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1 Introduction

We study the identification and estimation of large Bayesian games on networks where in-
dividuals choose continuous actions in a linear-quadratic utility framework while holding
private information about their links as well as payoffs. Private information about links is
prevalent in many empirical environments where networks involve a large population. In
such cases, it is implausible to assume that each individual has complete information about
the full network structure. For example, Banerjee, Chandrasekhar, Duflo and Jackson (2014)
present evidence that members of rural communities in India had incomplete information
about the network structure based on the diffusion of gossips. The impact of private infor-
mation on links in network games has been studied theoretically by Galeotti, Goyal, Jackson,
Vega-Redondo and Yariv (2010) in their pioneering work. They establish the existence of
symmetric, monotone Bayesian Nash equilibria in such games and show that shifts in the de-
gree distribution due to increased connectivity have unambiguous effects on the equilibrium
behavior of individuals on the network.

Despite their empirical relevance and theoretical importance, large network games with
private links have not been investigated in the structural econometrics literature. Menzel
(2015) studies the identification and estimation of large Bayesian games where all individuals
are strategically interdependent with exchangeable generic types and actions conditional
on observed characteristics, and where private payoff shocks are conditionally independent
across players. In our model, individual types include their links and are therefore inherently
correlated between neighbors, thus inducing dependence between their actions in equilibrium.

We provide a new econometric framework for the structural analysis of large network
games with private information on links and payoffs. We extend Galeotti et al. (2010) to
build a tractable empirical model of network games where the individuals are heterogeneous
with such private informationE] Under a quadratic payoff specification (common in social

interaction models), we show that the model has a unique, symmetric Bayesian Nash equilib-

IThe model in Galeotti et al. (2010) focuses on homogeneous individuals with private information only
about their degrees. Each individual’s payoff depends on its degree and neighbors’ actions. In comparison,
our model accommodates a second source of private information in payoff shocks. This is because we consider
data environments where the links are reported in the data, and thus need to allow for unreported private

information to avoid degeneracy in the econometric model.



rium. We then show the model is identified under the concept of “large-market” asymptotics,
whereby the number of networks is fixed and small but the sample size increases with the
number of individuals. Such an asymptotic concept has been used in the estimation of large
Bayesian games in different contexts. See, for example, Leung (2015), Menzel (2015), Lin
and Xu (2017), Kojevnikov and Song (2023) and Xu (2018)f]

Identification under such a concept for asymptotics is non-standard because sample units
cannot be considered as independent draws from a population whose distribution becomes
known as the sample size approaches infinity. Our identification strategy addresses this
difficulty in two steps. First, we define a set of asymptotic moments that can be consistently
estimated via sample analogs under the large-market asymptotics. Second, we derive the
structural link between these asymptotic moments and the model parameters and use it as
the basis for our identification. We further introduce an index sufficiency condition that
reduces the dimension of arguments in the individuals’ endogenous peer effects, and show
that it is sufficient for recovering individual payoff parameters.

We propose a two-step estimator for individual payoff parameters. The first step estimates
the asymptotic moments. The second step proposes M-estimation for the payoff parameters.
This estimator is consistent under standard regularity conditions and has several desirable
properties. It does not rely on a parametric assumption on payoff shocks and exploits
asymptotic uncorrelation between neighborhood profiles; its implementation also does not
involve any tuning parameters except those used in the first-step estimation. Monte Carlo
simulations show that our estimator performs well in moderate-sized samples.

A formal characterization of the limiting distribution of our estimator under primitive
conditions, as well as the construction of standard errors, would require elaborate conditions
that restrict the strength of network dependence. Several recent works, e.g., Leung (2021)
and Leung and Moon (2023), have tackled these issues of inference, such as normal approx-
imation in the presence of network dependence, in broad contexts. We do not address these
challenges of inference in this paper; instead, we focus on introducing the framework of iden-

tification using asymptotic moments and establishing consistency of the two-step estimator.

2Menzel (2015) and Kojevnikov and Song (2023) study large Bayesian games in a general setup where
all individuals are strategically interlinked. Leung (2015) estimates large games in network formation when

individuals have private payoff shocks, rather than Bayesian games on a given network.



An interesting direction for future research would be to specify primitive conditions in our
context that would lead to the form of weak dependence in Leung and Moon (2023).

To reiterate, our empirical strategy is centered around the use of asymptotic moments,
i.e., probability limits of average individual types or choices that are interdependent in
equilibrium. By leveraging the symmetry and asymptotic uncorrelation between individual
units, we show how to use index or exclusion restrictions to recover the underlying payoffs
from asymptotic moments. This multi-step approach extends the classical framework for
identification with i.i.d. observations, and is generalizable beyond the current setting of
network games with private links, continuous choices and linear quadratic utility.

Our model of private links can be applied in a variety of contexts where individual out-
comes are continuous and result from simultaneous strategic interactions within socioeco-
nomic groups or networks. Todd and Wolpin (2018) estimate a model of the effort decisions
by students and teachers in classrooms (groups). Their survey data include continuous mea-
surements of efforts (such as the number of hours per week spent on studying mathematics,
the number of days a student skipped a math class, and the percentage of time the stu-
dent paid attention in class). Giorgi, Frederiksen and Pistaferri (2020) use tax record and
matched employer-employee data to define social groups and estimate the peer effects on
individual consumption which has continuous measurement. Broadly speaking, our model
can be fitted in similar settings where social groups are known to have a network structure,
and where there is a need for relaxing the assumption on individual knowledge of network

links. We leave this as an interesting direction for future empirical research.

» Related Literature. Graham and Hahn (2005) study the identification and estimation
of a linear-in-means model of social interactions with unobserved group effects. Lee, Liu
and Lin (2010) estimate a social network model with peer, contextual and correlated effects,
using network structure as a source of identifying power. In comparison, our model is a large
simultaneous game with continuous choices and linear-quadratic utility in which individuals
have private knowledge of links as well as payoff shocks. In our case, the structural form for
individual choices in equilibrium is linear, but involves each individual’s endogenous, rational
belief about other individuals’ choices. We establish how, in a single large network setting,

such beliefs relate to the asymptotic moments, and provide conditions for consistent esti-



mation of these moments using sample averages over the single network. These asymptotic
moments are then used to point identify the payoff parameters.

Bramoullé, Djebbari and Fortin (2009) and Blume, Brock, Durlauf and Jayaraman (2015)
establish identification results in Bayesian games where individuals have private payoff
shocks. Both papers maintain that the network structure is common knowledge among
all individuals. In addition, the methods proposed in these papers assume knowledge of the
reduced-form coefficients for a fixed, unknown network structure. The identification of such
reduced-form coefficients per se requires data to contain independent draws of outcomes
and explanatory variables generated from that fixed network of interest. To estimate these
reduced-form coefficients in practice, one needs a sample that consists of a large number of
repeated outcomes from the fixed network.

Xu (2018) and Lin and Xu (2017) estimate discrete-choice Bayesian games on large net-
works where individuals have private shocks in payoffs, but have common knowledge about
the complete network structure. Xu (2018) provides conditions on structural primitives that
lead to near-epoch dependence between individual actions in equilibrium. Lin and Xu (2017)
maintain conditionally independent actions in their asymptotic analysis. In comparison,
we accommodate a flexible information structure where individuals have private informa-
tion about neighborhood characteristics besides payoffs. This leads to different forms of
Bayesian Nash equilibrium, and hence qualitatively different structural equations that relate
the asymptotic moments to model parameters. We also allow for richer contextual effects in
payoffs than these two papers.

Yang and Lee (2017) analyze social interactions where the conditional expectations about
group members’ behavior are heterogeneous. The individuals have asymmetric private shocks
but share common knowledge about the network/group structure. Canen, Schwartz and
Song (2020) apply a behavioral approach to model games on networks where agents have
partial observation of neighbor types. In comparison, the individual beliefs in our model
are formulated based on a common prior as is standard in simultaneous games with incom-
plete information. Auerbach (2022) estimates a regression model where one covariate is an
unknown function of a latent driver of link formation in a network.

Our paper does not study the strategic formation of networks. This is a related but

different topic that has been studied extensively in the literature. Examples include Badev
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(2021), Boucher and Mourifié (2017), Chandrasekhar and Jackson (2021), Christakis, Fowler,
Imbens and Kalyanaraman (2020), de Paula, Richard-Shubik and Tamer (2018), Hsieh, Lee
and Boucher (2020), Mele (2017), Menzel (2015), Miyauchi (2016) and Sheng (2020). See

Chandrasekhar (2016) for an extensive review.

» Roadmap. In Section [2| we present the model and establish the existence and uniqueness
of pure-strategy Bayesian Nash equilibrium. In Section |3 we present our identification strat-
egy as the number of individuals approaches infinity while the number of observed networks
is fixed and small. In Section [l we present a two-step consistent estimator. In Section [3]
we provide Monte Carlo simulation results. In Section [6] we conclude. Proofs are collected

in Appendix A.

2 The Model

Denote the finite set of individuals on a network by N, and let n = # N denote its cardinality.
The network structure is summarized by the n-by-n matrix g = (gi;)ijen. For any 4,5 € N,
let g;; = 1 if i’s payoff is affected by j’s action, and g;; = 0 otherwise. By convention in
the literature, let g; = 0. Define the set of neighbors for ¢ by N; = {j € N : g;; = 1}.
Each individual has a vector of characteristics x;, which has a discrete finite support X with
#X = K. Let zn, = (2;),en, denote the characteristics of i’s neighbors.

Let 7; = (x;, N;, xn,, £;) summarize the information available to individual i, where ¢; € R
is an idiosyncratic shock to i’s payoff. Each individual i € N chooses a continuous action a;
from A = R; this rules out settings with discrete actions such as those in Lin and Xu (2017)

and Xu (2018). The payoff for each individual i from choosing a; is:
wila a_om) = hu(ra — 22 = 23y (m) (0 — 0,)? (1)
g \Wiy b—g, 1g 11122 9 je.zjzl 9)

where ¢ > 0 and a_; = (a;) jen\(}; the payoff component ﬁz(n) is bounded over its domain;
and w;;(7;) are positive, bounded peer effect weights that i assigns to its own deviation from
a neighbor j’s Choiceﬁ The positive sign of ¢ means that the individuals incur utility losses

due to non-conformity with the actions of their neighbors. That is, the last quadratic term

3If ¢ = 0, then the model is reduced to n single-agent decisions, with the individuals making independent

decisions with no strategic interaction.



in u; indicates the costs for deviation from group peers. The function h; contributes to a
“contextual effect” and the last term leads to a “peer effect”in the terminology of Manski
(1993). The second term reflects the direct costs of the action.

We maintain the following assumption about the information available to each individual.

Assumption 1 (Information) For each i € N, (N;,xn,,€;) is privately known and unob-

served by other individuals j # 1.

The common prior for (7;);en is given by a distribution function F', which is known to
all individuals. Let T" denote the support of each Tiﬁ A pure strategy for individual 7 is a
mapping from 7 to A. A pure-strategy Bayesian Nash equilibrium (p.s.BNE) is a profile of
pure strategies (s;);en such that:

si(T;) € arg max Elu;(a;,s_i(7—;),7) | 7] Vie N,
a; €

where s_;(7_;) = (5;(7;))jen\{s3- The expectation E integrates out 7_; = (7;);jen\ i} With
respect to its conditional distribution given 7;, as implied by the common prior F. Assuming
the order of integration and differentiation can be swapped, we use the first-order condition

for each ¢ to derive the best response function R;(7;;5_;) to s_; = (8;)jen\ i}

hi(Ti) + & 3 jen, Wig (1)) E [5;(7;)] 73]
L+ 03w, Wij(7i) .

A p.s.BNE can be characterized by the following fixed-point equation:

Ri(miis_;) =

si(1) = Ri(m;s—;) for all i € N and 7.

A similar argument to Blume et al. (2015) implies there exists a unique p.s.BNE in this

network game.
Theorem 1 (Uniqueness of p.s.BNE) Under Assumption there exists a unique p.s. BNE.

