We
allow group sizes to vary across observations, and assume the structural parameters
are the same across groups with different sizes. This assumption was maintained in
other papers that used group size variation to identify models with social interactions or
social networks, such as Lee (2007a) and Davezies, d’"Haultfoeuille, and Fougere (2009).
In this section, we extend these papers by allowing for endogenous covariates; we use

variation in individual instruments, as well as group sizes, for model identification.
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Consider a social interactions model with “leave-one-out” group means:
Yi=aY_;+ X Bx + Y’_iyx + Difp + E_in +c+ U fori<mn,
where Y_; = ﬁ Y i Y; and likewise for X_;and D_;. Lee (2007a) showed:
Yi =Y = (X; = X)7ixu + (Di = D)1ip, + mo,(U; = 1),

where Y = L Y%, Yi and likewise for X,D, U, and

_ (n—1px —yx
T n-l+a

:(”—1),3D—7/D _ n-1

STy = ————. 15
n-1+a 0 n-1+a«a (15)

7—(X,n ’ 7—[D,n

The endogenous D; is determined as in (12), with X; being a strict sub-vector of Z;.

As before, assume that (U;, V;) are independent from Z, and are i.i.d. bivariate
normal across group members i < n. Normalize the standard deviation of V; to 1. As
before, E (U;|Z, D) = E (U;|Z;, D;) = 0.,R; and E(U|Z, D) = 6,,R with R = ¥, R;/n. Thus
by regressing Y; — Y on (X; — X,D; — D,R; — E) and their interaction with group size
dummies, we can consistently estimate mx,, 7p,, and 7y, = 7,0, for n > 2. For each
group size n represented in the data-generating process, we can use (15) to construct a
linear system:

o

Bx

~nx, n—-1 -1 0 0 0 (n — Dy,

e 0 0 n-1 -1 0 | " |=|uw-1mn,
e 00 0 o0 n-1) PP (n — 1)t
yD ————
=M(n) Ouv =b(n)
——

=T

M b
Stacking two linear systems with group sizes n # n’, we get () T = () .
M(n) b(n’)

The structural parameters are identified as long as the coefficient matrix on the
left-hand side has full rank. This holds generically over the parameter space of
(a, Bx, Vx,PD, VYD, Owo). With more variation in the group sizes, we can append the
linear system above with more equations to achieve identification under proper rank
conditions. Note the assumption on the unobserved errors here is weaker than that
in the previous subsection. Namely, in a multivariate normal case, this means the

covariance between c and V; as well as U; are allowed to be both nonzero.
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B Monte Carlo Evidence

We consider two Monte Carlo experiments, with the endogenous variable being con-

tinuous and binary respectively.

B.1 Continuous Endogenous Variable

In this subsection, we use a DGP with continuous endogenous covariates D. We let
Xi, D;both be scalar variables. For each group, let Z; = (1, X, Z;;) be independent across
i < n, and Xj, Z; be independent, standard normal. Y; is generated by the reduced
form in (5) and D; is generated by (3). Both V; and e; are drawn from standard normal
and U; = pV;+e;. The true parameters are: («, Bx, ¥x, fo, Yo, p) = (1/2,1,1,1,1,2/3) and
6 =(0,1,2). As before, we experiment with group sizes n = 5 and n = 10, and sample
sizes G = 250,500,1000. We report average biases and MSE with 1,000 replications in
Tables 5 and 6.

Table 5: Monte Carlo Results: Continuous D (n = 5)

G

Average Bias

a Bo Bx PBp Yx Yp P

250
500
1,000

-0.007 0.014 0.002 0.000 0.022 0.028 0.000
-0.002 0.006 0.001 0.000 0.005 0.009 0.001
-0.002 0.005 -0.001 0.000 0.007 0.009 0.000

MSE

o Po  Bx Po  yx Yo p

250
500
1,000

0.004 0.018 0.002 0.000 0.062 0.074 0.001
0.002 0.008 0.001 0.000 0.027 0.033 0.001
0.001 0.004 0.000 0.000 0.014 0.016 0.000

Table 6: Monte Carlo Results: Continuous D (n = 10)

G

Average Bias

o Po  Bx Po  yx ¥Yp P

250
500
1,000

-0.007 0.015 0.001 0.000 0.023 0.029 0.002
-0.004 0.010 -0.001 0.001 0.019 0.018 0.000
-0.002 0.005 0.000 0.000 0.009 0.010 0.000

MSE

o Po PBx Po  yx ¥ypb P

250
500
1,000

0.003 0.014 0.001 0.000 0.051 0.060 0.001
0.002 0.007 0.000 0.000 0.026 0.031 0.000
0.001 0.004 0.000 0.000 0.013 0.016 0.000

In Tables 5 and 6, both the average bias and the mean-squared error decrease at the
same rate as the increase in sample size. This confirms our asymptotic theory that the
two-step estimator is root-n consistent. That the squared average bias converges at a

rate faster than the increase in sample sizes indicates the dominant component in MSE
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is the estimator variance. Meanwhile, the size of groups does not have an obvious

impact on estimation precision, especially in larger samples.