We prove the theorem by showing that the best response mapping is a contraction, and

present the formal proof in the appendix. The positive sign of ¢ means individuals value

4Theorem 1 continues to hold when the support of 7; differs across i € N.



conformity with peers. If ¢ = 0, then payoffs in would consist of no peer effects, thus
reducing the model to single-agent choicesﬂ

The rest of this section focuses on an anonymous version of the game above, where
only the profile of characteristics (rather than actual identities) of neighboring individuals
affect an individual’s ex post payoffs and interim beliefs. We show that in such a context,
the unique p.s.BNE is symmetric (i.e., all individuals share the same pure strategy) and
anonymous (i.e., the equilibrium strategy only depends on the profile of characteristics but
not the actual identities). For each z € X, let N;, = {j € N, : ; = z} denote the set
of neighbors of 7 whose characteristic is . Let n;, = #N,, for each z € X; and let a
K-vector n; = (n;;),ex summarize the empirical distribution of x; in the neighborhood N;.
By construction, ) .y niz = #N;.

We consider the class of games where individuals’ payoffs and interim beliefs depend on
some sufficient statistics of n;. Specifically, let 7 : N€ — M be a function that summarizes
neighbor characteristics, with its range M being in the Euclidean space and encompassing
possible realized values under all sample sizes. For example, m(n;) € M may be some
moment based on the empirical distribution of (x;);en;, or may report censored frequencies
of neighbors with certain types. In our simulations in Section [5 we investigate two data-
generating processes with different forms of 7(-). In one case, m(n;) returns the number of
neighbors with each type, censored at certain caps; in the other, it discretizes the average
deviation from neighbors’ characteristics. It is important to note that 7 (.) is a function of
n; but not of the specific identities of neighbors in N;, and that this function does not vary
with sample size n. In what follows we use m; = m(n;) as shorthand. In practice we choose

to define 7(n;) as a lower-dimensional summary statistic of n; for tractability in estimation.

Assumption 2 (Symmetry and Sufficiency in Payoffs) (i) There exists h : X x M xR — R
such that hi(r;) = h(z;,mi,e;) for all i and 7;, with h(-) bounded over its domain, and
E[h(x;,mi, &)z, = x,m; = m] < oo for allx € X, m € M. (ii) For each i, w;;(1;) =
W;(7;) = w(xs, x5,m;)/Nig, if § € Ny, and w;5(7;) = w;(1;) = 0 if j & Ny, or niz, = 0, where

w(-) is a positive function with 3y w(z, z;,m;) =1 for all (x;,m;), where X (x;,m;)

5,my;)

5Note the existence and uniqueness of equilibrium is immediate in this case, because each agent is

maximizing a quadratic utility independent of each other with no interactions.
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is the support of x; given (x;,m;) implied by the common prior F.

Assumption [2] includes direct restrictions on each individual’s payoffs as well as their
information set. It implies that individual payoffs and peer weights only depend on the
profile of neighbor characteristics, but not on neighbor identities. It also posits the peer
effect weight functions @;;(-) are identical across individuals ¢ € N. This condition leads
to a tractable structural model by practically reducing the complexity of each individual’s
payoff function, and helps to simplify the definition and use of asymptotic moments below.
Later, for point identification of model primitives (Proposition 3 and 4), we further reduce
the dimension of arguments here through an index sufficiency in Assumption [§|

Condition (i) states that the contextual effect for an individual 7 is determined by its own
characteristics x;, its private shocks ¢;, and the profile of neighbor characteristics (z;);en;-
Thus the specific identities of individuals in N; do not matter for contextual effects.

Condition (ii) specifies a relation between the weights assigned to the neighbor types
w(-) and those for individual neighbors w;;. It consists of two restrictions on the peer effect
weights. First, each individual ¢ assigns equal weights to neighbors with the same type.
Second, these weights are determined by the individual’s own characteristic x;, the type
of neighbor’s characteristics ; = x, and the summary of neighbor characteristics in IV;.
Together, they imply the weights do not depend on specific identities of the neighbors.

In this specification, the type-specific weight w(-) is a model primitive in that it does
not involve endogenous actions {a;}ien. For each (z;,m;), w(-,z;,m;) is a well-defined
distribution over a support of neighbor characteristics z; conditional on (x;,m;), which is
denoted by X (x;,m;) and restricted to be consistent with the common prior.ﬂ

Under Assumption [2] the peer effect (third term) in can be written as:

¢

where A;(x) denotes the mean squared difference between i’s action and those of neighbors

with 2; = x. That is, Aj(v) = = >y . (a; —a;). It is worth noting that by construction

N,z

the form of the weight function w(-) does not change with the sample size n, because of

SFor most summary statistics m;, such as those determined by sample moments of x; in Nj, this set

X (z;,m;) is identical to the unconditional support X.



the range of 7(-) that defines m;. In what follows, we define an individual ¢’s anonymized
information as

t; = (x;,my, €;), where m; = m(n;).
In addition, we maintain an anonymity condition on the interim beliefs.

Assumption 3 (Anonymity in Common Prior) (i) Under the prior F, the conditional dis-
tribution of t; given 1, and j € N; depends on 1; only through (x;,xz;,m;). (i) The joint

prior of (t;)ien 1s exchangeable in the identities of individuals 1 € N. E|

This condition lends itself to a tractable structural model by reducing the complexity
of information processed by each individualﬁ Under Assumption (i), (2, x;,m;) are suf-
ficient statistics for i’s interim belief of a neighbor j’s anonymized information ¢;. While
an individual ¢ may not know the full identities of others connected to her friend j, she
holds rational beliefs about the characteristics of these “indirect friends through j”. Such
beliefs only depend on the characteristics, but not identities, of her immediate neighbors.
The exchangeability in Assumption (ii) posits the individuals’ anonymized information is
ex ante symmetric. If m; tracks the number of friends as neighbors, then this rules out when
some specific individuals are known ex ante to be more popular than others. Assumption
implies that for any j # j’ in N; with z; = z; the distribution of t; given z;, z;, m; and
J € N; is the same as that of t; given x;,2;,m; and j' € N;.

With slight abuse of notation, we write ¢’s interim belief about ¢; conditional on 7; and
Jj € N; compactly as F(t;|z;,z;,m;,j € N;) so as to simplify notation. To reiterate, the
exchangeability in Assumption [3|implies this interim belief is the same across all individuals,
and thus does not need to be indexed by i. Menzel (2015) used a similar exchangeability
condition on the individuals’ characteristics and private signals to estimate large Bayesian
games. In our context, an individual’s private information consists of both the payoff shocks
and the neighborhood profile m;,.

In Theorem [I| we showed this network game admits a unique pure-strategy BNE under

Assumption [, Next we show that, given the symmetry conditions in Assumption [2] and [3]

"A distribution of a random vector (Y7, Ya, ...,Y,,) is exchangeable if its joint distribution is the same as
that of (Y,(1),Y,2); -, Yp(n)) for any permutation p(.).
8We consider a single, large-network setting in the sample. In this case, the exact labels of individual

units are not relevant for the analysis, as long as each unit is assigned a unique label.



this unique equilibrium must be symmetric. In such an equilibrium, all individuals adopt
the same pure strategy s(-), which maps from an individual’s anonymized information ¢; to

A and solves the following fixed-point equation:
s(t;) = r(s)(t;) for all ¢;, (2)

where () is the best response function implied by the first-order condition, and r(s) denotes

an operator on the space of symmetric pure strategies defined by:

r(s)(t:) = yh(t;) + (1 =) Z

where v = 1/(1 + ¢) and X (x;,m;) denotes the support of a generic neighbor’s character-
istics conditional on (z;,m;). That is, the peer (interaction) effects are weighted sums over
possible neighbor characteristics as inferred from m; and the assignment of weights depends
on (z;,m;). Note that is a function of t; alone, because the states with positive weights
are known given m,; in the anonymized information. The best response of an individual ¢
thus only uses anonymous information, because the identities of neighbors, while privately

observed, are not payoff-relevant.

Corollary 1 (Unique symmetric p.s.BNE) Suppose Assumptz’ons and@ hold. Then the
unique p.s.BNE is symmetric, and the equilibrium strategies depend only on the anonymized

information.

The corollary is intuitive given Corollary 1 in Stokey and Lucas (1989). To establish the
result, it suffices to show that under Assumptions , and , (i) the map r coincides with
each dimension of the best-response map R; defined in the proof of Theorem , and (ii) r
maps the set of symmetric pure strategies to itself. It immediately follows that there exists
a unique symmetric p.s.BNE. But since we already know that there exists a unique p.s.BNE
under Assumption [I] alone, there cannot possibly exist any asymmetric equilibrium under

additional assumptions that posit symmetry conditions.

3 Identification

We now discuss the identification of parameters (v, h,w) as the number of individuals ap-

proaches infinity while the number of observed networks is fixed and small. Such a dimension
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of asymptotics differs qualitatively from standard cross-sectional econometric models.

Suppose a researcher collects data from a single network with #/N = n individuals. The
data reports the choice a;, the characteristics x; and the neighbor information (N;, zn,)
for each single individual ¢ € N. Throughout this section, we maintain that such a data
set with #N = n individuals is a single, random draw from some data-generating process
(DGP) indexed by n. For each n, the DGP is summarized by a joint distribution F,, of the
n-tuple (7;)ien, . This is the common prior and satisfies the exchangeability and anonymity
conditions in Assumption [3|

We establish the identification of the model via two steps. In the first step, we show
that the sample average of choices made by n observed individuals on the network converges
in probability to certain asymptotic moments as n — oco. We then argue that the model
cannot be identified from these moments without any parametric or shape restrictions on
the contextual effect, even when weights in the peer effects are known to the researcher. In
the second step, we show that under a mild restriction of index sufficiency on the individual
weights in peer effects the model parameters can be uniquely recovered from these asymptotic
moments. The identification strategy is constructive, and leads to a two-step M-estimator.

In this sense, our approach is an example of “extremum-based” identification, as defined in

Lewbel (2019).

3.1 Asymptotic moments

Let N, denote a sequence of sets such that N,, C N, for all n < n’. For each n, let E,(.)
denote the expectation under F,,. First, we define the asymptotic moments to be used in our
identification analysis. Throughout this section we use ) ; as shorthand for },_\ , which
is a sum over the n individuals in N,,; and we use »_,; as shorthand for 37, v > 7 v \ iy
which is a sum over n(n — 1) ordered pairs from N,. We maintain the following condition

on idiosyncratic shocks in individual payoffs.

Assumption 4 (Ezogeneity) For alln and i,j € N, the common prior F, is such that the

payoff shock €; is independent from (&, x;, My, gij) conditional on (z;,m;).

This assumption states that conditioning on an individual j’s characteristics x; and

neighborhood profile m; purges any correlation between its payoff shock €; and its neigh-
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bors’ characteristics or links. This exogeneity assumption requires that ; be conditionally
independent from any idiosyncratic noises that affect link formation. It fails, for example,
if the network formation process depends on unobservable variables correlated with ¢;. We

consider the case where the set of neighbor profiles M is discretized and finite.

Assumption 5 (Ezistence of Limits) For any x € X,m € M and 2’ € X (z,m),

h*(z,m) = nlggo ZE ti)|x; = x,m; =m),
p'(z,m) = JLHC}O;ZEn [(Ha; = 2,m; = m}],

¢ (m'|x’, z,m) lim ﬁ ZEn(l{mj =m'}Hae; =2z, =x,m; =m,g;; =1)

n—oo
JFi
exist and p*(x,m) # 0.

Existence of the limit h*(z,m) is a mild restriction on the conditional distribution of ;.
It holds, for example, if h(t;) is additively separable in ¢; and E,,(¢;|z; = x,m; = m) = 0 for
all n. In Appendix B we provide an example of a random link formation process in which
p*, q* exist.

For the rest of the paper, we keep the notation a; for the observed choices of actions in the
sample, which are determined as a; = s(¢;) in a symmetric p.s.BNE. The next proposition

relates the parameters v, w, h to asymptotic moments \* and ¢*.

Proposition 1 Suppose Assumptions[1], [, [3, [f] and [J] hold. Then

N (z,m) = 7}1—{20 - ZEn(CLJ% T, m; =m) (4)
exists and
X (z,m) =~yh*(z,m) + (1 — ) Z w(x', x,m) Z N (', m)g* (m! |2, 2, m) (5)
z'eX(xz,m) m/eM

forallz € X, me M.

Equation is an empirical analog of the moments implied by the p.s.BNE in , with
individuals’ interim expectation about others’ actions replaced by an expression that only

consists of estimable asymptotic moments. The double sum on the right-hand side of (5] is an
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expectation of \* with respect to a joint distribution over a neighbor’s characteristics ', m’,
defined as w(.,z,m) x ¢*(.|.,z,m). Such a distribution is an individual’s weighted interim
belief in the limit, because it applies the weights in peer effects to the limit of individual
interim beliefs about neighbors” m;.

Next, we show that the asymptotic moments \* and ¢* in (4f) can be consistently estimated
using sample averages across individuals from a single network as n — oo under a certain
condition of asymptotic uncorrelation. For any € X and m € M, let ¢;(z, m) be shorthand

for 1{z; = x,m; = m}. Let C,, and V,, denote covariance and variance under F,, respectively.

Assumption 6 (Asymptotic Uncorrelation) For any x,z’ € X and m,m’ € M,
(i) Cp(vi(z,m), ;(x,m)) = 0 for all i # j as n — oo;
(11) Cp(ti(x,m)e;(x',m")gij, t(x, m)ee(x’', m")gre) — 0 as n — oo if {i,7} N {k,(} =0;
(111) Vy, [a;ti(z,m)] and V,[(¢;(z,m)e;(2’,m")gi;] exist for all n, and are both o(n).

This assumption consists of several restrictions on the unconditional correlation between
arbitrary pairs of individuals, treating their characteristics and the network links as random
draws from a triangular array that is indexed by network size n. It requires that as the
network size increases, the correlation between the neighborhood profiles m; and m; for any
two individuals ¢ and ;7 diminishes, even though in a fixed sample two individuals ¢ and j
may share common neighbors. Also note that these restrictions are not conditional on ¢ and
J being neighbors, and thus do not immediately rule out any pattern of homophily. These
conditions are justified in networks where all links are directed and formed independently.

In Appendix B we provide an example of a simple random Poisson network with undi-
rected links in which conditions (i) and (ii) hold under primitive conditions such as inde-
pendent, dyadic links form at diminishing rates while the expected number of neighbors for
each individual converges to constants as the network size grows. This rules out certain
types of dense networks. In general, these conditions also rule out scale-free networks as de-
fined in Caldarelli, Capocci, De Los Rios, and Munoz (2002). More broadly speaking, these
conditions may not hold if the neighbor profiles (m;, m;) for linked individuals, (4, j) with
gi; = 1, have persistent correlation even as the network grows (as is the case with dyadic link
formation with constant rates). A sufficient condition for (iii) is that the first two moments

of a; = s(t;) conditional on t;, m; are bounded.
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The next proposition shows that \* and ¢* can be estimated consistently as the number

of individuals on the single network in the data approaches infinity (n — o0).

Proposition 2 Suppose Assumptions[1], (3, [3, [{} [ and[g hold. Then

> aiti(z,m)
> til,m)

BN A (z,m)

and
(', mD (e, m) g
2t U WAL 3, i)yt )
Zj;&z‘ Wy = 2'}ei(w, m)gis

asn — oo for any x € X,m € M and 2/ € X(x,m).

A generic vector of parameters (7', h/,w') is observationally equivalent to the actual pa-
rameter (7, h, w) in the DGP based on the asymptotic moments \* and ¢* if (7', b/, w’) satisfies
(5) almost surely [p*], where A\* ¢* are identified as probability limits in Proposition . We
say (77, h, w) is identified based on these asymptotic moments if there exists no other element
(', 1/, w’) in the parameter space that is observationally equivalent to (v, h, w).

It is clear from that (v, h,w) can not be identified using these asymptotic moments \*
and ¢* without further restrictions. To see this, note that for any generic weight function w’
(not necessarily equal to the actual weight function w) there always exist 4" and A’ such that
holds almost surely [p*], with A\*, ¢* fixed and identified from the data. Similarly, for other
(', h') # (v, h), one may construct a weight function w’ that satisfies by redistributing
weights across realized values of 2" conditional on each (z, m)ﬂ

The rest of the paper discusses the identification of model primitives based on these
consistently estimable asymptotic moments. An interesting direction for future research is
to formalize some sampling schemes under which the consistency in Proposition [2f remains
valid even with the estimand consisting of averages over randomly sampled individuals (as

opposed to all individuals) on a single, large network.

9In a setting where the sample reports many independent small networks, one can use the law of large
numbers for independent heterogeneous groups to show convergence of sample analogs. Identification based

on such probability limits require similar arguments as presented below.
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3.2 Preview of identification strategy

In this subsection we illustrate the main idea for identification using a simple example.
For the rest of Section [3] we maintain Assumptions so that the asymptotic moments
are consistently estimable and are considered known for identification purpose. With this
established, our strategy for model identification is similar to the case with a large number of
independent static Bayesian games between a fixed number of players such as Bajari, Hong,
Krainer and Nekipelov (2010). That is, we also exploit some exclusion restrictions and rank
conditions in the structural form. Our conditions are invoked on peer effect weights, and
therefore specific to the context of network games.

The non-identification result mentioned above shows that the parameters can not be
recovered from asymptotic moments without further restrictions on the contextual effects
h and the weights in peer effects w. Thus we focus on a semiparametric model with a

conditional mean restriction on the contextual effects.

Assumption 7 (Mean Contestual Effects) h(t;) = n(x;, mi; 0) + €; where 1 is known up to

a finite-dimension parameter 6 and E,(e;|x;,m;) =0 for all n and z; € X, m; € M.

This assumption states that the conditional mean of contextual effects given (x;, m;) is
known up to a finite-dimensional parameter 6. It is commonly used in econometric models
estimated by Non-linear Least Squares (NLS) or Generalized Method of Moments (GMM).
Under this condition, h*(z,m) = n(z, m;d). Recall Assumption [2] requires h(-) is bounded.
That condition, together with the additive form of A(-) in Assumption , imply the support
of ¢; must be bounded whenever the conditional mean 7(-) is bounded.

Next, we show the model is identified under some exclusion restriction on the weights in

the peer effects as well as some rank condition on the support of observables.

» Exclusion restriction. Suppose x = (z,v) and has a discrete support X = Z x V where
Z = {zq), 22} and V = {vq), .., v }. By construction #X = 2x > 4. Also suppose that
w(z’,x,m) is a function of z and 2z’ alone.

For k,¢ = 1,2, let wy, denote the weights for z = zy) and 2’ = 2, and let A\i(v,m)
and 7y (v, m; @) be shorthand for A*(zuy,v,m) and n(zx),v,m;0). Note the weights wy; do

not depend on v because of the exclusion restriction introduced in the preceding paragraph.
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Under this exclusion restriction, the structural link in Proposition [1|is reduced to

Ne(v,m) = ymp(o,ms0) + (L= D) Q(v'm v, m)X (' m) - (6)
for k = 1,2, where the summation ), . is over the supports given (v,m), and

¢(m' | 2" = 2,V 2 = 2@),v,m)

4V

That is, (), summarizes an individual ¢’s belief about a neighbor j’s own neighborhood

Qro(V,m' u,m) = for 0,k =1,2.

profile m;, based on ¢’s information and adjusted by the weights that i assigns in peer effects.
By construction, wgeQ5,(.,.,v,m) is an individual i’s weighted interim belief conditional on

(i, vi,m;) = (2k), v, m), as explained after Proposition .

» Rank condition. To fix ideas, suppose (x,m) are discrete and denote Ai(.), nk(.,.;0)
and Q5,(.,.) respectively by two column vectors A}, 7 (6) and a square matrix )}, with each
component in A} and 7,(#) and each row and column in @, corresponding to an element
(v,m) on the joint support V' x M. Let A* = [AY, Ay, n(0) = [m(0)',72(0)"]". Then we can
write @ as:

A =m(0) + (1 —7)QLA", (7)

where
N anTl, leQTQ
Q. =
w1 @5y, w23y
Equation @ consists of 2 X #V x #M equalities and involves unknown parameters =, 6,
W = (Wke)ky=12. as well as the identified asymptotic moments A;(.) and ¢*(.|.) (in Qj,).
These equalities are “quasi-structural” in that they depend on the expected choices of ac-
tions A, which themselves are endogenous objects arising from the equilibrium. However,
by Proposition [2, both A\*, ¢* are consistently estimable from sample averages and can be
considered known in identification ]

We now derive the rank conditions needed for uniquely recovering v, 6, w from . Sup-

pose there exists some other (7,6 ,w') # (v,60,w) that is observationally equivalent to

10The econometrics literature abounds in examples where structural models are identified using quasi-
structural equations which involve equilibrium outcomes. For instance, see Bajari, Hong, Krainer and
Nekipelov (2009) in the context of static discrete games with incomplete information; and Aguirregabiria

and Mira (2010) in dynamic games with Markovian perfect equilibria.
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(v,0,w). Then the right-hand side of must remain the same when (7, 8, w) is replaced by
(7/,0,w) based on the asymptotic moments A* and ¢*. This implies there exists a column
vector vy, € R\ {0} such that [ng(0"), ni(0), Qi A}, Qi N3]ur, = 0 for k = 1,2, An intuitive

condition that prevents this from happening is:
“For any 0’ # 0, [n(0'),m(0), Qi AT, Qia N3] has full rank for k£ = 1,27. (8)

Thus this is a sufficient condition for identifying (v,6,w) from the asymptotic moments.
In general it holds when the conditional mean contextual effects 1 is nonlinear in # and
(x,m), and there is enough variation of (z,m) on the support. Also note that because the
functional form of 7 is known (up to 0) and A}, Qf, are identified from Proposition [2] the
rank condition in can be tested.
» Special case: no peer effects (¢ = 0). So far, we have assumed ¢ > 0. If instead
¢ = 0, then the model would be reduced to single-agent decisions, and we would not be able
to identify the weights wy;. Formally, if ¢ = 0, then the second term on the right-hand side
of @ would disappear and we would not be able to recover wy; under the rank conditions.
If a researcher does not know whether ¢ is strictly positive or zero, then a null hypothesis
¢ = 0 can be tested by regressing individual actions a; on the sample analog of peer effects in
a model with some parametrization, such as that introduced later in (5)), and then checking

the statistical significance of the coefficient in front of the latter[]

» Special case: linearity in parameters. The rank condition in does not hold when
n is linear in 6. That is, nx(0) = (k0 for all k = 1,2, where ( is a (#V x #M)-by-dim(6y,)
matrix of known functions of (v, m), and 6y # 0 is a vector of constant coefficients. In such
cases, [(x0),, Cx0k] can not have full rank for any ) that is proportional to 6;. Nevertheless
it is relatively straightforward to adjust the argument above to derive the following rank

conditions for identifying (7,0, w):
“ICk, Qi AT, Qi3] has full rank for k£ = 1,27, 9)

To see why, suppose there exists some (7, §', w’) that is observationally equivalent to (v, 8, w).

Then there exists a column vector 7, € R*\{0} such that [y, Q5 A}, QA5 = 0 for k = 1,2.

U arge-sample property of such test statistics would need to account for first-stage estimation errors in

the peer effects, as is typical in two-step M-estimation. We leave this as a direction for future research.
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Thus the rank condition @D is sufficient for identification.

It follows from that the reduced-form for asymptotic moments in equilibrium is:

Gbh
G202

N=qll -1 -y
Hence the rank condition in @ can be expressed in terms of model primitives:

“[Cks YQra (M11G1601 + Mi2(282), YQra(M21C161 + Maa(abs)] has full rank for k = 1,27,
(10)

where My, for k, ¢ = 1,2 are conformable submatrices partitioning the inverse of I—(1—+)Q%,.

» A Numerical Example. We conclude this preview with a numerical example that il-
lustrates the rank conditions. Let x; = (z;,v;), where v; and z; are binary with supports
#{jENiizj:Z(:l)} 1 .