B.2 Binary Endogenous Variable

We adopt the same specification for the distribution of (Xj, Z;) as in Appendix B.1. For
each i, let (U;, V;) be drawn from the bivariate normal with mean (0, 0), unit variance
and covariance matrix o,,. We set the true parameters as (a, fx, ¥x,Bp, VD, Ouw) =
(1/2,1,1,1,1,2/3). The vector of outcomes Y;,i < n is generated by the reduced form
in (2), and D; is generated by (12) with 6 = (0,1,2). We experiment with group sizes
n =5 and n = 10, and sample sizes G = 250,500, 1,000. We report average biases and
MSE with 1,000 replications in Tables 7 and 8.

Table 7: Monte Carlo Results: Binary D (n=5)
G Average Bias
a Bo Bx Po ¥Yx Vb Ow
250 |-0.028 -0.045 0.001 0.001 0.109 0.151 -0.001
500 |-0.015 -0.026 0.000 0.002 0.054 0.076 -0.001
1,000(-0.007 -0.012 -0.001 0.001 0.029 0.036 0.000
MSE

a ,30 Bx Bp Vx VD Ouy
250 | 0.025 0.123 0.001 0.007 0.365 0.652 0.005
500 | 0.010 0.053 0.001 0.004 0.141 0.255 0.002
1,000| 0.004 0.023 0.000 0.002 0.060 0.103 0.001

Table 8: Monte Carlo Results: Binary D (n=10)
G Average Bias
a Bo Bx Bp VX VD Ouy
250 |-0.033 -0.051 -0.001 0.003 0.125 0.163 -0.001
500 |-0.017 -0.029 -0.001 0.001 0.067 0.084 0.000
1,000|-0.008 -0.014 0.000 0.000 0.029 0.039 0.000
MSE

a Bo Bx PBp VYx Vb Ow
250 | 0.032 0.132 0.001 0.003 0.461 0.844 0.002
500 | 0.009 0.049 0.000 0.002 0.134 0.226 0.001
1,000| 0.004 0.021 0.000 0.001 0.055 0.094 0.001

Similar to the case with continuous D;, the simulation results are consistent with
root-n convergence of the two-step estimator, and the group size does not seem to
have an obvious impact on estimation precision. Overall, both the average bias and
the mean-squared errors appear to be larger than those reported for the DGP with
continuous D;. This comparison is more obvious with smaller samples. We conclude
that in this setup, the smaller variation in the endogenous D; has lead to decrease

estimation precision, once such endogeneity is dealt with using control functions.
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C First-stage OLS Result

Table 9: First-stage OLS Results: Grade 2 Math Scores

Variable | Estimate Standard Error
Female| -2.774 6.051
Average Female| -1.029 1.673
White| 18.613** 7.209
Average White 2.875** 1.135
G2 Small Class 2.779 6.057
School Urbanicity 3.012 6.710
G2 Teacher Degree| -2.162 5.614
G2 Teacher Experience| -0.254 0.326
G2 Teacher STAR training | —13.244* 7.533
G2 Motivation| -0.091 0.338
Average G2 Motivation 0.679** 0.180
G2 Self-Concept| —0.576* 0.340
Average G2 Self-Concept| —0.184 0.132
Female x White 0.569 0.945
Female x G2 Small| -1.057 0.795
Female x Urbanicity 0.546 0.879
Female x G2 Degree| -1.192 0.764
Female x G2 Experience| —0.047 0.043
Female x G2 Training 0.006 1.038
Female x G2 Motivation 0.126 0.113
Female x G2 Self-Concept| -0.039 0.088
White X G2 Small| -0.084 1.012
White x Urbanicity 0.117 1.375
White x G2 Degree 1.192 0.988
White x G2 Experience| —0.012 0.056
White x G2 Training 0.413 1.331
White X G2 Motivation| -0.416** 0.139
White x G2 Self-Concept 0.099 0.111
G2 Small x Urbanicity 0.743 0.936
G2 Small x G2 Degree| -1.102 0.846
G2 Small x G2 Experience| —0.061 0.048
G2 Small x G2 Training| -1.169 1.150
G2 Small x G2 Motivation| —0.053 0.117
G2 Small x G2 Self-Concept 0.076 0.096
Urbanicity x G2 Degree| -0.183 0.921
Urbanicity x G2 Experience 0.114* 0.055
Urbanicity x G2 Training 2.812** 1.206
Urbanicity x G2 Motivation 0.064 0.132
Urbanicity x G2 Self-Concept| —0.072 0.104
G2 Degree x G2 Experience| —0.004 0.051
G2 Degree x G2 Training 0.073 1.082
G2 Degree x G2 Motivation 0.014 0.111
G2 Degree x G2 Self-Concept 0.041 0.088
G2 Experience X G2 Training 0.106* 0.057
G2 Experience X G2 Motivation 0.003 0.006
G2 Experience x G2 Self-Concept 0.001 0.005
G2 Training X G2 Motivation 0.066 0.152
G2 Training x G2 Self-Concept 0.172 0.121
G2 Motivation x G2 Self-Concept 0.009 0.007
Intercept| 71.380** 17.279

R% = 0.081, F-statistic=8.527 with p-value 0.000.
**: 5% Significant; *: 10% Significant.
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