— 2N 2 That is, the con-

textual effect depends on the network structure only through the proportion of neighbors

{1,2} and {z(1), 2(2)} respectively. Define m; =1

with z; = 2(1). Suppose n(z;, m;; ) = Oquim; if 2; = 2q) for d = 1,2, and suppose that the
weights in peer effects only depend on z;, z; alone. Let 6; = 0.8, 6, = 1.3, v = 0.7, wy; = 0.6,
W12 = 04, Wo1 = 03, Wao = 0.7. Let

0.15 0.40 0.25 0.20
0.15 0.40 0.25 0.20

Qe = Vk, {0 =1,2,
0.40 0.10 0.30 0.20

0.40 0.10 0.30 0.20
where the (i, j)-entry in @}, corresponds to Q,(v',m',v,m) with (v,m), (v',m’) being the
i-th and j-th element in {(1,1),(1,0),(2,1),(2,0)}. It is worth emphasizing that in our
specification of ()}, above, we intentionally minimize the source of exogenous variation by
restricting ¢*(m' | 2/,v', z,v,m) to be invariant in (2’, z,m). Yet even in this scenario it is

straightforward to verify that the rank condition in holds.

3.3 Formal results: index sufficiency

In this subsection we generalize and formalize the identification argument in Section Our
method requires an index sufficiency condition on the weights in peer effects. We maintain

the support of a neighbor’s characteristic given (z;,m;) equals the unconditional support X.
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Assumption 8 (Indez Sufficiency) There exist known indexes : X — W and p : X x M —
O, where dim(V) < dim(X) and dim(®) < dim(X x M), such that w(z',x,m) = w(y',y,m)
whenever Y(x') = Y(y') and p(x,m) = @(y,m) for all x,y € X and m,m € M.

Index sufficiency is used frequently in semiparametric econometric models. (See Pow-
ell (1994) for further discussion.) In our context, Assumption [§ is decomposed into two
substantive restrictions. First, individuals with the same index ¢(x;, m;) assign weights to
neighbors in the same way. Second, neighbors with the same index 1 (z;) always receive the
same weight. An intuitive special case of such index sufficiency is the exclusion restriction
mentioned in Section with the indexes ¢ (2') and ¢(x,m) being subvectors of x’ and
(x,m) respectively.

Under this condition, we can reparametrize the weight function w as a function defined
over the lower-dimensional support of indexes. That is, there exists w : ¥ x & — [0, 1] with

Y ccwpw(c,d) =1for all d € ® such that:

w((a), ez, m
T p(T) = (')}

Under Assumptions [7] and , the link between asymptotic moments and parameters in is

w(x',z,m) = for all 2,2 € X and m € M.

)\*(33, m) = 777(37777% ‘9) + (1 - 7) Zcequ(C? 90(337 m))u*(c,x, m)? (11)

where

Z{z/:w(x’):c} Zm/EM A* (‘1',? m,)q* (m’]x’, z, m)
#{7: ¥(T) = c} ’

Because the index function v is known, Proposition [2| implies that p* is identified (and

(e, x,m) =

consistently estimable) as n — OOH
By definition, the true model elements (v, #, w) in the data-generating process is identified
if the equality in fails at least for some set of (x, m) with positive measure in p* whenever

(v,0,w) is replaced by a different vector of parameters (7,0, ) # (7,0, w).

12To derive (11)), use the reparametrized weights w to write A*(z,m) as

yh(z,m) + (1 =) Zcelll Z{x’:w (z")=c} ;;E; ﬁ((i)mc} [Z A mg (], @ m)}
S tal i et Soms N (@ m ) g* (m |z’ ,@,m)
= 'Yh(ma m) + (1 - ’7) Zce\yw(c’ 90(-13 m)) R #{z0(@)=c] ,

where the equality holds because w(c, ¢(x,m)) is constant over {z’ : ¥ (z’) = ¢} and m’ € M.
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To fix ideas, suppose #M < 0o so that #V < oo and #P < oco. For each (x,m), let
w(z,m) = (p*(e,z,m))ccw be a row-vector. We say a random row-vector v has full rank

conditional on some event £ (under a probability measure p) if there exists no column-vector

a # 0 such that p{va=0|&} = 1.

Assumption 9 (Rank Condition) For any 6 + 60 and any d € ®, n(x, m; QN), n(x, m;0),

w*(x,m)] has full rank conditional on @(x,m) = d under p*.

This condition requires there be sufficient variation over an individual’s private informa-
tion (z, m). Generalization to the case with #M =00 would involve some form of “complete-

ness” condition on linear operators defined by integrals.

Proposition 3 Suppose Assumptions@ @ and@ hold. Then (v,0,w) are identified from the

asymptotic moments.

Assumption [9] is often satisfied when 7 is nonlinear in 6 as well as (z,m). However,
the rank condition in Assumption [9] does not hold in a class of models that are linear in
parameters. These are models with n(z,m;0) = (4(x, m)'8; whenever p(xz,m) = d, where
the vector of functions (; : X x M — R L, < oo are known up to a finite-dimensional
parameter 6.

For example, (4(xz,m) = [1,z, f(x,m)] for all d € ®, where z € RPx and f(z,m) :
X x M — RP7 is a vector of component-wise squared differences between z and the mean of
neighbor characteristics. Then n(x,m;0) = 040+ 204 x + f(x,m)04 ; whenever ¢(z,m) =d,
with 04 = (040, 04.x,0af) and L = 1+ Dx + Dy. For such a class of models, Assumption
|§|d0es not hold because for any 6, # 0, that is proportional to 6, [Calx, m)' g, Ca(x, m) by,
w1 (x,m)] cannot have full rank conditional on ¢(x, m) = d regardless of the value of d. Our
next proposition shows that for such models (6, v, w) is identified under different yet intuitive

rank conditions.

Proposition 4 Suppose Assumptions [ and [§ hold with n(z,m;0) = C(y(xz,m)'0, for all
(x,m) such that p(x,m) = d, where {5 : X x M — R¥ s known, 64 # 0 and Ly < oo for
each d € ®. Then (v,0,w) are identified from the asymptotic moments if for each d € @,

[Ca(z,m), u*(x,m)] has full rank conditional on p(x,m) = d under p*.
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4 Two-Step M-Estimator

Consider a sample that consists of n individuals on a network. Across individuals ¢ =
1,2,...,n, the vector of individual characteristics and shocks (errors) (z;,&;) are drawn in-
dependently from a fixed distribution (which does not vary with the sample size). The
data-generating process satisfies the conditions on the error distribution, the link formation,
as well as the individual payoffs in Assumptions [I] to [7]

We propose a two-step estimator for the parameters in individual payoffs. First, estimate
the asymptotic moments. Then, estimate the payoff parameters by matching the implied
asymptotic moments with their empirical analogs from the dataE Throughout this section,
we maintain Assumptions [I] to [7] in Sections [2] and [3]

To fix ideas, we present the estimator for the example in Section [3.2] where the observed
characteristics are discrete (i.e., X = Z x V with Z = {2q), 22)} and V' = {v), .., v } for
k > 2), and the weights in peer effects only depend on the binary characteristics z; of an
individual and its neighbors. Generalization to the cases with continuous covariates in Z x V'
is complex and left for future research.

To simplify notation, we reparametrize the model as
Bre = (1 — y)wge for k, 0 € {1,2}.

In what follows, we use dg = [7o; fo; o] to denote the true parameters in the data-generating
process and let & = [; 3; 0] denote a generic element in the parameter space D.

Partition the set of individuals IV,, into N, ) = {i €N, :z= z(k)} for k =1,2, and let
A

LN

be the non-parametric estimators for \*, ¢* in Proposition . Let n;(0) = n(x;, m;; 6),

p

i = S\(Zm?fi,mi)’ (jh( '|U) = Q( ,|Z = Z(e);U/ﬁUi,mi) and

)A(g’i = #VZ QZz )5\( U m/).

Our two-step estimator is:

A

op = arg min Gn(6)

13This procedure is reminiscent of an estimator that Hotz and Miller (1993) proposed for dynamic discrete
choice models in that they both require estimation of certain moments in a first-step. In our case, the second

step consists of M-estimation based on our identification argument.
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with
. . 2
Gu(0) =n"" ZZ |:/\i = mi(0) — Zk Hzi = 2} Ze f(mﬂu} :
This estimator is consistent under a set of conditions T1-T3 presented and discussed below.

T1 (Parameter Space) dy is in the interior of a compact parameter space D.

Compactness of D in T1 ensures that a minimum of the probability limit of the objective
function exists. That dy lies in the interior of the parameter space allows for a Taylor series
expansion around the true parameter in the proof of consistency in Proposition [5| below.
T2 (Identification) For any § # dy in D, () does not hold for a set of (x,m) with positive

measure under p*.

Condition T2 states that the model parameters are point identified from the structural
relation between these parameters and the recoverable asymptotic moments, which is sum-
marized in @ In Section , we already offered a detailed discussion of identification, and
provided sets of sufficient conditions under which T2 is satisfied. Under T2, the probability
limit of the objective function in our M-estimator (introduced below) is uniquely minimized
at the true parameter.

T3 (Regular conditions) (i) For all k,1 € X, the asymptotic moments A*(:) and ¢*(-|-) are
uniformly bounded over their domains. (ii) The mean contextual effect 7(.,.; ) is continu-

ously differentiable in 6 with a bounded gradient almost surely under p*.

In the proof of estimator consistency below, we use the boundedness condition on the
asymptotic moments in T3 (i) to show the objective function converges in probability to its
population counterpart point-wise on the parameter space. The smoothness and bounded-
ness conditions on the contextual effects in T3 (ii) are then used for strengthening the result

into a uniform convergence (in probability) of the objective function.

Proposition 5 Suppose Assumptions to E‘ hold. Then 6, 5 & under the conditions T1,
T2, TS.

An alternative approach for two-step estimation would be as follows. First, use
and iterative, forward-substitution to express A* as an infinite series that depends on the

parameters and asymptotic moments that can be estimated from the data. Then use a
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minimum-distance method to estimate the parameters by matching the estimated infinite
series with the estimate \. Compared with our current approach, this alternative estimator
involves higher computation costs, and more complex conditions are needed in order to show
identification and consistency using its objective function.

Leung (2021) develops an inference procedure that is robust to general forms of weak
dependence in the data. His method uses resampled test statistics and does not depend
on the unknown correlation structure in the sample, with leading examples being various
forms of network dependence. Leung and Moon (2023) prove a central limit theorem for net-
work moments in a model of network formation with strategic interactions and homophilous
agents as a single large network in the sample grows. They show that a modification of the
“exponential stabilization” conditions from the literature on geometric graphs provides a
useful formulation of weak dependence, which they use to establish an abstract central limit
theorem. They also derive primitive conditions for stabilization using results in branching
process theory, and discuss practical inference procedures. An interesting direction for fu-
ture research would be to specify primitive conditions in our context that could lead to the
form of weak dependence in Leung (2021) or Leung and Moon (2023) so that their inference
methods can be applied in our setting.

Generalization of our estimator to the case with continuous covariates in Z x V will
be complex. It typically requires us to use kernel or series estimators for the asymptotic
moments in the first step. Proof of consistency in such a case involves showing the uniform
convergence of these estimators of asymptotic moments over the support types and neighbor
profiles. We leave a full-fledged formal analysis for the case of continuous covariates for

future research.

5 Simulation

In this section we present simulation evidence on the performance of our two-step m-
estimator, using simulated samples under various designs of the data-generating process

(DGP). The contextual effect in (3)) is parametrized as

Yh(ts) = e + mifm + €,
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where 8, = 3.0, £,, = 1.5, the error ¢; follows a zero-mean truncated normal distribution,
and the individual characteristic x; is uniformly distributed over a discrete support. The
peer effect in is parametrized as 1 — v = 0.8, with weights allocated equally among
different types of neighbors. We experiment with two definitions of the profile of neighbor
characteristics: (a) m; is a discretization of #LN > jen, [z — x| over 5 bins; and (b) m; is a
discretized count of same-type neighbors, defined on ordered bins {1,2,...,5}.

For every design and sample size n, we simulate S = 200 samples, each of which consists
of the observed characteristics z; and the choices a; by n individuals on a single network. In
each sample, the individual characteristics are drawn independently from the support of X.
The links between individuals are undirected, and are formed independently with probability
that depends on individual characteristics. For each pair x;,z;, we let the link formation
probability p,(z;,z;) decrease as the sample size n increases, so that np,(x;, ;) converges
to a constant. This is consistent with the example we provide in Appendix B.

The individual choices under the symmetric pure-strategy Bayesian Nash equilibrium are
simulated in each DGP using the following steps. First, we calculate individuals’ interim
belief about m; conditional on z;, m;, x; and g;; = 1. Next, plug this belief into the fixed-
point characterization of equilibrium and solve for the endogenous moment E, (a;|x;, m;).
Then, draw individual noises €; from the specified distribution and set a; = E,,(a;|x;, m;) +¢€;.

For each sample, we calculate the two-step estimators Bx, Bm, 1 — 4, and report the bias,
variances, and mean-squared errors (MSE) in the empirical distribution of estimates from
the 200 simulated samples. We experiment with the network sizes of n = 100, 200, 400.

Table [1| reports the results for a design where x; is Bernoulli with equal probability and
m; is the discretization of the average neighbor characteristics (#N;) ™" 3. ien, [zj — @i| over
5 bins with equal lengths. As the sample size increases, the link-formation rates diminish,
but the expected number of neighbors with each type converges to a positive constant. We
set nP,{g;; = llx; = x; = k} = 10 for k € {0,1} and nP,{g;; = l|z; # z;} = 5 for all n.
The two panels show how the estimator performance varies with the distribution of ¢;.

In Table [T} the MSEs for all estimators diminish as the sample size increases. The MSEs
are small even for a moderate sample size n = 100. The estimation errors for the contextual

effect of m; are greater than those for the peer and individual effects. The distribution of

€; affects the estimation accuracy, as the MSEs are greater for the DGPs where these noises
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Table 1: m; defined by (a); X = {0,1}; np, — (10,5, 10)
Case 1: € ~ N(0,1) truncated at [—1.5,1.5)
B B 1-3
n Bias Var MSE  Bias Var MSE Bias Var MSE

100 -0.0071 0.0400 0.0400 0.1852 0.0980 0.1323 -0.0111 0.0005 0.0007
200 0.0121 0.0157 0.0158 0.1133 0.0472 0.0601 -0.0079 0.0002 0.0003
400 0.0035 0.0091 0.0091 0.0701 0.0191 0.0240 -0.0047 0.0001 0.0001

Case 2: € ~ N(0,1.5) truncated at [-2,2]
Bac Bm 1- fAY
n Bias Var MSE  Bias Var MSE Bias Var MSE

100 0.0510 0.0879 0.0905 0.1343 0.1447 0.1628 -0.0101 0.0008 0.0009
200  0.0270 0.0407 0.0414 0.1040 0.0704 0.0812 -0.0075 0.0004 0.0005
400 0.0019 0.0217 0.0217 0.0482 0.0271 0.0294 -0.0031 0.0002 0.0002

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as a discretization of (|N;|) ™" > jen, [zj — ;| over 5 bins.
have higher variances.

Table 2: m; defined by (a); X = {0,1}; np, — (20,10, 20)
€ ~ N(0,1) truncated at [—1.5,1.5]
Bx Bm 1- :Y
n Bias Var MSE Bias Var MSE Bias Var MSE

100 -0.0073 0.0283 0.0283 -0.0214 0.0450 0.0455 0.0015 0.0002 0.0002
200 0.0098 0.0110 0.0111 0.0080 0.0186 0.0186 -0.0008 0.0001 0.0001
400  0.0033 0.0053 0.0053 -0.0025 0.0088 0.0088 0.0001 0.0000 0.0000

e ~ N(0,1.5) truncated at [-2,2]
Bac Bm 1 - ’AY
n Bias Var MSE Bias Var MSE Bias Var MSE

100  0.0187 0.0851 0.0855 0.0208 0.1490 0.1495 -0.0026 0.0007 0.0007
200 -0.0155 0.0412 0.0414 -0.0006 0.0501 0.0501 0.0002 0.0003 0.0003
400 0.0088 0.0186 0.0187 0.0212 0.0292 0.0296 -0.0017 0.0001 0.0001

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as a discretization of (|N;|) ™" > jen, |Tj — ;| over 5 bins.

In Table [2| the design of DGP is similar, except that the expected numbers of neighbors
are set at a higher level of (20,10,20). When the noise variance is smaller (Case 1), the

MSE:s for all estimators are much smaller given any sample size. This is because, relative to
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Table [1, the current design features a larger number of expected neighbors and variation in
the neighbor profile, which help with the estimation of asymptotic moments in the first step
and of the structural parameters in the second step. The difference in MSEs between Table
and [2 becomes less pronounced when the errors have larger variance. This is consistent

with the pattern that larger variances in ¢; affect the estimator performance negatively.

Table 3: m; defined by (a); X ={0,1,2}; np, — (10,8,5,12,8,10)
€ ~ N(0,1) truncated at [—1.5,1.5]
Be B 1-4
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.1838 0.1118 0.1456 0.0544 0.2074 0.2104 -0.0036 0.0012 0.0012
200 0.0664 0.0634 0.0678 0.0540 0.0903 0.0932 -0.0018 0.0006 0.0006
400 0.0558 0.0305 0.0336 0.1243 0.0487 0.0642 -0.0082 0.0003 0.0004

€ ~ N(0,1.5) truncated at [-2,2]
Bac Bm 1- '3/
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.1414 0.1446 0.1645 -0.0223 0.2505 0.2510 0.0037 0.0016 0.0016
200 0.0912 0.0706 0.0789 0.0409 0.1034 0.1050 -0.0013 0.0007 0.0007
400 0.0550 0.0377 0.0408 0.1629 0.0467 0.0733 -0.0111 0.0003 0.0004

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as a discretization of (|N;|) ™" > jen, [zj — ;| over 5 bins.

Next, to see how larger variation of individual characteristics affects estimation, we con-
sider a design where z; is uniformly distributed over {0, 1,2}. Similar to the first two designs,
we let the link formation rates diminish as n — oo, and we set nP,{g;; = l|z; = z; = 0} =
10, nP{gi; = lz; +x; =1} =8, nP{gij = 1| |v; — z;] =2} =5, nP.{g;; = l|z; = z; =
1} =12, nP,{gij = l|z; + z; = 3} = 8 and nP,{g;; = 1|x; = x; = 2} = 10 for all n.

The MSEs for all estimators in Table |3|diminish as n — oo, although they are larger than
those in Table 2] This suggests richer variation in z; has an overall negative effect on the
estimator performance in this design. A larger support of X has two countervailing effects
on estimation. On the one hand, it provides more variation in exogenous regressors; on the
other hand, for a given sample size n, it leads to fewer units that can be used to estimate
the asymptotic moments in the first step. The results in Table (3| suggest that overall the

latter effect is more dominant in the current design, leading to larger MSEs.
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Table 4: m; defined by (b); X = {0,1}; np, — (10,5, 10)
e ~ N(0,1.5) truncated at [—3/2,3/2]
Bac Bm 1- ’AY
n Bias Var MSE Bias Var MSE Bias Var MSE

100 -0.0235 0.0682 0.0687 0.0103 0.0094 0.0095 -0.0007 0.0001 0.0001
200 -0.0130 0.0326 0.0327 0.0043 0.0057 0.0057 0.0003 0.0001 0.0001
400 0.0029 0.0188 0.0188 0.0028 0.0028 0.0029 -0.0003 0.0000 0.0000

e ~ N(0,3) truncated at [—3, 3]
Bﬂc Bm 1- :Y
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.0236 0.3503 0.3508 0.0311 0.0689 0.0699 -0.0031 0.0008 0.0008
200 0.0250 0.1883 0.1889 0.0001 0.0329 0.0329 0.0000 0.0004 0.0004
400 -0.0181 0.0943 0.0946 -0.0053 0.0152 0.0153 0.0014 0.0002 0.0002

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as the discretized counts of same-type neighbors.

Tables [, 5] and [0] report simulation results for designs similar to Tables and
respectively. These new designs use the neighbor profile definition (b), i.e., the discretized
counts of same-type neighbors. In Table[d], all MSEs also diminish as n — oco. The estimator
for the contextual effect of m; is more accurate than that reported in Table [I| where m; is
the discretized average neighbor characteristics. This is attributed to the different variation
in m; under the definition (b) relative to that in Table [I] While we do not provide a formal
result about the rate of convergence of the two-step estimator, the MSEs in both Table
and 4] appear to be diminishing at a rate of approximately 1/n.

Table [5] reports results under a design almost identical to that in Table [} except with
larger numbers of expected neighbors (20, 10,20). The MSEs in Tables [4/ and [5| are of similar
magnitude. Again, Table [5| confirms that larger variances of individual noises reduce the
estimator accuracy as measured by MSEs.

In Table [6] the DGP design is similar to that in Table [3| but uses a different definition
of neighborhood profiles. The MSEs for all estimators in Table [6] are smaller than those
in Table |3] which indicates the definition of neighbor profiles has a non-trivial impact on
estimation under the current design. On the other hand, the MSEs for contextual and peer

effects are comparable to those in Table [§] suggesting the richer variation in z; has little
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Table 5: m; defined by (b); X = {0,1}; np, — (20, 10, 20)
€ ~ N(0,1.5) truncated at [—3/2,3/2]
B B 1-4
n Bias Var MSE Bias Var MSE Bias Var MSE

100 -0.0066 0.0592 0.0592 0.0140 0.0115 0.0117 -0.0009 0.0002 0.0002
200 0.0114 0.0263 0.0265 0.0119 0.0046 0.0048 -0.0008 0.0001 0.0001
400 0.0044 0.0145 0.0145 0.0010 0.0025 0.0025 0.0001 0.0000 0.0000

e ~ N(0,3) truncated at [—3, 3]
Bx ﬁAm 1- :V
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.0166 0.4073 0.4075 0.0171 0.0690 0.0692 -0.0010 0.0008 0.0008
200 -0.0194 0.2045 0.2049 0.0012 0.0297 0.0297 0.0007 0.0003 0.0003
400 0.0106 0.0975 0.0976 -0.0096 0.0156 0.0157 0.0012 0.0002 0.0002

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as the discretized counts of same-type neighbors.

Table 6: m; defined by (b); X = {0, 1,2}; np, — (10,8,5,12,8,10)
€ ~ N(0,1.5) truncated at [—3/2,3/2]
B b 15
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.0291 0.0367 0.0375 0.0307 0.0169 0.0178 -0.0014 0.0001 0.0001
200 0.0125 0.0133 0.0134 0.0156 0.0047 0.0049 -0.0012 0.0000 0.0001
400 -0.0100 0.0063 0.0064 0.0058 0.0021 0.0021 0.0001 0.0000 0.0000

e ~ N(0,3) truncated at [—3, 3]
Bl’ Bm 1- ﬁ/
n Bias Var MSE Bias Var MSE Bias Var MSE

100 0.0021 0.1551 0.1551 0.0530 0.0769 0.0797 -0.0027 0.0006 0.0006
200 0.0130 0.0648 0.0650 -0.0048 0.0281 0.0281 0.0007 0.0002 0.0002
400  0.0059 0.0381 0.0382 0.0067 0.0134 0.0135 -0.0001 0.0001 0.0001

Note: Bias, variance and MSE are calculated using S = 200 networks, each with n individuals.

Neighborhood profile m; is defined as the discretized counts of same-type neighbors.

effect on the estimator performance. This is due to the confluence of the two countervailing

effects of a larger support of X on estimation under the current design.
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6 Concluding Remarks

Directions for future research include: prediction of counterfactual outcomes when peer
weights are assigned differently or higher-order neighbors are allowed to impact individual
incentives; the use of higher moments of individual actions in identification and estimation;
estimation when state variables are continuous; and richer models where network formation
is endogenized along with individual actions.

The model and estimation method we propose in this article can be used to analyze
individual incentives in a variety of environments. Examples include individual or household
choices of consumption or investment levels in large social networks. Yet another interesting
direction for future research would be the empirical analysis of individual preferences and

interactions in such scenarios.

29



REFERENCES

Auerbach, E. “Identification and Estimation of a Partially Linear Regression Model using
Network Data”. Econometrica, Vol 91, Issue 1, page 347-365

Badev, A. “Discrete Games with Endogenous Networks,” Econometrica, 2021.

Bajari, P., Hong, H., Krainer, J. and D. Nekipelov. “Estimating Static Models of Strategic
Interactions.” Journal of Business and Economic Statistics, 2010, Vol 28 (4), p.469-482

Banerjee, A., A. G. Chandrasekhar, E. Duflo, and M. Jackson. “Gossip: Identifying Central
Individuals in a Social Network,” Working paper, NBER, 2014.

Blume, L., W. Brock, S. Durlauf, and R. Jayaraman. “Linear Social Interactions Models,”

Journal of Political Economy, 2015, 123 (2), 444-496.

Boucher, V. and I. Mourifié. My Friend Far, Far Away: A Random Field Approach to
Exponential Random Graph Models. The Econometrics Jouranl, Vol 20, Issue 3, 2017

Bramoullé, Y., H. Djebbari, and B. Fortin. “Identification of Peer Effects through Social
Networks,” Journal of Econometrics, 2009, 150 (1), 44-55.

Canen, N.; Schwartz, J. and K. Song. “Estimating Local Interactions Among Many Agents
Who Observe Their Neighbors,” Quantitative Economics, 2020, Vol 11, page 917-956.

Chandrasekhar, A. “Econometrics of Network Formation,” Oxford Handbook on the Eco-

nomics of Networks, 2016.

Chandrasekhar, A. and M. Jackson. “A Network Formation Model based on Subgraphs,”
Stanford working paper, 2021.

Christakis, N., J. Fowler, G. Imbens and K. Kalyanaraman. “An Empirical Model for

Strategic Network Formation,” The Econometric Analysis of Network Data. 2020. Elsevier.

De Giorgi, G., A. Frederiksen and L. Pistaferri. “Consumption Network Effects,” Review of

Economic Studies, forthcoming.

De Paula, A.; S. Richards-Shubik and E. Tamer. “Identification of Preferences in Network

Formation Games,” Econometrica, 86 (1), January 2018, pp.263-288

30



Galeotti, A., S. Goyal, M. Jackson, F. Vega-Redondo, and L. Yariv. “Network Games,”
Review of Economic Studies, 2010, 77 (1), 218-244.

Caldarelli, G., A. Capocci, P. De Los Rios, and M. A. Munoz. “Scale-Free Networks from
Varying Vertex Instrinsic Fitness.” Physical Review Letters, 2002, Vol 89, No. 25

Giorgi, G., Frederiksen, A. and L. Pistaferri. “Consumption Network Effects,” Review of
Economic Studies, 2020, Vol 87, p.130-161

Hsieh, C., L. Lee, and V. Boucher. “Specification and estimation of network formation and
network interaction models with the exponential probability distribution”. Quantitative

Economics, 2020, Vol 11, Issue 4, page 1349-1390

Hotz, J. and R. Miller. “Conditional Choice Probabilities and the Estimation of Dynamic
Models,” Review of Economic Studies, 1993, vol.60, issue 3, 497-529.

Kojevnikov, D. and K. Song, “Econometric Inference on a Large Bayesian Game with Het-

erogeneous Beliefs,” The Journal of Econometrics, forthcoming, 2023.

Le Cam, L. “An Approximation Theorem for the Poisson Binomial Distribution”. Pacific

Journal of Mathematics, Vol 10, Issue 4, page 1181-1197

Lee, L., Liu, X. and X. Lin. “Specification and Estimation of Social Interaction Models with

Network Structures,” The Econometrics Journal, 2010, Vol. 13 (2), p.145-176.

Leung, M., “Two-Step Estimation of Network-Formation Models with Incomplete Informa-

tion,” Journal of Econometrics, 2015, 188 (1), 182-195.

Leung, M., “Dependence-robust Inference using Resampled Statistics,” Journal of Applied

Econometrics, 2021, Vol 37 (2), 270-285.

Leung, M. and H. R. Moon. “Normal Approximation in Large Network Models,” Working
paper, ArXiv, 2023.

Lewbel, A. “The Identification Zoo: Meanings of Identification in Econometrics”. Journal

of Economic Literature, 2019, Vol 57, Issue 4, page 835-903

Lin, Z. and H. Xu, “Estimation of Social-influence-dependent Peer Pressure in a Large

Network Game,” Econometrics Journal, 2017.

31



Manski, C., “Identification of Endogenous Social Effects: The Reflection Problem,” Review
of Economic Studies, 1993, 60 (3), 531-542.

Mele, A., “A Structural Model of Segregation in Social Networks,” Econometrica, forthcom-

ing, 2017. Vol 85, Issue 3.

Menzel, K., “Inference for Games with Many Players,” Review of Economic Studies, 2015,

88 (1), 306-337.

Miyauchi, Y. “Structural Estimation of a Pairwise Stable Network with Nonnegative FExter-

nality,” Journal of Econometrics, 2016, 195 (2), 224-235.

Newey, W. and D. McFadden, “Large Sample Estimation and Hypothesis Testing,” Handbook
of Econometrics, Vol. 1V, ed. by R. F. Engle and D. L. McFadden. New York: Elsevier,
1994.

Powell, J. L. “Estimation of Semiparametric Models,” Handbook of Econometrics, Vol. 1V,

ed. by R. F. Engle and D. L. McFadden. New York: Elsevier, 1994.

Sheng, S., “A Structural Econometric Analysis of Network Formation Games,” Economet-

rica, 2020. Vol 88, Issue 5.

Stokey, Nancy L., and Robert E. Lucas Jr. Recursive Methods in Economic Dynamics.
Harvard University Press, 1989.

Todd, P. and K. Wolpin, “Accounting for Mathematics Performance of High School Stu-
dents in Mexico: Estimating a Coordination Game in the Classroom,” Journal of Political

Economy, 2018, Vol. 126, No. 6, p.2608-2650

Xu, H., “Social Interactions on Large Networks: A Game Theoretic Approach,” International

Economic Review, 2018.

Xu, X. and L. Lee, “Estimation of a Binary Choice Game Model with Network Links,”
Working paper, Ohio State University, 2015.

Yang, C. and L. Lee, “Social Interactions under Incomplete Information with Heterogeneous

Expectations,” Journal of Econometrics, 2017, Volume 198, Issue 1

32



Appendix

A. Proofs in Section [3

Proof of Theorem[l] Let S denote the set of bounded functions on T" taking values in A",
where T' denotes the support of 7; as in the text. For any s € S, let ||s|| = max; sup{|s;(7;)] :
1, € T}, ie., ||| is the supremum norm. Note S with the supremum norm is a complete
metric space.

Define a mapping R: S — § as
R(S)z(Tz) = RZ<7—7,7 S—i) for all 7 € V.

First note that R(s) € S for any s € S, and so R maps S to itself. To establish existence of
a unique p.s.BNE, we show that R satisfies the contraction property. That is, there exists
¢ € (0,1) such that [|[R(s) — R(s')|| < ¢||s — §'|| for any s,8' € S. An application of the
Banach Fixed Point Theorem then proves the existence of a unique p.s.BNE.

To show that R satisfies the contraction property, fix any s,s’ € S. Note that for any
1€ N and 7; € T, we have:
O en, Wii(1i) [E [s5(75) — &i(1)| 73] |

1+ ¢ ZjENi Wi (TZ>
< (1=H)s =5, (12)

|Ri(Ti;Sﬂ') —Rz‘(Ti;S/ )| =

—1

for a constant 4 € (0, 1), where the inequality is due to the sup norm, ¢ > 0 and boundedness
of positive peer effect weights w;;(7;). By definition, ||R(s) — R(s')|| = sup{|Ri(7:;s_;) —
Ri(7i;8";)| : 7, € T'} for some ¢ € N. Hence the desired result follows from (12). O

Proof of Corollary[l Let T* denote the marginal support for each individual ¢’s anonymized
information t;, and let §* denote the set of bounded functions on 7™ taking values in A.
Note that each element in 7% is a function of elements in T'. Therefore, a function defined on
T* is also a function defined on T, and (S*)" is a closed subset of S. Under Assumption ,
r(s) € §* for any s € §*. That is, r(-) maps §* to itself. Furthermore, under Assumptions
and [3, we have R;(7;;s_;) = r(s)(t;) for all i € N when s_; = (s;)jen\ (i} With s; = s for all
j. The desired result follows from Corollary 1 on page 52 of Stokey and Lucas (1989). O
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Proof of Proposition[]. Under Assumptions [I], 2] and [3, a unique symmetric pure-strategy

Bayesian Nash equilibrium exists in each data-generating process indexed by n, and

a; = s(t;) = vh(t;) + (1 —7) Z

z'€X (zi,mi) w(x/’ i mz)En [S(t])|f,(,'] = [E,7 Ly My, gz] = ]-]7

where X (z;,m;) denotes the support of x; conditional on (z;, m;).

Define A, (z,m) = %ZZ E,(a;lx; = x,m; = m) = E, (a;|x; = x,m; = m), which does not
vary with the specific identity of an individual ¢ because of the symmetry in Assumption 2] and
exchangeability in Assumption 3| Likewise, let hy,(z,m) = 2 3 E, [h(t;)|z; = 2, m; = m] =

E, [h(t;)|z; = x,m; = m]. Thus by construction,

An(z,m) = vhy (2, m) + (1 —7) Z w(@!,z,m)E,[s(t;)|z; =2’ ,m; =m,z; =z, g5 = 1].
z'eX (z,m)

(13)

For any n, the law of total expectation and Assumption [ imply

E,[s(tj)|z; =2, x; = x,m; =m, g;; = 1]

= Z E,(a;lm; =m' z; = 2" E,(1{m; = m'}z; = 2", 2; = x,m; = m, g;; = 1)
m/eM
= Z Ao (2, m) ) g (m! |2, m, ), (14)

m/eM

where ¢, (m/|2',z,m) = ﬁzm E,(1{m; = m'}z; = 2/, x; = x,m; = m,g;; = 1). The
second equality holds because E,,(1{m; = m'}|z; = 2',2; = ,m; = m, g;; = 1) does not
depend on specific identities of individuals 7 and j under Assumptions 2] and [3] Combining
and , we write A, as the solution to a fixed-point equation that depends on (h,,, ¢, ).
That is,

A =T\ By @), (15)

where I'(.; hy,, gn) is a self-map over the set of bounded and continuous functions with domain

XXM, and

L(An; hny @) (2, m) = yhy(z,m)

DYy ) Y ).

The solution is unique because, for any h,, and g,, the map I'(; h,,¢,) has a contraction
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property under the sup normE
Next, let h and h denote generic functions of (x;, m;) determining the contextual effects
for 7; let ¢ and ¢ denote generic density (probability mass) functions of m’ given 2/, z, m. We

now show that for any ¢ > 0 there exists ¢, ¢y > 0 so that
Ih = hll < e1 and [|§ = g]| < ¢, imply |[A = A <, (16)

where ||.|| denotes the sup norm over the respective domains, and A and A are the unique
solutions in A = T'(\; h, ¢) and A= F(:\; h, q) respectively. To verify , recursively substi-
tute A and X into I'(\; h, q) and T(\; h, §) and use the fact that “y € (0,1), w(.,z,m) > 0
and ) yw(zr',z,m)=1forall z € X,m € M”.

It then follows from that the solution to the fixed point problem A = I'(\; A, q) is
continuous in (h,q). Under Assumption [5| h, — h* and ¢, — ¢* given the sup norm. It
remains to show the sequence of solutions A, = I'(\,; hn, ¢,) converges to the unique A\* that
solves A* = T'(\*; h*, ¢*). The rest of the proof establishes this using the Maximum Theorem.

Let © be the space of functions § = (h, q), where h : X x M — Rand q : X2xM? — [0, 1].
Let A be the space of bounded real-valued functions A over X x M. Equipped with the
supremum norm, © and A are metric spaces. Let ¥(0) = A for all § € © so that the

constraint W is invariant and therefore continuous over ©. Define:
p(X,0) = [X=T(X0)7

where I' is defined in the proof of Proposition 1, is continuous over A x © by construction,
and satisfies the contraction property over A for each 6 € ©. Also by construction ¢ is

continuous over A x ©. Denote 0,, = (h,, q,), with 8, — 6* = (h*,¢*). Then
o(0n) = argminp(A; 6,)

is the unique fixed point of I'(+;6,) in A. Tt follows from the Maximum Theorem that o is

continuous over O. As a result,

A =0(0,) = o(0) =)\ as b, — 0",

The proof of the contraction property of I'(.; Ay, q,) is similar to that of Theorem [1, and omitted for
brevity.
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where A\* is the unique fixed point of I'(:;6*) in A. O

Proof of Proposition [3 ~ Fix some positive integer n € Ny, x € X and m € M. The

Chebychev’s Inequality implies that for any constant ¢ > 0,

P, {|! >ch <o, (2Y0) (1

1
B ()
where P, is the probability measure associated with F),, and V,, denotes the variance under

F,. In what follows, let Ufm be a shorthand for V,(s;); and let C,,;; be a shorthand for
C,.(ti, t;), which is the covariance between ¢; and ¢; under F,,. By the exchangeability and
anonymity of F,, in Assumption , on,; does not depend on ¢ and C,,; ; does not depend on
1 and j. Therefore the right-hand side of can be written as
2
2 o 2 no, i  nn—1)Cp;
c n ol .+ Cni}: S 18
[Zz n,? Zj#i 6] ( )

n2c? n2c?

By the first asymptotic uncorrelation condition in Assumption [6] the two terms on the right-

hand of converge to 0 as n — oo. Thus 23,4, — L 37 E, (1;) — 0 as n —» oo. Under
Assumption , this implies %Zl vi(z,m) 2 p*(x,m) as n — oo.

Next, recall that a; is a function of (z;, m;,¢;) in p.s. BNE. By the law of total covariance,
C.(aiti(z,m),a;t;(x,m)) — 0 under conditional independence in Assumption [4|and the first
asymptotic uncorrelation condition in Assumption [6 It follows from a similar argument
using Chebychev’s Inequality that %Zl al; — %Zz E, (a;;) 25 0. Under Assumption
and Proposition , the limit of % > En(a;1;) as n — oo exists. By exchangeability of F, in
Assumption |3 both E,, (¢;) and E,, (a;¢;) do not vary across the identities of individuals 7. It
then follows from the Slutsky’s Theorem that

5 2 ti(w,m) limj o0 Eals(z,m)] oo Balu(x,m)]
for all =, m on the support of p*.

We now prove the second claim in the proposition. Fix z,2’ € X and m,m' € M. In
what follows, let ¢/, ; be shorthand for ¢;(2',m'), 1;(x, m) respectively. Define &;; = (41,955 +
tit;g5:)/2 so that &; = &;; and ﬁ >z biligiy = ﬁ >_i ;=i &ij by construction. By
the Chebychev Inequality, for any constant ¢ > 0,

2 2 -2 2
Pn{ mzj#fij—En (mzj#&j)‘ ZC} <c 7V, <mzj#fz’j>7
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where the right-hand side is

CQTLQ(TL 1)2 Z]>z Zt>l gzjaglt

By construction, this quadruple sum consists of (72‘) X (Z) = All(n4 —2n? + n?) terms. These

include (§) = 3(n? — n) variance terms V,, (&;), (3) x (",?) = (n* — 6n® + 11n% — 6n)
covariance terms C, (&;;,&,) in which the unordered pairs {7,j} and {l,¢} do not over-
lap, and () x ((3) — (";2) —1) = n® — 3n? + 2n covariance terms C, (§;,&;) in which
the two pairs {7,j} and {[,t} share ezactly one individual in common. Note that V, (§;)
and C, (&;,&,) are bounded for all {i,j} and {l/,t}. Furthermore, the covariance term
C, (&;j. &) with {i,5} N {l,t} = 0 does not vary with the identities {i,7,,t} due to the
anonymity of common prior in Assumption [3] Under the asymptotic uncorrelation con-
dition in Assumption 6 C, (&;,&) — 0 as n — oo if {i,j} N {l,t} = 0. Therefore
m > isi 211 Cn (& &) — 0 as n — oo. Hence ﬁ > jiltitigiy — En(diLigis)] 0.
By a similar argument, ﬁzj#[l{xj = 2'}igi; — B, (4 = 2'}ugi;)] 2 0. Under
our condition in Assumption [5, lim;_,oc E5 (L;-Ligij) exists and limg_,o0 B (1{z; = 2"}4,9i5)
is non-zero. The second convergence result in the proposition follows from an argument

analogous to under the exchangeability in Assumption [3[and the existence of the limits
¢* in Assumption 5, O

Proof of Proposition @ Suppose (6,7, w) is observationally equivalent to some different vec-
tor of parameters (é, 7, @) based on asymptotic moments in 1) This means 1' holds al-
most surely p* when (7, 0, w) is replaced by (7, 0, w). For each d € ®, let w(d) = (w(c, d))cew,
which is a column-vector of weights assigned over ¥ conditional on ¢(z,m) = d. Likewise,

define @ using @(.,.). That is, for every d € O,

(,ms 0) + (1 — ) (@, m)w(d) = Fn(a,mi 0) + (1 — ) (zm)(d)  (20)

whenever ¢(z, m) = d.

Consider the following cases. Case (i): 6 = 6 and (y,w) # (¥,@). Then implies
that for each d € ®, [n(z,m;0), u*(z,m)]a(d) = 0 whenever (xz,m) = d, where a(d) =
[y =3, (1= y)(d) — (1= 3)2(d)]". Because (
at least for some d € ®. This implies that at least for some d € ®, [n(x,m;8), u*(x,m)] does

v, w) # (%, @), the vector a(d) must be nonzero
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not have full rank conditional on ¢ (x, m) = d. Case (ii): 6 # 6 and (v,w) = (7,@). Then (20)
implies 7(x, m; ) = n(x, m; ) almost everywhere p*. Case (iii): 6 # 6 and (v,w) # (7, ).
Then implies that for every d € &,

(2, m;0), n(x, m; 0), " (z, m)b(d) =0

whenever ¢(x,m) = d, where b(d) = [y, —%, (1 — y)w(d) — (1 —F)&(d)’). By construction,
b(d) is non-zero for all d. Thus implies that for each d € ®, [n(x,m;6), n(x,m;é),
w1 (x,m)] does not have full rank conditional on ¢(z,m) = d.

Each of these cases of observational equivalence implies the following condition: “There
exists § such that at least for some d € ®, [n(z,m;0), n(x,m;0), u*(x,m)] does not have
full rank conditional on ¢(z,m) = d under p*”. It then follows that under Assumption [J}

(0,7,w) is not observationally equivalent to any (6,7, ) # (6,v,w). O

Proof of Proposition . Suppose (6, v, w) is observationally equivalent to some other (6, 5, ).
This implies that for each d € ®, [(4(x,m), u*(x,m)]a(d) = 0 when p(z,m) = d, where
a(d) = [¥0q — 404, (1 —y)w(d) — (1 —7)&(d)). Consider two cases. Case (i): w = @. In this
case, either v # 7 or 0, # 0, at least for some d € ®. Otherwise (0,~,w) would be identical
to (A,4,@). Hence at least for some d, the two terms y8; — 404 and (1 —~)w(d)' — (1 —4)&(d)’
can not be zero simultaneously. Thus a(d) is a non-zero vector for all d. This implies that at
least for some d € @, [(4(x, m), u*(x, m)] does not have full rank conditional on ¢(z,m) = d.
Case (ii): w # w. In this case, w(d) # @(d) at least for some d. It then follows that
(1 —y)w(d) — (1 —F)(d) is a non-zero vector at least for some d, regardless of whether
v # 4. This implies that at least for some d € ®, [C4(z,m), u*(x, m)] does not have full
rank conditional on ¢(z, m) = d. Therefore, if [(4(x, m), p*(x,m)] has full rank conditional
on p(x,m) = d for all d € @, then (#,7,w) is not observationally equivalent to any other

(0,7,0). O

Proof of Proposition @ Let >, v Dop 2o be shorthand for 30 v cnrs D oirior oo
respectively. For each § € D, let

2

Go(9) = Zw’mp*@,m) [)\*(x,m) —yn(z,m; 0) — Zk Hz =2} <Z€ Xy (, m)ﬁkgﬂ :
where

XZ(.%,TTL) = #1—‘/ Zv’ o )\*(U’7 z(g),m/)q*(m’ly/jz/ = z(@),x,m).
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Define G,,(6) = n~1 32, Yi(6) = T,.(6), with

Ti(0) = Y(zs,my;0) = [A] —ymi(0) — Z Wz = 2 (k) }Z Xi zﬁkl )

where \; = X*(x;,m;) and xj; = xj(z5,m;). For every fixed 4, apply a first-order Taylor
expansion of G,,(#) around \! and Xi;- By bounded asymptotic moments in T3-(i) and
Proposition , Gn(é) — G (0) B 0 for all §. Next, by the Chebychev’s Inequality,

P, {|T.(0) = E, [Ta(8)]| = ¢} < ¢V, [T(8)] for any constant ¢ > 0.

For any fixed 6, let & ;, C,,; ; be shorthand for V,,[Y;(0)], C,[Y;(0), Y,(0)] respectively. By

TL’L’
the exchangeability and anonymity of F), in Assumption , Onis é’n” are invariant in the

subscripts 4, j. Hence, the right-hand of the Chebychev’s inequality above is:

~2 =~
~2,,-2 _ Nog; n(n_l)cn,id'
¢ [Z +Zj7gz ”U} T e2p2 + 2n2 :

With 6,2%1- < 00, the first term on the right-hand side converges to zero as n — co. Recall

that, under Assumption 6 1{(x;, m;) = (z,m)} and 1{(z;,m;) = (x,m)} are asymptotically
uncorrelated for all values (x,m). Hence the arguments in Y(-,-;0), i.e., (x;, m;), are asymp-
totically independent across individuals 4, j. Consequently, the second term on the right-hand
side also converges to zero as n — oo. It then follows that Y,,(6) — E, [T,(6)] 5 0 for all
0. Next, note:

E, [T.(6)] = E, {n_l Ziz(x,m)EXXM H{(x;,m;) = (z,m)} x T(x,m;(S)}

N Z(w,m)eXxM {n_l ZZ E, [1{(zi,m;) = (x,m)}]} x T(z,m;0)
- Z(w,m)eXpr*(m’m> x Y(z,m;0) = Go(0),

where the summation Z a7 1s over all values in the join support of (x;,m;), and the

(z,m)EX X

convergence follows from the definition of p* in Assumption

For notational convenience, let 1; = 1{2; = 2},

A~

H, = [11,X1,6, 11,iX2,i> 12X 1,6, 12,iX2,4]

and

Q(e)—A — i (0 Z kzzz Xe,iBre-
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For any 0 # ¢, the mean value approximation implies G,,(8') — Gp(6) = V5Gn(0)(8' — 6),

where ¢ is an intermediate value between 8, 0" and the gradient VG, (6) is
2 _ N
- Zz i(6)[mi(0), Hi, vVomi(0)].
Let ||.|| denote the Euclidean norm. By the Cauchy-Schwarz inequality,
VsCal@)(3 = )] < [WsGal®)]| 16 = o1
where “V(;én(g)‘) is O,(1) under T3. Then by Lemma 2.9 in Newey and McFadden (1994),

sup |G (6) — Go(8)| 2 0.

0eD

In addition, G is continuous in § over D under T3. Under the condition in T2, dy is a unique

maximizer of Go(.) over D. By Theorem 2.1 in Newey and McFadden (1994), 5, = &,. O

B. An Example of Random Network

This section presents an example of networks with undirected links (i.e., g;; = g;; for any
i,j € N) that satisfy the conditions in Assumption [5| (existence of limits as n — oo) and
Assumption @ (asymptotic uncorrelation as n — 00).

As in Section [2] let N denote the set of individuals and let n = #N € N, =
{1,2,3,..,00}. Each individual is characterized by a binary characteristic x; € X = {1,2}.
(Generalization to the case #X > 3 is straightforward.) Individual characteristics z;,i =
1,...,n are independently drawn from a fixed multinomial distribution with py = Pr{z; = k}
with &k = 1,2. Let ngy = #{i € N : 2; = k} for k = 1,2. By an application of the Weak
Law of Large Numbers, ng) — oo and ng)/n — pry € (0,1) asn — oo for k = 1,2. As
in the text, let E,(.) denote the expectation under F},, or the distribution of (7;);cn, in the
data-generating process (DGP) indexed by network size n, and let P, denote the proba-
bility measure in the DGP. Consider a random Poisson network that satisfies the following

conditions on link formation.

(R1). For each n and k.0 = 1,2, P{g;; = l|a; = k,xj = I} = queyn, where queynne —

P(ke) < 00 as m — 00.
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(R2). For each n, the distribution of links conditional on individual characteristics is
Hj>i E”<gij |z, xj)gij [1— En(gij |z, Jjj)]lfgij7

where g;; denotes realized values of g;;.

Under R2, the links are independent once conditional on the characteristics of individuals.
Recall from Section [2| that an individual ¢’s neighborhood profile is summarized by a vector
of integers n; = (n;1,n;2) with n;1 + n;2 = #N;, where n;,, = #{j : ¢;; = 1, x; = k} and
N;={j € N:gj=1}. Let m; = (my1, my2) = (min{n; 1,71}, min{n;2,no}). That is, for
any fixed n, the k-th component in m; € N% follows a binomial distribution censored at an
exogenously fixed maximum number of type-k friends possible, denoted by n, for £ = 1, 2.
By construction M = {0,1,...,7:} x {0,1, ..., 7} is finite and invariant as n — oco. For any

n and any m = (mq,ms) € M,

E, [Hz; =k m;=m}] = puPui{mia =mi, myp = mo|r; =k}

= piwyPu{min = mu|z; = k} Py {m = mo|a; = k}, (21)
where the second equality follows from Condition R2. By definition, for any my; < ng,

n —1 . S
) ( (%k ) [ag.0] ™ [L = dgeaa] "7

Under Condition R1, the Poisson Limit Theorem applies and the expression on the right-

hand side converges to

[y ] ™ exp{—=pa }/ (M),

which is the probability mass function (p.m.f.) of a random variable distributed as Poisson

with mean p(x). Furthermore,
BPo{miy = nglei = k} = Po{ni, = ngle; = k}.

Under Condition R1, g, = O(n™'). This implies nq(QM),n — 0. Thus by the Le Cam’s

Theorem in Le Cam (1960) and an application of triangular inequality,
Puna > igles =k} =D [pun] ™ exp{=pan }/ (m!)| = 0
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asn — oo. That is, as the network size increases to infinity, P,{n;x > nx|z; = k} converges to
the survival function (evaluated at 7;) of a Poisson variable with mean p(). By a symmetric
argument, we can show similar results with [ # k: P,{m; = my|z; = k} converges to a
Poisson p.m.f. with mean p) for m, < fig; and converges to the survival function at 7, of a
Poisson variable with mean p for m, = ng. (To show this, replace Ny — Ly Qkkyny Py 1
the argument above with n), qe ., pae respectively, and apply the Le Cam’s Theorem.)
Thus the right-hand side of (21), and consequently E, [1{z; =k, m; = m}], converges to
some non-zero limits p*(x, m) for all m € M and k = 1, 2.

Counsider an uncensored vectors m. Then

En(l{mj = m}|l’] = 27ZL’Z' = l,m,- = m,gij = 1)
nay — 1 1 — ney—i1 M2y — 1 ﬁz (o) —Th2—
N (ﬁill) - 1) [aena) ™ [1 = g™ (27%2 > [902).0] ™ [1 = g9y ] "7

an1eXp{=pen} s, exp{—pe}
CY Ty — 1)) T gl

—

where the second equality follows from conditional independence in link formation under
Condition R2, and the convergence is due to Poisson approximation of a binomial distribu-
tion. Similar derivation for the other case with m = (71, n2) implies similar results, only with
probability mass functions replaced by survival functions in the limit. Thus ¢*(m/|2’, z, m)
exists for all z,2" € X and m,m’ € M. Note that in this example, ¢*(.|2’, z, m) depends on
2/, but not m, which is consistent with the rank condition for identification presented in
Section

We now show that asymptotic uncorrelation conditions in Assumption [6] hold in this
model. Let &, = (n(1), n()), where ngy = #{i € N : ; = k}. For a given sample size n and

a pair of fixed values (z,m), the law of total covariance implies:
Cn(Li(x7 m)v Lj (:Ea m)) = En [Cn<Lz(xa m)? Lj(x7 m)|X7,a Xj7 Sn)] + Cn(ﬂi,na ,ujm,)a (22)

where p;, = E,[ui(x, m)|X;, Xj, &) and likewise for p;,,.

First, note that for k, ¢ € {1,2} and m,m € M, and conditional on §,, (which we suppress
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in notation for now),
P.{m; =m,m; = m|x; = k,x; =}
= P{m;=m,m; =ml|r, =k, z; =1,9;; = 1}que)n
+ Pu{m; =m,m; =m|r; =k,x; =1,9;; = 0}(1 — qreyn)-
Because g, — 0 as n — oo, the difference between the right-hand side of the previous

equation and the sequence P,{m; = m,m; = m|z; = k,z; = [, g;; = 0} diminishes to zero

as n — oo. For example, for k # [ and any uncensored values of m,m in M,

Pn{ml = m,m]’ = m’xz = k),fﬂj = lagij = 0}

—1 m N(k) —Mk— —1 m Ny —me—
B (n(k) )[%km} = ] I(W) )[qwxn} S

mp my
Ny — 1 7 noo—mp—1 [Ny — 1 " N gy — g —
( s ) [aamn] ™ [1 = qo.n] ™ 1( . ) [aena]™ [1 = )"0

Again, by an application of the Poisson approximation of a Binomial distribution and the

Le Cam’s Theorem, we have:

as n — oo for all m,m € M. This implies the first term on the right-hand side of
converges to zero as the network size increases.

Next, note the second term on the right-hand side of is:

Cn(lfli,na Nj,n) = En (,Ui,na ,uj,n) - En(;“/z,n>En(,uj,n) (23>

In what follows, we sometimes suppress the dependence of ¢;, ¢; on the fixed values (x,m) to

simplify notation when there is no ambiguity. By the law of iterated expectation,

En (Wins bjn) = Zx ij Pr{(Xi, X;) = (i, 2)) } En [ fins pynl (Xis Xj) = (i, 7))
= Pr{(Xi, Xj) = (2, 2)} B [ftin, | (X3, Xj) = (2,7)] (24)

where the last equality holds because E,, [ nttjn| (Xi, X;) = (24, 2;)] = 0 if either x; # x or
z; # =[] Furthermore, independent dyadic link formation in (R2) implies:

fin (T, m) = Zde{o,l} Enui(z, m)| Xy, X, 6n, gi5 = d]Pa(gi; = d| X5, X;).

Y5Recall pi; 5, it are conditional expectations of two indicator functions evaluated at fixed values (z,m),

which we suppress in notation.

43



A similar decomposition holds for 1 ,,, with ¢; replaced by ¢; above.

Without loss of generality, consider the case with = 1. Under (R1) and (R2),

En[bi(l)m”(Xi?Xj) = (1v 1)7571 = (n(1)7n(2))7gij = O]
= By [H{M; = (m1,ma)}|(Xi, X;) = (1,1),& = (n(r), n2)), 955 = O]

-2 m na)y—mi— m tmm
= (") ol ™ [l () g™ (1 i) 29

my

which, as n(;), n@) — 0o, converges to:

mi XP{=pan} ., exp{—pauz} =5
p(u) (m1)| p(12) (m2)| =L

according to the Le Cam Theorem.

By a similar argument, E,, [L{M; = (m1,m2)}(X;, X;) = (1,1),& = (nay. n)), gij = 1]
converges to another finite constant similar to d; as n(), ) — 0o, only with m, replaced by
my — 1. Because the link formation rates gy, — 0 for all k,l € {1,2}, we know p;,(1,m)
converges to 01 at (X;, X;) = (1,1) as the network grows. By the same argument, j;,,(1,m)
converges to the same constant 6; at (X;, X;) = (1,1) as the network grows.

With X; iid. across i and Pr{X; = k} = pu for k = 1,2 fixed at all sample sizes, we
have f1;.,(1,m) 2 6, and p;,(1,m) % &, for (X;, X;) = (1,1) as the network grows n — co.
(See a formal proof of the claim below.) An analogous argument shows i, (2, m) 2 8, and
in(2,m) 2 5, for (Xi, X;) = (2,2) as n — oo, where 0, is similar to d1, only with pqy,

replaced by p(axy. It then follows from that, for any (x,m),
2
En[pin(z,m)pjn(z,m)] = [p)] (6,)* as n — oco. (26)

Next, we show the convergence of E,(i;,) and E,(11;,). By the law of iterated expecta-

tion,
Ey [pin(z,m)] = Z(Wj) Pr{(Xi, Xj) = (@i, 2;) } En [pin (2, m)| (X, X;) = (24, 7;5)]

= Pr{X; =z} ZPr{Xj = 2 1 B [ i (2, m)| (X5, Xj) = (2, 5)] o(27)

Zj

W.L.O.G., consider the case with (x,m) = (1,m). We already showed f;,,(1,m) % &, for
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(Xi, X;) = (1,1) as n — o0, so it remains to consider the case with (X;, X;) = (1,2). Note:

En[Lz(lam)’(XwX]) - (17 2)7671 = (n(l)an(Z))ﬂgij - O]
= b, [1{MZ = (mlam2>}|(Xi7Xj) = (1’2>’§n = (n(l)an@))vgij - O]

ny — 1 mi 1 — nay—mi—1 (T4(2) — 1 ma 1— n(z)—mz—1
( - )q(n)m [ q(ll)m] - 412)n [ q(12)7n} )

which converges to the same constant 0, as in the case of (X;, X;) = (1,1) in (25). (This
is because the growing sequence ny),n(2) has no role in the limit, as long as n@) X quyn
converges to pgy) as the network grows.) With diminishing dyadic link formation rates,
P,{gij = 0|.X;, X} converges to one as the network grows. As before, by the law of iterated
expectation, we have j; ,(1,m) 2 8, for (X;, X;) = (1,2). Most importantly, this probability
limit is the same as for (X;, X;) = (1,1). This implies E, [p;n(z, m)|(X;, X;) = (z, x;)]
converges to the same constant d,, regardless of the value of z;.

It follows from that E, [pin(x, m)] = pw)d, for any fixed value of  as n — oco. By

a symmetric argument, £, [jt;,(z,m)] = p)d.. Consequently,
By [tin (2, m)) By [0, m)] = [pi]” (6,) as n — oo, (28)
Together, , and imply the second term on the right-hand side of diminishes:
Con(fimns fjn) — 0 as n — o0.
Finally, the condition that
C(¢j(@,m")i(x, m) gy, o, m e (@,m)g) — 0 Vo, 2’ € X,m,m' € M

as n — oo for {i,j} N{t,I} = 0 in this context follows from similar derivation, which we
omit in the text for brevity.

Some intermediate results above make use of the following claim, which we now state
and prove formally. Recall that n = #N denotes the network (sample) size, and {X;};<n
are 1.i.d. with Pr{X; = k} = pq, for k = 1,2, where p) are fixed constants invariant to the
sample size. Also recall that &, = (§,1,&,2), where §,, = #{i € N : X; =k} for k =1,2.
Let NV, = {(n1,n2) € N% : ny + ny = n} denote the support of &,.

Claim. Let f, : NV, — R be a sequence of real-valued functions with domain N,,. If

fn(n1,m2) converges to some constant ¢ < oo as ny,ny — 00, then f,(&,) Ly casn — .
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Proof. By assumption, for any ¢ > 0, there exist integers ny, 7y < 0o so that | f,(ny,ng) —

c| < e for all ny > 1y and ny > ny. Hence

Pr{&,1 > n1 and &, 2 > na} < Pr{|f.(§) — | < e},

or, equivalently,

Pr{|fn(€n) - C| > 5} S Pr{gn,l S ny or 5n,2 S 'FLQ}

S Pr{gn,l S ﬁl} + Pr{fn,Q S ﬁ?}u

where Pr{&,; < m} = Z?io Gsn With ¢, = (’;)pfl)[l — p)]"~* and likewise for Pr{¢, , <

na}. For s =0, ¢ = [1 — py|” = 0 as n — oo. For any 1 < s < ny, (Z) is bounded above

by n®/ (s!). Hence ¢, < Cn®[l — py)]", with C = (5!)[?_% being a finite constant, and

log ¢s,n < log C + slog(n) +nlog [1 — pu)] -
For any finite s, the right-hand side diverges to —oco as n — oo (because n~!logn — 0
as n — 00). Therefore, for each 0 < s < ny, we have ¢,, — 0 as n — oo. This implies
Pr{¢,1 <n} — 0 asn — oco. By the same argument, Pr{{,» < ny} — 0 as n — oco. Hence

for any € > 0,

Pr{|f.(&,) —c| > e} — 0 as n — 0.

That is, f,(£,) — casn — co. O
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